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Abstract.

A rough set approximates a target concept by constructing lower and upper approx-
imations based on equivalence-class indiscernibility [, 2]. Rough Geometry studies
geometric objects under approximation, boundary regions, and indiscernibility, extend-
ing classical geometry with uncertainty representation. Wasan Geometry is a traditional
Japanese branch of mathematics that focuses on elegant synthetic solutions to problems
involving circles, polygons, and other geometric figures. In this paper, we extend Wasan
Geometry within the framework of rough sets and investigate the resulting structure,
which we call Rough Wasan Geometry.
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1 Preliminaries

This section collects the basic notions used throughout the paper. Unless explicitly
stated otherwise, all sets and structures considered here are finite.

1.1 Rough Geometry

A rough set models a concept through a pair of approximations derived from an in-
discernibility relation—that is, an equivalence relation—on a given universe [|1}, 2, 2].
Several related extensions of rough sets have been developed, including Fuzzy Rough
Sets [3, 4], Neutrosophic Rough Sets [5—7], Soft Rough Sets [8, 9], and HyperRough
Sets [[10,11]. Rough Geometry applies the principles of rough sets to geometric con-
texts, examining shapes and configurations under approximation (cf. [[12-14]). It em-
phasizes the study of lower and upper geometric representations, boundary regions, and
indistinguishability, thus extending classical geometric theory to accommodate uncer-
tainty in a systematic and mathematically rigorous manner.

IThis article is distributed under the terms of the Creative Commons Attribution License which permits
any use, distribution, and reproduction in any medium, provided the original author(s) and the source are
credited.
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Definition 1.1 (Rough Set Approximation). [[15-17] Let X # @ be a universe and let
R C X x X be an equivalence (indiscernibility) relation. For x € X, write
[x]g == {yeX:(x,y) eR}.
Given any U C X, the lower and upper R-approximations of U are
U:={xeX:[xlgc U}, U :={xeX:[x]gnU=#a2)}.
Then

UcuUcU.

Indeed, if x € U then [x]g € U, and since x € [x]g, we have x € U. Conversely, if
x € Uthen [x]g NU D {x} # @, hence x € U.

Example 1.2 (Rough Set: a finite computation of lower/upper approximations). Let the
universe be X = {a, b, ¢, d, e, f} and let R be an equivalence relation whose equivalence
classes are
Ci={a.b}, C={cd. Ci={e.f}.
Fix U = {a, b, c} C X. Then, by definition,
U={xeX:[x]lgc U}, U={xeX:[x]gnU+2}.

Since C; € U while C» € U and C3 € U, we obtain

U=2C={a,b}.
Moreover, Cy N U # @ and C; N U # @ (because ¢ € U), whereas C3 N U = @. Hence

U=CUC,={a,b,c,d}.

Consequently, the boundary region is U \ U = {c, d}, and the negative region is X \ U =
{e. f}.

Definition 1.3 (Rough Geometry). [12] Let (U, R) be an approximation space, where
U # @ and R C U x U is an equivalence relation. The rough geometry on (U, R) is a
pair
grough = (S, A),
with the following components:
() S is a family of rough geometric objects, each object being a pair (X¢, X*) ob-
tained from some X C U via
X={xeU: [xlrC X}, X‘={xeU: [x]rnX#2},
and satisfying X¢ C X".
(i1) A is a collection of rough geometric operations acting componentwise on such

pairs. For instance, for A = (AL, A") and B = (Bf, B")in S,
AUB := (A‘UB!, A“UBY), AMNB:=(A'nB., A“nBY), AL .= (U\A", U\A"),

which are the standard rough union, intersection, and complement.
Example 1.4 (Rough Geometry: a pixelated shape under 2 X 2 indiscernibility). Let
U ={1,2,3,4} x {1,2,3,4} be a 4 x 4 grid of lattice points. Define an equivalence
relation R whose classes are the four 2 x 2 blocks:

