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1. INTRODUCTION

We present here a theorem which generalizes the theorem about the points on the
Fuhrmann circle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane which is not on a side of ABC.

Let line C'D intersect the circumcircle of ABC' at E.

Let line BD intersect the circumcircle of ABC at F.

Let line AD intersect the circumcircle of ABC at G.

Let E' be the reflection of E about line AB.

Let F' be the reflection of F' about line AC.

Let G’ be the reflection of G about line BC'.

Let the altitude through A intersect line DG at H.

Let the altitude through B intersect line DF’ at I.

Let the altitude through C intersect line DE' at J.

Then E',F',G',H, 1, J, and the orthocenter of ABC are concyclic.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).

D has coordinates (zp,yp).

The circumcircle of ABC' is given by the equation

v’ —z —y*yc+ ((zc — 22) *y)/yc +y* = 0.

The orthocenter of ABC' has coordinates (¢, (1 — z¢) * z¢)/yc).

E has coordinates

(((me*yp —zp *yc) * (yo* (yp —yo) + (xc — 1) * (zp — 2¢))) /(o * ((yp — yo)* +
(25— 20))), (e — 1) % 4o — (2p — 1) % ye) % (50 * yp — 2 * y0))/ (3o + (4 —
yo)? + (xp — xc)?))).

F' has coordinates

(g * (o * (yp + (20 — 1) #y0) + (w0 — 1) % 20+ (p — 1)/ (o * (53 + (o —
1)), (g * (% + (e — 1) * 20) # 4p — (2p — 1) % 9e)) /(o * (5 + (2 — 1)),
G has coordinates

((xp* (Y& + (wc — 1) *vc) *yp + wp * yo))/(ye * (vh + xD)), (yp * ((v& + (xc —
1) xzc) *yp +zp *yc))/ (Yo * (yp + B)))-

E’ has coordinates

(((xe*yp —xp*yo) * (Yo * (yp — yo) + (xc — 1) * (xp — 2¢))) / (yo * ((yp — yo)* +
(25— 20))s (w0 — 1) # yp — (2 — 1) *yo) * (20 * yp — 20 * y0))/ (ye * (yp —
yo)? + (xp — ¢)?))).

F' has coordinates

((yp*(yo * ((2+xc— 1) *yp — (xp — 1) *yc) +(zc — 1) *xc* (xp — 1)) /(Yo * (yh +
(zp —1)%)), (yp * ((y&: — (xc — 1) xxc) *yp + (2% 20 — 1) * (zp — 1) * yo))/ (yc *
(yp + (xp — 1)%))).

G’ has coordinates

(2 @c*yo*yp — xp * (Y& — 2& + xc) * Yo + 23 *yo)/(ye * (yp + 2)), (yp *
(52, — 2+ ) + yp + (2 % 50— 1) % 2 + 40) (e * (b + 75))).

H has coordinates

((2xyc *yp * (zc*yp — xp *yc))/(yp * (o * (yp —ye) — (xc — 1) xxc) + (xp —
1)« xp *yc), =2 (xo — 1) x yp * (x¢ * yp — xp * yo))/(yp * (o * (Yp — ye) —
(xc — 1) xxc)+ (xp — 1) *xxp *xyc)).

I has coordinates

((yp * (yex ((2xxc—1)*xyp — (2xxp — 1) *xyc) — (xc — 1) xxc) + (xp — 1) x zp *
50)/ (9 (9o (yp —y0) — (w0 — 1) 520) + (2p — 1) wrp ), — (25 20+ yp * (0 —
1) xyp—(zp—1)*yc))/(yp*(ye = (yp —yc) — (xc — 1) *xc) + (xp — 1) *zp *yc)).
J has coordinates

