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Abstract. Gauss—Wantzel theorem proves that it is impossible to construct an
angle of 80° using a ruler and compass. Two different ways of approximating
an angle of 40° are presented, where one approximation gives an angle slightly
more than 40°, and the other approximation gives an angle slightly less than 40°.
Adding up those angles gives a high precision construction of 80° with an error
of just (1.801 x 107%)°. This construction is easily achievable on a standard A3
sheet of paper, and the final outcome is a neat and readable figure.

Keywords. angle-construction, approximate, compass, ruler, trigonometry, computer-
discovered mathematics, Fuclidean geometry.

Mathematics Subject Classification (2010). 51-04, 65-04, 97G60.

1. INTRODUCTION

Gauss-Wantzel Theorem proves that several regular polygons and several angles
cannot be constructed using only a ruler and compass. However, mathematicians
have been attempting to get good approximate constructions for such angles using
a ruler and compass.

An interesting construction has been proposed by Barton [2] which shows an
approximate trisection of an angle of 30°. Another approximate construction of
angles of 10° and 20° has been proposed by Babayo [I], but the error in both
of these constructions is around 0.5°. The research by Kimuya [3] proves that it
is possible to construct any multiple of 3° using a ruler and compass. However,
exact construction of angles of the form (3k +1)° and (3k + 2)° is not possible

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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using a ruler and compass. Several video tutorials also exist on the internet which
attempt to construct such angles using a marked ruler and compass, but most
of them have an error of around 0.5°, making them unsuitable for any real-world
drawings.

In this work, the elementary law of cosines and law of sines have been lever-
aged along with a little bit of computer programming to find two different high
precision approximations of 40°. One of them gives an angle slightly more than
40°, and the other one gives an angle slightly less than 40°. Adding up the angles
obtained from these two approximations gives an angle of 80.000000001801° with
an error of just (1.801 x 107°)°. Such a high precision construction (for an angle
not constructible by marked ruler and compass) is not known yet. This construc-
tion is easily possible on a standard A3 sheet of paper (29.7 em x 42 ¢m), which
is generally used by architects and engineers.

2. MATHEMATICAL BACKGROUND

Definition 2.1 (Fermat Prime). A Fermat prime is a prime number of the form
(22m + 1), where m € Z and m > 0. The first 5 Fermat primes are 3, 5, 17, 257
and 65537.

Theorem 2.1. It is impossible to construct an exact angle of 80° using only a
marked ruler and compass.

Proof. Gauss-Wantzel Theorem states that a regular n-sided polygon can be con-
structed using a marked ruler and compass if and only if n can be expressed in
the form n = 2F X p; X py X ... X p;, where k € Z, k > 0 and all p; are distinct
Fermat primes (Definition [2.1]).

Consider the value n =9 =3 x 3.

Clearly, n = 9 does not satisfy the conditions of Gauss-Wantzel Theorem. Even
though 3 is a Fermat prime, but it is being repeated twice in the factorization of
n = 9. This shows that it is impossible to construct an exact regular nonagon
(9-sided regular polygon) using a marked ruler and compass.

Figure 1. A regular nonagon (9-sided regular polygon)
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It can be seen that the central angle of a regular nonagon is % = 40°. Since it
is impossible to construct an exact regular nonagon using a ruler and compass,
hence it is impossible to construct an exact central angle of 40° and all integer
multiples of 40° using a marked ruler and compass.

This proves that it is impossible to construct an exact angle of 80° using a marked
ruler and compass. U

Two different ways of high precision approximations of an angle of 40° are elabo-
rated below.

2.1. An approximate angle of 40° through law of cosines.

Theorem proves that an exact construction of an angle of 40° is impossible
using a marked ruler and compass. Here is a high precision approximation of 40°,
which turns out to be slightly more than 40°.

C BC = 3 units
AC = b units
AB = c units
eO
A B

Figure 2. A generic triangle

The elementary law of cosines gives the formula

AC? + AB* — BC?

/ZBAC =
cos £BAC = o e AB
which is equivalent to
b2+ 2 — g2
1 0° = ———
(1) cos T

Computer programming was used to search for suitable values of (a,b,¢) to
get a very close approximation of 40°.
A suitable set of values for constructing the angle within the boundaries of a

standard A3 page was found as (a =/299,b = /637 = 7V13,c = v 641).

Put (a = v/299,b = /637 = 7V/13,c = v/641) in Equation [1]to get



AMBUJ KUMAR AND BikasH KANTI SARKAR 565

(V637)" + (V641)" — (v299)° 979

cos9° =

2 x /637 x /641 144/8333
97
= 0° = cos™! (—9) = 40.0000002109105...°
14+/8333

To construct a triangle with sides a = v/299 cm, b= V637 = 713 cm, ¢ = V641
cm on a standard A3 sheet of paper, a suitable combination of values can be
chosen as :

209 = 182 — 52, 637 = 142 + 212, 641 = 4% 4 25°

Based on the discussion above, here is the first construction of an approximate
angle of 40°.

