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Abstract. Mathematical structures are often generalized to hyperstructures through
power set constructions (cf. [[I-3]). Geometry, as a branch of mathematics, studies
the shapes, sizes, positions, and properties of space and spatial relationships. Foun-
dational aspects of HyperGeometry have been investigated in [4]. In addition, Fuzzy
Geometry—an extension of classical geometry using fuzzy set theory—has also been
proposed.

In this paper, we define and explore the concept of Fuzzy HyperGeometry, which further
generalizes Fuzzy Geometry by incorporating hyperstructural principles. We examine
its fundamental properties and theoretical significance. We hope that this new frame-
work will stimulate further research in both fuzzy set theory and geometric structures,
as well as broaden the scope of their applications.
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perGeometry
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1 Preliminaries

This section provides an overview of the fundamental concepts and definitions essen-
tial for the discussions in this paper. Throughout this work, we consider only finite
structures.

IThis article is distributed under the terms of the Creative Commons Attribution License which permits
any use, distribution, and reproduction in any medium, provided the original author(s) and the source are
credited.
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1.1 Classical Structure and Hyperstructure

A Classical Structure represents a conventional mathematical framework based on a
given set and operations defined on it. In contrast, a Hyperstructure extends this idea by
employing the entire powerset of a base set as its domain of operation [5—§]. For clarity,
we recall below the formal definition of a Hyperstructure.

Definition 1.1 (Hyperoperation). (cf. [9,[10]) A hyperoperation is a generalization of
a binary operation where the result of combining two elements is a set, not a single
element. Formally, for a set S, a hyperoperation o is defined as:

0: 85X S —> P(S),
where P (S) is the powerset of S.

Definition 1.2 (Hyperstructure). (cf. [[7,[11,12]) A Hyperstructure extends the notion of
a Classical Structure by operating on the powerset of a base set. Formally, it is defined
as:

H = (P(S),0),

where S is the base set, £ (S) is the powerset of S, and o is an operation defined on
subsets of P(S). Hyperstructures allow for generalized operations that can apply to
collections of elements rather than single elements.

Example 1.3 (Real-world Hyperstructure: Student Project Groups). Let
S = {Taro, Hanako, Ken, Yuki}
be a set of students. Each student has certain skills:

o (Taro) = {Programming}, o (Hanako) = {Design},
o(Ken) = {Math}, o (Yuki) = {Presentation}.

We consider the powerset £ (), where each element represents a possible group of
students. Define a hyperoperation o on £ (S) by

AoB={AUB, A, B},
which means that combining two groups can yield either their union or one of the orig-
inal groups, depending on the project’s requirements.
For example, let
A = {Taro, Hanako}, B = {Ken}.
Then
A o B = {{Taro, Hanako, Ken}, {Taro, Hanako}, {Ken}}.

This illustrates a real-world Hyperstructure: operations are performed on groups of stu-
dents, reflecting the flexible way project teams may be formed in practice.

Building upon this, the notion of a SuperHyperstructure has been proposed as a more
comprehensive framework (cf. [13—-16]). Among various models, the SuperHyper-
Graph is one of the most well-studied and widely cited examples of SuperHyperStruc-
tures [[17-21].
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1.2 Hypergeometry

Hypergeometry generalizes classical incidence geometry by replacing points and lines
with subsets, enabling hyperpoints, hyperlines, hyper-incidence, and higher interactions
[4]. The definition of Hypergeometry is given below.

Definition 1.4 (Hypergeometry). [4] Given a classical incidence geometry G = (P, L, I),
its associated hypergeometry is the structure
HG = (P(P), P(L), v, A, ),

where

e P(P) is the set of hyperpoints (all subsets of P),
e P(L) is the set of hyperlines (all subsets of L),
o the hyper-join vV : P(P) X P(P) — P(L) is

AVB = U {eeL|(p.6)eln(q0 el

PEA, q€B
o the hyper-meet A : P(L) X P(L) — P(P) is
MAN = U [peP|(p,t)eln(p,m)ell,
{eM, meN

o the hyper-incidence I C P(P) x P (L) holds precisely when
(VpeAEI{’eM: (p,{’)el) A (erMElpeA: (p,{’)el).

Moreover, HG satisfies the following hypergeometry axioms:

(HG1) For any two distinct hyperpoints A # B, the hyper-join A V B # @.

(HG2) For any two distinct hyperlines M # N, the hyper-meet M A N # @.