(e, (Y2 —2x(xc— 1) xxc) *yh —yox (Y& — 2% (2% xc — 1) *xp+xo* (xo+1)) *
yp— (xp—1)*xp*vyd)/(yoxyh — (V& + (xc — 1) *xxc) *yp + (xp — 1) xxp * yo)).
Consider the circle whose equation is given by
(x—((yp*(yox((dxxc—1)xyp— 2% (zp+xc) —1)*xyc)+ (xc — 1) xxc* (2% xp —
2xxc—1))+(xp—1D)*xxp*yc) /(2% (yp* (yox (yp —yc) — (xc—1) xxc)+(xp—1) *
zp*yc))))? +(y— ((y2+ Bxzo—3x28) xyc) xyp + (—yi + (4*xc —2) kxp — 2%
£0) s — 2t 4 ) kyp -+ (2p — )+ (20— 08 0% + (28— 30 kp)
yo)/(2xyo = (yo *yb + (—yé — 2¢ +zc) *yp + (vh — 2p) *yc))))* — (e — ((yp *
(yox((dxxc—1)xyp— 2% (xp+xc)—1)xyc)+ (xc — 1) xzox (2% xp — 2% 20 —
)+ (zp—1)*zp*yc)/ (2% (yp * (yo*x (yp —yc) — (xc — 1) xxc) + (xp — 1) xxp *
ye))))?+(1—zc) xxc) fye — (e + (Bxxe —3*at) *yc) +yp + (—yi + (4*xc —
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2)xxp—2%x0) ¥yt — 2513+ 1L ) xyp + (xp —2%) *ye + ((vo — %) * 2% + (2% —
v0) %) 30) | 2y (e ki (<y— 2%+ ) kp + (7 — ) #ye)))?) = .
We then verify that E', F',G', H, I, J, and the orthocenter of ABC' lie on this
circle since we calculate