40.0000002109105..°

T T

Figure 3. An angle of 40.0000002109105...° using law of cosines

The steps of construction are listed below.

(a) Draw OL = 25 ¢m, then draw ML L OL such that ML = 4 ¢m, and join
OM. By Pythagoras Theorem, OM = vOL? + M L? = /641 cm.

(b) Taking O as center and radius = OM, draw an arc intersecting OL (ex-
tended) at N. Clearly, ON = OM = /641 cm.

(c) Draw OP L ON such that OP = 14 ¢m. Then, draw PR 1 OP such
that PR = 21 c¢m and then join OR. By Pythagoras Theorem, OR =
VOP2 + PR? = /637 cm.

(d) Extend ON to a point S such that NS =5 c¢m, then draw NT" L ON.
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(e) Taking S as center and radius = 18 ¢m, draw an arc intersecting NT" at a
point T'. Join ST. By Pythagoras Theorem, NT = /ST? — NS2 = /299

Cm.

(f) Taking O as center and radius = OR, draw an arc. Taking N as center and
radius = NT', draw another arc intersecting the previous arc at a point U.
Join OU and NU. Clearly, OU = OR = /637 ¢cm and NU = NT = /299
cm. The law of cosines according to Equation [1] gives

OU? + ON? — NU? 979
/NOU = cos™* =cos ' [ ——— | = 40. 2109105...°
OU = cos < % OU X ON > (14 8333) 0.0000002109105

So, this approximate construction gives an angle slightly more than 40°.

2.2. An approximate angle of 40° through law of sines.
Here are the details of another high precision approximation of 40°, which turns
out to be slightly less than 40°.

O_ [} C
B’= {180 - (a + 0)} BC - k
AB
A B

Figure 4. A generic triangle with a fixed base angle a°

Keep one base angle fixed as ZCBA = «° and keep the ratio of lengths of the

arms of this angle as % = k, where k£ > 0.

The angle a® must be constructible using a ruler and compass.

Let ZCAB = ¢°. Clearly, ZACB = ° = (180 — (a + 0))°.
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Apply law of sines on AABC to get
BC AB
sin /CAB ~ sin ZACB

sin ZACB B 1
sin /CAB (%)

sin (180 — (a +6))° 1
sin 6° ok

sin(a+6)° 1
sinfe

|

N sin a° cos 6° 4+ cos a° sin 6° 1
sin §° k

sin a°
tan 6°

tcosa® =
cos = —
k

N sin «° 1
= — —Cos
tanf° k

o

o sin o°
(2) = [tanf°® =

1 _ )
5 COS ¢

Computer programming was used to search for suitable values of a° and k to
get a very close approximation of 40°. A suitable set of values for constructing

the angle within the boundaries of a standard A3 page was found as a = 105°
and k = V3B — V313

V207 T 3v/33°
Put o = 105° and k = % in Equation to get
g Sm105° R
e VAT oog1050 V2 4 o2

37 V373 4
V2238 4+ /746

g

= tan6° =
YT 19 /33 + V2238 — /746
V38 + /716
— 0° = tan~! _ 39.0999997908906...°
an (12\/33 | /2238 — /746

To construct an ZABC = 105° with BC' = /373 em and AB = /297 = 3v/33 em
on a standard A3 sheet of paper, a suitable combination of values can be chosen
as :

373 = 182 + 72, 297 = 192 — &2

Based on the discussion above, here is the second construction of an approximate
angle of 40°.
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Figure 5. An angle of 39.9999997908906...° using law of sines

The steps of construction are listed below.

(a) Draw a horizontal line segment OA and draw BO 1 OA with OB = 8 c¢m.

(b) Taking B as center and radius = 19 ¢m, draw an arc intersecting OA at a
point C'. Join BC. By Pythagoras Theorem, OC = v BC? — OB? = /297
cm.

(¢) Using a ruler and compass, draw ZDCO = 105° using elementary geomet-
rical procedure.

(d) Taking C' as center and radius = 18 ¢m, draw an arc intersecting C'D at
a point F.

(e) Draw EF 1 CE with EF =7 em. Join CF. By Pythagoras Theorem,
CF =+CE?+ EF? = /373 cm.

(f) Taking C' as center and radius = C'F, draw an arc intersecting C'D at a

point H. Clearly, CH = C'F = +/373 cm. Join OH.
Using law of sines on AHOC' according to Equation [2] gives

V2238 + /746
124/33 4+ /2238 — /746

So, this approximate construction gives an angle slightly less than 40°.