(HG3) Every hyperline M is hyper-incident (via /) with at least two distinct hyperpoints.

(HG4) There exist three hyperpoints not all contained in any single hyperline (no M
incident to all three).

Example 1.5 (Hypergeometry on a Triangle). Let G = (P, L, I) be the classical triangle
geometry where
P ={p1,p2,p3}, L={lnn, 3,01},

and the incidence relation / € P X L is
I =A{(p1,012), (P2, t12), (p2,€23), (P3.€23), (p3,831), (P1,G31)}-
Choose two hyperpoints
A ={p1.p2}, B={p2p3}
Their hyper-join AV B C L is

AV B = U {€eL|(p,t)eln(q, ) el}={ln, n}.
PEA, q€B

Next, choose two hyperlines
M = {tp, 63}, N ={t3, 1}
Their hyper-meet M AN C P is

MAN = U {peP|(p,t)elA(p,m)el}={ps ps}.
teM, meN
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Finally, check hyper-incidence 7 for (A, M):
(Vp cAIleM: (p,f)e 1) and (w eM3peA: (pl)e 1)
both hold, since
p1 incident to 15,  p» incident to both £y, 23,
and each ¢;, {3 meets some point of A. Thus (A, M) € I.

1.3 Fuzzy Geometry

Fuzzy Geometry models geometric objects with uncertainty by assigning membership
grades to points, lines, and relationships within space (cf. [I,22-25]). We provide the
definition of Fuzzy Geometry below.

Definition 1.6 (Fuzzy Set). [26,27] Let X be a nonempty set. A fuzzy set Ain X is a
function
A: X — [0,1],

where A(x) is the grade of membership of x in A. Its support, a—level and a—cut are the
classical sets

Supp(A) ={x e X | A(x) >0}, A={xeX|Alx)=a}, A,={xeX|Ax)=>a},
respectively.

Definition 1.7 (Fuzzy Topology). [28,29] A fuzzy topology 7 on X is a family of fuzzy
sets in X such that

(1) ko, k; € T, where k.(x) = c is the constant fuzzy set;
2)IfA,Be T thenANBeT;
(3) If {Aj}jes € 7 then UjesAj €T

If in addition k. € 7 for every ¢ € [0, 1], 7 is called a proper fuzzy topology.

Definition 1.8 (Fuzzy Points and Lines). (cf. [30,31]) Let R? be endowed with its proper
fuzzy topology.

e A fuzzy point at pg € R? is any convex fuzzy set
P,y (x) = exp(—|lx = poll*/0?), xeR>
o A fuzzy line determined by the real coefficients (a, b, c) is the fuzzy set
Lape(x) = max(0, 1—|ax; +bxy +c|/do), x = (x1,x2) € R,
where dy > 0 is a band—width parameter.
Example 1.9 (Fuzzy Point and Fuzzy Line). Let pg = (0,0) and o = 1. Then
Py, (x) = exp(—Ix|I*), Li—10(x) =max(0,1 - |x; — x2|/0.5).

At x = (0.3,0.3), the fuzzy point has P, (x) = e %18 ~ 0.83, and since |x; — x| = 0,
Li-1,0(x) = 1, so the fuzzy incidence I(P,,, L1,-1,0) = 1.

Definition 1.10 (Fuzzy Incidence). The fuzzy incidence relation 1: R*> x £ — [0, 1]
between fuzzy points and fuzzy lines is given by

I(PPO’ La,b,c) = La,b,c(pO)’
i.e. the grade to which the point pg lies on the line (a, b, c).
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Definition 1.11 (Fuzzy Orientation [32]). For two distinct fuzzy points P, P,, their
fuzzy orientation Q, , is a fuzzy set on the angle domain [0, 27):

Q) 4(0) = sup{min{Pp(x),Pq(y)} | (x,y) e R? xR?, arg(y —x) = 0}}.

Definition 1.12 (Fuzzy Collinearity [32]). Given three fuzzy points P,, P, P,, their
fuzzy collinearity x(p, q,r) is the fuzzy intersection of pairwise orientations:

x(p,q,r)=Qpq N Qyr N Q.
They are fuzzy collinear if y(p, q,r) # ko.

Definition 1.13 (Fuzzy Straightness and Tangency [32]). Let ¢ C R? be a physical curve
with fuzzy location P¢(x) = sup e, Pp(x). Its fuzzy straightness

S(c) = sup x(p.q,r)
p.q,r€c

measures how near c is to a straight line. Two curves c, h are fuzzy tangent at p if p is
fuzzy proximal to both and, for any ¢ € ¢, r € h near p, the pairs (g, p), (r, p) have
maximal fuzzy orientation proximity.