By = {(1’ 1)7 (1’ 2)’ (2’ 1)’ (2’ 2)}’ By = {(1’ 3)’ (194)’ (2’ 3)7 (2, 4)},

By = {(3’ 1)’ (3’ 2)’ (4’ 1)’ (4’ 2)}» By = {(3’ 3)’ (3’ 4)’ (45 3)9 (4, 4)}
Consider the “diamond” (Manhattan ball) of radius 1 centered at (2, 2),

D ={(2,2),(1,2),(2,1),(2,3),(3,2)}.
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Augment it by (1, 1) to obtain X := D U {(1,1)}. Then the rough geometric object
associated with X is (X¢, X*) where

X'={peU:[plrc X}, X'={peU:[plxnX+0}.
Since B;; € X while B2 € X, Bo; € X, By N X = @, we have
X' =By, X" = B11 UBj2 U Byy.

Therefore the rough boundary is X" \ X! = By U By, which captures the uncertain
“fringe” of the diamond under the 2 X 2 indiscernibility.

1.2 Wasan Geometry

Wasan Geometry concerns traditional Japanese geometric problem solving—especially
configurations built from circles and polygons—and emphasizes synthetic, elegant ar-
guments rather than analytic methods (cf. [[18-22]).

Definition 1.5 (Wasan Geometry). Wasan Geometry denotes the corpus of geometric
techniques developed in Japan during the Edo era (1603—1868). Problems and solutions
were frequently recorded on wooden votive tablets (sangaku) dedicated at shrines and
temples, and typically featured circle tangencies, polygonal arrangements, and related
symmetric figures [23-25].

Formally, a Wasan Geometric Framework is a pair
W = (P,R),
where

e P is a (finite or infinite) set of geometric primitives and figures (points, lines,
circles, polygons, etc.),

e R is afamily of relations and constructive rules reflecting classical Wasan meth-
ods (e.g., circle tangency conditions, area/length ratios, and nested circular or
polygonal configurations).

Typical outcomes are closed-form expressions for lengths, areas, or radii in highly sym-
metric settings, obtained through synthetic and arithmetic reasoning rather than calcu-
lus.

Example 1.6 (Wasan Geometry: two circles tangent to both axes and to each other).
Place two circles in the first quadrant, each tangent to both coordinate axes. Let the
larger circle have radius R and center (R, R); the smaller has radius r and center (r,r)
with 0 < r < R. External tangency yields that the distance between centers equals R +7:

VIR-r)2+(R-r)2=R+r < V2(R-r)=R+r.
Solving,
V2R-V2r=R+r &< (V2+1)r=(V2-1)R
_ V-1, (V2-1)
V2+1 o 2-1

Thus the smaller radius is r = (3 — 2V2)R, a classic sangaku-style relation.

— r

R=(3-2V2)R.
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2 Result: Rough Wasan Geometry

Rough Wasan Geometry extends classical Wasan geometry by integrating rough set
approximations, modeling traditional Japanese geometric objects under uncertainty.

Definition 2.1 (Rough Wasan Geometry). Let ‘W = (P, Rw) be a Wasan framework
and let ~ be an equivalence (indiscernibility) relation on P. For any X C P set

X ={peP: [pl-CcX}, X'“:={peP:[planX+0}
Define the universe of rough objects by
Spw = {(X(,X") | X C P}.

Define the basic rough operations componentwise, for A = (A%, A*) and B = (B!, B%)
in SRW,

AUB = (AUB', A*UB"),  ANB:= (A‘nB’, A*nBY),  AC .= (P\4", P\A").