/HOC = tan™! ( > = 39.9999997908906...°
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3. THE ANGLE OF 80.000000001801...°
Add up the angles constructed in Section and Section to get

o ( 979 ) P V2238 + /746
14/8333 12v/33 + /2238 — /746
! V674827 + tan-! V2238 + /746
124/33 + /2238 — /746
V1510262826 — /503420942 + 979+/2238 + 979+/746 + 121/22269291
—/1510262826 — /503420942 + 979+/2238 — 979/746 + 11748+/33

979

= tan ! (
= 80.000000001801...°
The final construction is obtained by combining the two constructions from Sec-

tion 2.1] and Section [2.2]
D
F

<

Figure 6. An angle of 80.000000001801...°

The steps of construction are listed below.
(a) Perform the entire construction done in Section

(b) Draw BO 1 OU with OB = 8 c¢m.
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(c) Taking B as center and radius = 19 ¢m, draw an arc intersecting OU at a
point C. Join BC. By Pythagoras Theorem, OC' = /BC? — OB? = /297

Cm.

(d) Repeat step (c) to step (f) from the construction done in Section [2.2]

JHON — co-] ( 979 ) - ( V2238 + /716 )

14+/8333 12v/33 + /2238 — /746
= 80.000000001801...°

This construction is a very high precision approximation of 80°.

3.1. Approximations of several other integer valued angles.

e Bisecting this angle of 80.000000001801...° gives an angle of
40.000000000900...° = 40°.
This enables a good approximation of a regular nonagon (9-sided poly-
gon) using a marked ruler and compass.

e Bisecting this angle of 80.000000001801...° twice gives an angle of
20.000000000045...° =~ 20°.
Complementary angle of this approximate angle of 20° is (90° — 20.000000000045...°) =

69.999999999954...° ~ 70°

e Bisecting this angle of 80.000000001801...° thrice gives an angle of
10.000000000022...° = 10°.

e Bisecting this angle of 80.000000001801...° four times gives an angle of
5.000000000011...° =~ 5°.

e Complementary angle of 80.000000001801...° is (90° — 80.000000001801...°)
= 9.999999998198...° =~ 10°

e Refer to Figure [6] Taking O as center and any non-zero radius, draw an
arc which intersects ON at a point X, and OH at a point Y. Then, join
XY. In that case, AXOY will be isosceles.

180° — 80.000000001801...°
2

Additionally, the work done by Kimuya [3] shows that all integer multiples of
3° can be constructed using a marked ruler and compass. Using this fact in
combination with the observations listed above, each and every integer valued
angle from 1° to 90° can be constructed with such a high precision. Few more
examples are listed below.

L0XY = Z0Y X = < > = 49.999999999099...° =~ 50°

e Angle of 78° is constructible using ruler and compass because (60° + 18°) =
78°. Next, using this approximate angle of 80.000000001801...°, it is possi-
ble to construct an angle of (80.000000001801...° — 78°) = 2.000000001801...° ~ 2°

e Similarly, an angle of 6° is constructible using ruler and compass because
(36° — 30° = 6°).
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Bisecting this angle of 80.000000001801...° four times gives an angle of
5.000000000011...°.
So, it is possible to construct an approximate angle of

(6° — 5.000000000011...°) = 0.999999999988...° ~ 1°

3.2. Error estimation for 80.000000001801...°.
The error is § = 80.000000001801...° — 80° ~ (1.801 x 107%)°
Convert it to radians to get

6 = (1801 x 107) x == radian ~ (3.143 x 10™") radian

This means that if a circle of radius » = 1 million kilometres is considered, and
the length of an arc with central angle of this approximation of 80° is calculated,
then the error in calculation is

E=rxd~10°x (3.143 x 107") km = (3.143 x 107°) km ~ 3.14 cm

This shows that the presented approximation is sufficient for several real-world
calculations. In fact, 1 million kilometres is more than 2% times the distance
between the Earth and the Moon.

KEY FINDINGS

e This work presents a high precision approximation of an angle of 80° using
a marked ruler and compass.

e As a corollary, all integer multiples of 10° can be constructed with high
precision using only a marked ruler and compass. It is also possible to
construct high precision approximations of all integer valued angles from
1° to 90° on the basis of this construction.

e Most of the knowledge in the field of geometry is a result of extensive
manual analysis done by several mathematicians. This research demon-
strates the potential of combining traditional geometry with computer pro-
gramming to solve complex mathematical problems.

FUTURE WORK

Further research on properties of triangles coupled with computer programming
may lead to discovery of even more higher precision constructions.
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