Example 1.14 (Fuzzy Circle and Tangency). Let ¢ be the unit circle. Define
C(x) = max(0, 1 — ||Ix|| - 1]/0.2).
At p = (1,0), C(p) = 1. Let h be the x—axis with
H(x) = max(0, 1 — |x2]/0.2).

Then p is fuzzy tangent to ¢ and & since p lies to grade 1 on both, and nearby points
share aligned fuzzy orientation.

Example 1.15 (Fuzzy Triangular Region). Let T < R? be the (crisp) triangle with
vertices

V1 = (0, 0), Vo = (1,0), V3 = (0, 1),

and let T denote its boundary. Fix a bandwidth 6 = 0.2. Define the fuzzy triangular
region

Alx) = max(O, 1- W), x € R?,

where d(x, dT) is the Euclidean distance from x to the triangle’s edges.

Values at sample points:

0.1 0.2
A(0.50.1)=1- = =05, A(02,02)=1-~==0,
(0.5,0.1) 5 =05, A(02.0.2) = =0
in{0.3, 0.3 0.3 0.2
A(0.3,0.3) = 1—% =1-55 =0 (clamped 0 0), A(0.5,02) = 1-55 = 0.

Support and a—cuts:
Supp(A) = {x e R* | A(x) > 0} = {x | d(x,dT) < 0.2},
Aos = {x | A(x) 20.5} = {x | d(x,0T) < 0.1},
Aoz = {x | A(x) 202} = {x | d(x,0T) < 0.16}.

Thus A is a fuzzy set “thickening’’ of the triangle 7', with membership grading linearly
from 1 on the edges to 0 beyond distance 6.
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Example 1.16 (Fuzzy Circular Disk Region). Let X = R? and fix core radius r = 1 and
boundary width w = 0.3. Define the fuzzy set A: X — [0, 1] by

1, x|l < r,
x||-r
A(x) = 1—|| I , r<l|x|l<r+w,
w
0, x|l =7+ w.

Sample values:
A(0,0) =1, A(1,0)=1, A(1.1,0)=1-34~0.667, A(1.3,0)=0.

Support and a—cuts:
Supp(A) = {x € R [ A(x) > 0} = {x | [Ix|| < 1.3},
Ar={x|A(x) =1} ={x | lIx]| < 1},
Aps ={x| A(x) 205} ={x||lx| <1+0.5w =1.15},
App ={x | A(x) 202} ={x | |Ix]| £1+0.8w = 1.24}.

Thus A describes a fuzzy disk with a crisp core of radius 1 and a linearly decreasing
membership over the annular band of width 0.3.

2 Result: Fuzzy HyperGeometry

Fuzzy HyperGeometry extends hypergeometry by assigning membership degrees to hy-
perpoints and hyperlines, enabling graded hyper-incidence and approximate geometric
reasoning. We introduce a new definition of Fuzzy HyperGeometry.

Definition 2.1 (Fuzzy HyperGeometry). Let G = (P, L, I) be a classical incidence
geometry. Its fuzzy hypergeometry is the quintuple

FHG = (T(P), F(L), V, A, f),
where

e F(P)={A: P — [0,1]} is the set of fuzzy hyperpoints,
e F(L)={M: L — [0, 1]} is the set of fuzzy hyperlines,
o the fuzzy hyper-join

ViF(P)XxF(P)— F(L)
is defined by, for each £ € L,
(V(A, B))(0) = sup{min{A(p), B(q)} | (p.0) €1, (¢,¢) € I},
o the fuzzy hyper-meet
A F(L)yxF (L) - F(P)
is defined by, for each p € P,
(R(M.N))(p) = sup{min{M (¢), N(m)} | (p.0) €I, (p.m) € I},
e the fuzzy hyper-incidence
I: F(P)x F (L) — [0,1]
is given by
I(A, M) = sup{min{A(p), M(O)} | (p,¢) € I}.
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Example 2.2 (Fuzzy HyperGeometry on a Triangle). Let G = (P, L, I) be the classical
triangle geometry where

P=A{p1,p2.p3}, L={lin, 3,0},
and each line ¢;; is incident exactly with points p; and p;.
Define two fuzzy hyperpoints A, B: P — [0, 1] by
A(p1) = 0.8, A(p2) =0.6, A(p3) =0, B(p1) =0, B(p2) =0.7, B(p3) = 1.