(xc—((yp* (yox ((4xzc—1)xyp— (2% (xp+xc) —1)*yc) + (xc— 1) *xo* (2% xp —
2xx0—1))+(xp—1)*xp*yc)/(2*(yp* (yo*x (yp —yc) — (v — 1) *xc)+ (xp—1) *
rp*yc))))’ +((1—zc)*ze)/yo — (Yo + (B*xc —3%23) *yo) *yph + (—ys +((4*
ro—2)*%xp—2%x0)*YE+ e —2xxd +12)*yp+(vp — %) * v+ (xo—2L) x 2% +
(28 —z0)*xp)*yc) /(2% yc* (Yo xyp +(—ye — 1t +xc) ¥yp+(vh —xp) *yc))))? —
((xe—((yp*x(yex((4xzc—1)xyp— (2% (zp+xc)—1)*yc)+(vec—1)xxo* (2%xp — 2%
xo—1))+(xp—1)*xxp*xyc)/(2*(yp*(yo*(yp—yc) — (xc—1)*xc)+(xp—1)*xxp*
ye)))?+((1=zc)*xc) [ye — (Y& + Bxwe —3x33) *yo) xyh + (—ye+ (4x 10 —
2)xxp—2%x0)*yb+xt —2xxd+ i) xyp+(xp— %) xyd+ ((vo —ad) x a3 + (2% —
zc)*xp)*yc)/(2xyo* (yoxyp +(—y& — 3¢ +xc) *yp + (2% — vp) *yc))))?) = 0,
(((xe*yp —xp *yo) * (Yo * (yp —yo) +(xo — 1) * (xp —2¢))) /(Yo * ((yp —yo)* +
(zp—2¢)?)) = ((yp* (yo* (4xxc—1)*yp — (2% (rp+xc) = 1) *yc) +(vo— 1) *x0*
(2xxp—2%xc—1))+(xp—1)*xp*yc) /(2% (yp* (yo* (yp —yc) — (xc — 1) *xxc) +
(zp—1)*2p*yc))))*+(—(((xe—1) xyp — (xp— 1) *yc) * (v *yp —xp *yc)) / (yo *
(yp—yc)* +(@p—20)?)) = (((ye+ (Bxzc —3%23) xyo) *yh +(—yé& + (4*xxo—2) *
Tp—2%xc)xyih+ah —2xxd +1i) xyp+ (xp — %) * Y2 + ((vo — 22) x 2% + (22, —
x0)*2p)*yc)/(2xyo* (Yo ryh +(—ye —x¢ +20)*yp+(rh —rp)*yc))))* — (vc —
((yp*(yex((4xzc—1)*yp— 2x(xp+xc) —1)*yc)+ (xc— 1) xxe* (2% xp — 2%
ro—1))+(xp—1)*xxp*yc) /(2% (yp*(yo*(yp—yc) — (xc—1)*xc)+(xp—1)*Tp*
ye)))?+ (1 —zc)*xc) [ye — (Y& + Bxwe —3x33) *yo) xyh + (—y&+ (dxzc —
2)xxp—2%x0)*yd+xh—2%xxd+ 1L ) xyp+ (xp — %) * Y+ ((vo — %) x 2% + (x4 —
x0)*xp) *yo)/ (2xyo* (Yo *yh + (—y& — 23 +ac) *yp + (2] —2p) *yc))))?) = 0,
((yp* (yox ((2xxc — 1) *yp — (xp — 1) *yo) + (zc — 1) xxo* (xp — 1)) /(yo * (yh +
(xp—1)%) = ((yp* (yo* (4* 20— 1) *yp — (2% (xp +20) — 1) *yo) + (20— 1) ¥ 20 *
(2xxp—2%xc—1))+(zp—1)*xxp*yc)/(2* (yp* (Yo * (yp —yc) — (xc — 1) *xc) +
(rp—1)*xp*yc)))* + ((yp * ((y¢ — (vc — 1) *2¢) xyp + (2* v — 1) * (wp — 1)
ye)) /(o (yb+ (xp—1)%) = (((y& + Bxxc — 3% %) *yo) xyp + (—yd + (4 xxc —
2)xxp—2%x0)*yd+xh— 2523+ i) xyp+ (xp— %) xyd+ ((vo — %) x % + (x% —
xo)*xp)*yc) /(2% yo* (Yo *xyh+ (—yé —xg+xc) xyp +(vh —rp)*yc))))* — ((vc —
((yp*(yex((dxzc—1)xyp— 2x(xp+xc)—1)*yc)+ (xc— 1) xxc* (2% xp — 2%
ro—1)+(xp—1)*xpxyc)/(2x(yp*(yox(yp—yc)— (xc—1)xxc)+(xp—1)xxp*
Yo )+ (1 =) *xc) [ye — (Y& + (Bxwe —3%23) *yo) xyh + (—yé&+ (4dxxe —
2)xxp—2xx0)*yb+ah—2xxd+ 22 )xyp+(zp—2%) 2+ ((xo —24) * 2%+ (22 —
x0)*xp)*Yyo)/ (2% yo* (Yo *yp + (—yé — 2t +ac) *yp +(ah —ap) *yc))))?) = 0,
(2*zoryoxyp—rp*(yg—at+azc)*yp+ab*yc)/(yex(yp+ah)) — ((yp* (yo((4x
rxo—1)xyp— 2x(zp+xc)—1)*yc)+(xc—1)*xcx(2*%xp—2%xc—1))+(xp—1)*
zp*yc) /(2% (yp*(ye*(yp—yc) — (e —1)*xc)+(zp—1)*xp*yc))))* +((yp*((y& —
ag+xc)*yp+(2xzc—1)*xp*yc))/ (Yo x(yp+ah)) — (o + (B*zo—3xad ) *yc)*
o+ (—yb+((dxze—2)xxp —2%x0) *y2 + 16 — 2% 2l + 22 ) xyp+ (xp — 2% ) %y +
(ze—ag)*x2p+(2t —2c)*2p)*yc) / (2xyox (Yo xyh+(—yé —z¢+zc) *yp+(xh —
20400 (20— (g (g x (20— 1) syp— (2 (2p-+5c)~ 1) ye) +zo— 1)
rox(2xxp—2xxc—1))+(xp—1)*xp*yc)/(2x(yp*(yox(yp—yc) — (xc—1)*xc)+
(xp—1)*xp*yc))))*+((L—zc)*xc) /yo— (((yo+(3%x0 —3%2% ) *yc) *yh +(—ye+
((4xxc—2)*%xp—2%20) %Yttt —2xxd 428 ) xyp+(rp—2%) ) *xyd+ ((xc—2d ) 2%+
(28 —wc)*xp)*yc)/ (2xycx(yoryp+(—yt —at+ac)xyp+(xh—rp)*yc))))?) = 0,
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((2xyc*yp*(zc*yp—rp*yc))/(Yp*(Yo* (Yp—yc) — (xc—1)*x0)+(rp—1)*Tp*
yo)— ((ypx (yex ((dxxc—1)xyp— (2% (zp+xc) —1)xyc)+ (xc— 1) *xc* (2%xp —
2xx0—1))+(xp—1)*xp*yc)/ (2% (yp* (yo* (yp —yc) — (v — 1) *xc)+ (xp—1) *
zpxyc))))?+ (= (2% (ze—1)*yp* (xcxyp —xp*yc))/ (Yp* (e * (yp —yc) — (xc —
V*ao)+(xp—1) *xp*yc) — (Y& + (3x w0 —3*22) xyo) *yh + (—ye + ((4x 0 —
2)xxp—2%x0)*ys+xh—2%xxd+ i) xyp+ (xp— %) xyd+ ((vo — %) x % + (x% —
x0)*xp)*yc)/(2xyo* (Yo xyh+(—yé —ra+xc) *yp +(vh —rp)*yc))))* — ((vc —
((yp*(yex((dxzc—1)xyp— 2x(xp+xc)—1)*yc)+ (xc— 1) xxc* (2% xp — 2%
ro—1)+(zp—1D)*xpxyc)/(2x(yp* (yox(yp—yc)— (xc—1)xxc)+(xp—1)xxp*
ye))))? +(1=zc)*ze) /yo — (Y& + Bxwo —3%a3) *yc) xyh + (—yé + (4 xe —
2)xxp—2xx0)*yb+xh—2xxd+xi) *xyp+(rp—2%) 2+ ((xo —22) * 2% + (22 —
x0)*xp)*yo)/(2xyo* (Yo *yp + (—yé — 2t +ac) *yp +(ah —ap) *yc))))?) =0,
((yp*(yo*((2xxc—1)*yp—(2%xp—1)xyc) —(xc—1)*xc)+(xp—1)*xp*yc)/(yp*
(yox(yp—yc)—(xc—1)xxc)+(xp—1)*xp*yc) — ((yp* (yox ((dxxc—1)*yp— (2%
(xpt+zc)—1)*yc)+(xc—1)*xc*(2%xp—2%x0—1))+(xp—1)*x p*yc) /(2% (yp*(yo*
(yp—yo)—(zc—1)*xc)+(rp—1)*xp*yc))))’+(—(2*xc*yp* ((xo—1)*yp—(2p—
Dxye))/ (yp*(yo* (yp—yo) —(xo—1)*x0) +(xp—1)*xp*yc) — (((y&+(3rx0 —3*
2&) ¥y ) xyh+(—yi+((4xve—2)xp—2%0)*Y¢ +a¢—2%¢ +ag) xyp+(rp—ah)
Yo+ ((xo—ag)xah+ (2 —xc)*xp)*yo) [ (2xyo * (Yo xyh + (—yé —r¢+xc) *yp +
(vh—2p)*yc))))*—((xo—((yp*(yo*((4xxc—1)*yp— (2% (xp+rc)—1)*yc) +(vo—
Dsxox(2xxp—2%xc—1))+(xp—1)*xp*xyc) /(2% (yp*(ye*(yp—yc)—(xc— 1)*xc)+
(xp—1)*xp*yc))))*+((1—zc)*xc) /yo— (v +(3%x0—3%2% ) ¥yo) *yh +(—ye+
(4xzc—2)*%xp—2%20) %Yttt —2xxb 422 ) xyp+(xp—2%) ) *xyd+ ((xc—2 ) 2%+