For each m-ary R € Rw, its rough lifting is the relation R € 8 defined by

m
RW
(AL, AY), ... (AL, A)) e R &= Alx---xA, C R C A'x---x A",
The Rough Wasan Geometry associated with (W, =) is
RW(W,~) = (Sew, U, 1, &, (R}rery )-

Example 2.2 (Right-triangle incircle under indiscernibility (Rough Wasan)). Fix a Wasan
framework whose relations include Tangent(-, -) between a circle and a line. Let ABC
be a right triangle with side lengths (a, b, ¢) = (3,4, 5) and incircle radius
a+b—-c 3+4-5
r = = =
2 2

Let P = {AABC, sq, Sp, Sc, I, I'}, where 54, sp, s¢ are the three sides, [ is the incircle,
and /’ is an indistinguishable “duplicate” of the incircle produced by measurement noise.
Define an indiscernibility relation ~ on P by the equivalence classes

CA = {AABC}, Cside = {sa,sb,sc}, Cinc = {I, I’}.

1.

Let the intended configuration be
X ={AABC, s,, sp, S¢, I} C P.
Then the rough object (X¢, X*) is given by
xt = {AABC} U {sg, sp,sc} (since Cu, Csige € X),

X=X U{I,I'} (since Cinc N X = {I} # @).
Thus the boundary region is X“ \ X¢ = {I,I'} \ {I} = {I’}, encoding the uncertainty
about the incircle.

Let mt be the rough lift of Tangent. If every J € Cj, is tangent to each side
s € Ciige (true for I, and by construction for /), then

Xine 1= (Q, Cinc), Xside 1= (Csidea Cside)

satisfy
x! x xt

inc side

=@ C Tangent C Cipc X Csige = X x X"

= inc side’

hence (Xinc, Xside) € Tangent.
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Example 2.3 (Two circles tangent to both axes (sangaku-style) with rough small circle).
Work in a Wasan framework with relations TangentAxis(-, -) and ExtTangent(-, -). Place
the coordinate axes as lines Ly, L,. Let Cg be the circle of radius R > 0 centered at
(R, R), tangent to both axes. The smaller circle tangent to both axes and externally
tangent to Cr has radius

r=(3-2V2)R.
Let S1, S2 be two indistinguishable candidates for this small circle (e.g., two reconstruc-
tions from noisy data). Set

P ={Ly,Ly,Cg, 51,5}
Define =~ with the classes
Caxes = {Lx, Ly},  Covig = {Cr}, Csman = {S1, 52}
Let the intended configuration be X = {L,, L,,Cg, S1}. Then
X’ = Caxes U Chig = {Ly, Ly, Cg}, X" = X" U Cyan = {Ly, Ly, Cr, S1, S2}.
Thus the boundary is X* \ X’ = {S,}, capturing uncertainty in the small circle.
For the rough lifts:
Xax := (Caxess Caxes)s  Xbig := (Coigs Crig)s  Xsm := (@, Csman)-

Since each §; is tangent to L,, Ly, we have

X! x X! = @ C TangentAxis € Cmall X Caxes = X%, X X! .
Likewise, each S; is externally tangent to Cg, so

Xfm X X]fig = @ C ExtTangent C Cgman X Cpig = X, X Xb”ig.
Hence (Xgm, Xax) € TangentAxis and (Xsm» Xvig) € ExtTangent.

Example 2.4 (Square inscribed in a semicircle with uncertain square candidate). Con-
sider a semicircle of radius R > 0O centered at the origin with diameter on the x-axis;
let S denote this semicircle and L its diameter line. A square of side s centered on the
diameter and inscribed in the semicircle satisfies

s>2 ’ ’ 2
=] +s°=R — s=—R
(2 \5

Let Q; be the intended inscribed square and Q, a nearly indistinguishable candidate
produced by coarse imaging. Set

P={S, L, 01, 0z},
and define = with classes
Csemi = {S}, Cdiam = {L}, Co ={01, 02}
Choose X = {S,L,Q;}. Then
X’ = Ceemi U Cgiam = {S, L}, X" =X'UCp={S,L, 01,0}

Thus the rough boundary is X* \ X¢ = {Q1, 0>} \ {01} = {Q»}.
Let InscribedSquare(-, ) be the relation “square is inscribed in semicircle.” Define

Xp := (2, Co), Xsemi := (Csemis Csemi)-
Since Q is inscribed in S (and O, may or may not be), we have

l 4 _ . . _ yu u
Xo X X =@ C InscribedSquare C Cg X Csemi = Xg X X i
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30 (Xa, Xsemi) € InscribedSquare.