Their fuzzy hyper-join V(A, B): L — [0, 1] is computed as follows:
(V(A, B))(£12) = sup{min(A(p1), B(p2)), min(A(p2), B(p1))} = max{0.7,0} = 0.7,
(V(A, B))(£23) = sup{min(A(p2), B(p3)), min(A(p3), B(p2))} = max{0.6,0} = 0.6,
(V(A, B))(£31) = sup{min(A(p3), B(p1)), min(A(p1), B(p3))} = max{0,0.8} = 0.8.
Next, define two fuzzy hyperlines M, N: L — [0, 1] by
M) =1, M(63) =0.5, M(€31) =0.3, N({12) =0.4, N(£3) =0.9, N(€31) =0.2.
Their fuzzy hyper-meet A(M,N): P — [0, 1] is given for each p € P by

(AMM.N))(p) = sup  min{M(£), N(m)}.

{,meL
(p,0),(pm)el

Hence
(A(M,N))(p1) = max{min(1,0.4), min(1,0.2), min(0.3,0.4), min(0.3,0.2)} = 0.4,
(A(M,N))(p2) = max{min(1,0.4), min(1,0.9), min(0.5,0.4), min(0.5,0.9)} = 0.9,
(A(M, N))(p3) = max{min(0.5,0.9), min(0.5,0.2), min(0.3,0.9), min(0.3,0.2)} = 0.5.
Finally, the fuzzy hyper-incidence between A and M is

I(A,M) = sup min{A(p), M(£)} = max{0.8,0.6,0.5,0.3,0} = 0.8.
(p.t)el

Example 2.3 (Fuzzy HyperGeometry on a Square). Let G = (P, L, I) be the classical
square geometry where

P ={p1,p2,p3,pa}, L ={b2, 3,034, ln1},
and the incidence relation I C P X L is
I ={(p1,012), (P2, 012), (P2, €23), (3, €23),
(p3,034), (P4, €34), (P4, ta1), (p1, Ca1) }-

Define fuzzy hyperpoints A, B: P — [0, 1] by

A(p1) =09, A(p2) =04, A(p3) =0.7, A(ps) =0.2,

B(p1) =0.1, B(p2) =0.8, B(p3) =0.6, B(py) =0.5.

Their fuzzy hyper-join V(A, B): L — [0, 1] is

(V(A, B))(£12) = max{ min(0.9,0.8), min(0.4,0.1)} = 0.8,

(V(A, B))(£23) = max{ min(0.4,0.6), min(0.7,0.8)} = 0.7,

(V(A, B))({34) = max{ min(0.7,0.5), min(0.2,0.6)} = 0.5,

(V(A, B))(£41) = max{min(0.9,0.5), min(0.2,0.1)} = 0.5.
Next, define fuzzy hyperlines M, N: L — [0, 1] by

M(£12) =0.7, M(63) =1, M(€34) = 0.3, M(£41) =0.8,
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N(€12) = 0.6, N(£x3) = 0.4, N(l34) =0.9, N(£41) =0.2.

Their fuzzy hyper-meet A(M, N): P — [0, 1] is computed at each p;:

(A(M,N))(p1) = max{min(0.7,0.6), min(0.7,0.2), min(0.8,0.6), min(0.8,0.2)} = 0.6,
(A(M,N))(p2) = max{min(0.7,0.6), min(0.7,0.4), min(1,0.6), min(1,0.4)} = 0.6,
(A(M,N))(p3) = max{min(1,0.4), min(1,0.9), min(0.3,0.4), min(0.3,0.9)} = 0.9,

(A(M,N))(psa) = max{min(0.3,0.9), min(0.3,0.2), min(0.8,0.9), min(0.8,0.2)} = 0.8.

Finally, the fuzzy hyper-incidence between A and M is

I(A, M) = max{min(0.9,0.7), min(0.4, 0.7), min(0.4, 1), min(0.7, 1),
min(0.7,0.3), min(0.2,0.3), min(0.2, 0.8), min(0.9,0.8)} = 0.8.
Theorem 2.4. The fuzzy hypergeometry ¥ HG simultaneously generalizes the classical
hypergeometry HG and the fuzzy geometry ¥ G of G.