(3723—%)*@)*%)/(Z*yc*(yc*y%Jr(—y%—ﬂ?Qchfb’C)*yDJr(J%—ﬂ?D)*yC))))Q) =
(xc— ((yp* (yox ((dxxc—1)xyp— (2% (xp+xc)—1)*yc)+ (rc—1) *xo* (2% 2p —
2+«xc—1))+(xzp—1)*xxp*yc)/(2* (Yp* (yo * (yp —yc) — (xc — 1) *xc) + (zp —
Dxzp*yc))))?+ (((vE — 2% (xe—1)*x0) % yh —yo x (Y2 — 2% (2% xc— 1) *xp + 0 *
(xo+1))*yp — (xp— 1) xxp*y2) /(Yo *yh — (Y& + (vc — 1) x20) *yp + (vp — 1) *
rp*yc) — (Yo + Bz —3*ad) xyc) *yp + (—yg + (420 —2) *xp — 2% 20) * Y4 +
b —2x x4+ 2i) xyp+ (xp —2h) xye + (o —2k) * 2%+ (22 —xo) *xp) *yc) /(2%
yo * (Yo xyp +(—yt —at +xc) xyp+ (a5 —2p) *ye))))* = ((ve — ((yp * (yo * (4
xo—1)xyp—(2x(xp+xc)—1)*yc)+ (xc—1)*zc* (2%xp —2%xc— 1))+ (2p —
1) xxp*yo)/ (2% (yp * (Yo * (yp — yo) — (xo — 1) x20) + (xp — 1) xxp * yo))))* +
(1= 2c) x20)/ye — (v& + B * 20 — 3% ag) xye) * yp + (—yb& + (4 x 20 —2) *
Tp—2%x0)*yh+ah—2xxd +1L) *xyp + (xp — %) * Y + ((vo — 2%) x 2% + (22 —
xcgfxleycLK2*yo*(yc*y%—%(—y%——x%—kxc)*yD+(x%-—xD)*yc)»)%==£

This circle becomes the Fuhrmann circle when we take D to be the incenter of
ABC.
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