Theorem 2.5 (Roughness and Generalization). For every Wasan framework W = (P, Rw)
and every equivalence relation ~ on P, the structure RW (W, =) satisfies:

(1) RW (W, =) is a rough geometry on the approximation space (P, =); namely,
its objects are pairs (X', X") induced by lower/upper approximations and its
operations are the standard rough union, intersection, and complement acting
componentwise.

(2) RW (W, =) generalizes the classical Wasan framework: the map

t: P— Sgw, up) = {ph{pr}h,

is an injective homomorphism of relational structures (P, Rw) — (Srw, {I’i’\ }ReRW )-
Moreover, when ~= Ap (the identity relation), every rough object is crisp, i.e.
(X, X"y = (X, X), and the lifted relations R reduce to R. Hence the classical
Wasan geometry is recovered as a special case.

Proof. (1) Rough-geometry axioms. Fix ~ and write C := P /~ for the set of equivalence
classes. Recall the standard equalities for any X,Y C P:
Xun)'={p:[plcXuY}={p:[plcXor[plcY}=X"UY"

Xu)={p:[pIn(XuY)#+2}t={p:[pInX#@or[p]nY+a}=X"UY"

[p]
XnYY ={p:[plcXnY}={p:[plCXand[p] CY} =X NnY
(P\X)'={p:[plcP\X}={p:[plnX=0}=P\X"
(P\X)'={p:[pIn(P\X)#2}={p:[pl g X} =P\ X"

From these identities we obtain immediately the componentwise formulas for U and C
in the definition above. For I, observe first that X! N Y¢ and X* N Y* are unions of
~-classes (hence “definable”), and X! N Y! C X“ nY*“. To see that (X! N Y, X“ NY")
is again realized by some subset Z C P, pick one representative z¢ € C for each class
CeCwithC C (X*nY*)\ (X nYY), and set
Z = (X‘nYH U {ze: CCc(X“NnYH\ (X nYH}.
Then
zt=X'nY’,  Z'=X"nY",
because every class C € X! N Y? lies wholly in Z, and every class C C X“ N Y* meets

Z by construction. Therefore M is closed in Sgw, and all three operations coincide with
the standard rough union/intersection/complement. Consequently,

RW (W, =) = (Sgw, U, M, C)
is a rough geometry on (P, ).

(2) Generalization of Wasan geometry. Define « : P — Srw by t(p) = ({p}, {p}). Itis

injective. For any m-ary R € Rw and any (py, ..., pm) € P™, we have

(e(p1)s- - t(pm)) € R & {(p1,--,pm)} € R S {(p1,-- . P},
which is equivalent to (py, ..., pm) € R. Thus ¢ is a homomorphism from (P, Ryw) into
(Srw, {R}).

If, in addition, = Ap (identity), then for every X C P we have X! = X" = X. Hence
Srw = {(X,X): X C P}, R={((A,A),...,(An,Apn)): A1 XX Ay C R}.
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In particular, on singletons this reduces exactly to R. Therefore the crisp Wasan geom-
etry (on objects P and relations Ry ) is recovered inside RW (W, Ap) via ¢, showing
that Rough Wasan Geometry strictly generalizes the classical one. O

3 Conclusion

In this paper, we extended Wasan Geometry by incorporating the framework of rough
sets and investigated the resulting structure, termed Rough Wasan Geometry. As future
work, we aim to explore further generalizations using Neutrosophic Sets [26-28], Vague
Sets [29,30], Uncertain Sets [31,32], Plithogenic Sets [33,34], and other uncertainty-
based mathematical structures.
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