Proof. We check each specialization:

(1) Recovery of HG. Let A,B € ¥ (P) be crisp characteristic functions of subsets
A’,B" C P,i.e. A(p),B(p) € {0,1}. Then for any ¢ € L:

1, dpeA’,qgeB :(pt),(q,0) €l,
(p.0),(q.0)€l 0, otherwise,

which is exactly the indicator of the hyper-join A’V B’ in HG. A similar check shows A
and [ collapse to the classical hyper-meet and incidence relation. Hence HG C ¥ HG.

(V(A,B))(£) = sup min{A(p),B(q)} = {

(2) Recovery of ¥ G. Next, let M € ¥ (L) be crisp on L, i.e. M(€) € {0, 1}. For any
fuzzy hyperpoint A € ¥ (P):

[(A,M) = sup min{A(p), M(£)} = sup A(p),
(p"))EI (p,f)e[
which coincides exactly with the usual fuzzy incidence degree between A and the crisp

line {¢ | M(¢) = 1} in ¥G. Likewise, V restricted in this way recovers the fuzzy join
of two fuzzy points. Thus ¥G C FHG.

Having shown both embeddings, we conclude that #H G indeed generalizes both HG
and FG. O

Theorem 2.5 (Commutativity). For any fuzzy hyperpoints A, B € ¥ (P) and any fuzzy
hyperlines M, N € F (L), the hyper-join and hyper-meet are commutative:

V(A,B) = V(B,A), A(M,N) = A(N,M).

Proof. We show the first identity; the second is analogous.

Fix any line £ € L. By definition,

(V(4, B)(0) = sup{min{A(p), B(@)} | (p,0) €1, (4,0 € I}.

Since min{A(p), B(q)} = min{B(q), A(p)} for all p, g, taking the supremum over the
same index set yields

(V(4, B))(€) = sup{min{B(q), A(p)} | (p.0) € 1. (4, 0) € I} = (V(B, 4))(O).

Hence V(A, B) = V(B, A) as functions on L. O
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Theorem 2.6 (Monotonicity). Let A, A" € ¥ (P) and B, B’ € ¥ (P) satisfy

A(p) < A'(p), B(p)<B'(p) forallpeP.
Then
V(A,B)(t) < V(A",B')(t) forallle€ L.
Similarly, if M,M’ € ¥ (L) and N, N" € F (L) satisfy M(£) < M'(£) and N(£) < N’ ({)
for all €, then
AM,N)(p) < A(M',N")(p) forall p € P.

Proof. We prove the first claim. Fix £ € L. Because

A(p) <A'(p) and B(q) <B'(qg) = min{A(p),B(¢q)} < min{A'(p),B'(¢q)},
it follows that
sup  min{A(p),B(¢)} < sup min{A’(p),B'(q)}.
(p,6).(q,6)€l (p,0).(q,0)l
By definition, the left-hand side is V (A, B)(¢) and the right-hand side is V(A’, B")(¢),
giving the desired inequality. The argument for A is identical, replacing points by lines
and vice versa. O

Theorem 2.7 (Self-Join Constant Hyperline). For any fuzzy hyperpoint A € F (P), its
self-join is the constant hyperline whose value is the maximum membership of A:

V(A,A)(¢) = max A(p) forevery( e L.
123

Proof. By definition,

(4, 4)(0) = sup{min{A(p), A(@)} | (p.O) €1, (g,0) € 1},

Since min{A(p), A(q)} < A(p) and alsomin{A(p), A(q)} < A(q), for each pair (p, q)
we have
min{A(p),A(q)} < sup A(r).
repP
Thus
V(A, A)(£) = supmin{A(p), A(q)} < supA(r).
p-q reP
On the other hand, taking p = g in the supremum gives

min{A(p), A(p)} = A(p) = supmin{A(p),A(q)} 2 sup A(p).
p.q pE€E
Combining the two inequalities yields the equality

V(A, A)(£) = sup A(p),
peP

as claimed. |

3 Conclusion

In this paper, we introduced and investigated the concept of Fuzzy HyperGeometry,
a novel generalization of Fuzzy Geometry that integrates the principles of hyperstruc-
tures. In future work, we intend to explore further extensions of Fuzzy HyperGeome-
try by incorporating frameworks such as Neutrosophic Sets [33-36], QuadriPartitioned
Neutrosophic Sets [37-39], Hesitant Fuzzy Sets [40,41], Neutrosophic Offsets [42,43],
and Plithogenic Sets [44-48].
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