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1. INTRODUCTION

In [1] and [2], we introduced two sets of conyclic points. Here we will show that
if we examine both sets of points at the same time along with the circumcenter
of the points in [2]|, then we can find three other coaxal circles passing through
them.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with ZCAB = Z/DAB, such that AD = AB.
Let E be the point on line AB, with Z/CAB = ZCAFE, such that AE = AC'.
Let F' be the point on line BC', with /ZCBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with /CBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC', with ZACB = ZICB, such that C'I = BC.
Let M be the circumcenter of AGI.

Let N be the circumcenter of CDF'.

Let O be the circumcenter of BEH.

Let P be the incenter of ABC.

Let QQ be the centroid of CMO.

Let R be the centroid of BMN.

Let S be the centroid of ANO.

Let U be the centroid of CEG.
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Let V' be the centroid of BDI.

Let W be the centroid of AFH.

Let Z be X (5886) (the circumcenter of UVW ).
Then,

1. P,Q,U, and Z are concyclic,

2. PRV, and Z are concyclic, and

3. P,S, W, and Z are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).
B has coordinates (1,0).
C' has coordinates (xc,yc)
D has coordinates Je ).
( Ve c+y \/xcﬂ/c)
(
(7
(1-

Vi +y2,0).

ro—1 1 Yyc
V(@e—1)2+y2 + ’\/(l‘c—l)zﬂ/é)

— V(e —1)? +42.0).
e )k 382 2 332 2
N o x (1 - e ),
(10—1)2+yc (mC_1)2+yc
. (zo—1)2+y V (@c—1)2+y2
I has coordinates (z¢ * (1 — W),yc *(1— W»

zo—12,—y2+(—x 2 2 Y To— 2
M has coordinates ((1—+/(zc — 1)2 + y2)/2, ——=< vt ooty retyg)y/ee 1)Qerc)).

FE has coordinates
F has coordinates

G has coordinates

H has coordinates (z¢

2yc
22 4yZ—+/(xc—1)2+y2 zo—1D)*r/22+yZ—zo*(vc— zc—1)24y2)—y?
N has coordinates (H\/ ctve 2\/( c—1) +yc _ (we—D)x/at 4yt —zc (chc I+y/(zc—1)*+42) yC)_
ro—x2 x *(x x 2
O has coordinates ((1+ /22 + y2)/2, ——=< —vetly c+y62)yc c-lty/(wc—1) +yc)>

xc+\/:v2c+y% yo )

P has coordinates .
U Y e A P RS P T

(@ has coordinates
(v + (1= (we =1 +y2)/2+ (L+ V1 +y2)/2)/3,
(yc_:ccfm%fy%+(fmc+\/x%+yé)*(\/(xc71)2+yé)_xcfx%fy%ﬂ\/x%wc) (zc—14+4/(zc—1)2+y3) )/3)

. 2yc 2yc
R has coordinates

(1+ (1= /loe — D)2 5 48) 2 + Lfretve Yoo VPt g

2

(— vo—wh—yiH(—zoty/1E+y2)x(\/(ec—1)2+y2)  (zo—D#\/ad+yi—wcx(zo—1+y/(@o—1)2+y3) -y )/3)

. 2yc 2yc
S has coordinates

22 2 _ Z—1)2+4y2
(PR Re IR (14 /2T ) 2)/3
(_($C*1)*\/I%+y%*$c*($0*1+ (rc—1)2+y2)—ve  zc—at—ye+(\/22+yd)*(xc—1+y/(zc—1) +yc))/3>

2yc 2yc

U has coordinates ((z¢ + /2% +y2 + 1 — /(zc — 1)2 + 42)/3,yc/3).

V' has coordinates
(14 2 o (1= LTy iy (oo (1= Y D0y

i Vi tud c+ C VEEtyd
W has coordinates

zo—1 1 (I—zc)* \/f”c+yc 3 Yo 1— \/m 3).
(( (ze—1)?+y g et V(@e—1)2+y2, )/ ’(\/(xcfl)2+y%+yc*< \/m»/ )

Z has Coordlnates
((2/3) % (ze + 1) + (g2 +22)"? = (Y& + (x0 = 1)*)* = 2% 20 = 2) /6, (2/3) * yo —
(g + (xo =1))? (g +22)? —20) + (xo = 1) * (Y& +22) > +25y2) [ (6% y0)).-
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1.Consider the circle whose equation is given by

(z—(—(5%a% — 2% (22 +y2) 2% (25 z0* (xe—1)2+y2 % (dxwo—1)) —y2 * (2% 22+ 10%
we—T) = 1052t +5xxt+yb+ (we — 1) +y2) " * (2 + (8xxc — 6) — (a2 +y2) '/
(=& +aox* (5xrc—5)) —4xxg +4xal)) /(e * (24x 20 —12))))? + (y — (2% 20 —
3x (22 + 120 % (2o —1)2 +9y2) V2 — (22 +92) 2% (2% 20 —2) — 2% w0+ 2% 2% + 6 %
y&)/(12xy0)))* = (w0 /34 (28 +y2) ' 13— ((xc 1) +y2)? [3+1/3 — (= (5% —
2% (02, 4+y2) V2% (25 xo* (wo—1)2 4+ Y2 x (dxzc—1)) —y2+ (2522 +10% 20 —7) — 10%
ot +5xat+ye+ (o —1)2+y2) 2 (y x (820 —6) — (a7 +y&) /2 + (—yg +ac* (5
wo—=5))—4xrg +4xal)) [ (yg+ (24510 —12))))* 4+ (yo /3= (((2xw0—3* (v +y) /) *
(xe—1)24y2 ) 2= (22 +y2) V2% (2520 —2) — 2% 20 +2% 22 +6%y2) /(12%yc)))?) = 0.
We verify that P, Q,U, and Z lie on this circle since we calculate
(e (5wt~ 25 (e +42) 4 Qom0 — 1) = (4
o—1)) =y x (2523 + 10520 —T7) — 10523+ 5x 2 +yb+ ((we —1)2 +y2) V2% (y2*
(8xx0—6) = (23 +ye)/* % (—y& +xo* (Bxae —5)) —dxag +4xa})) /(Y2 (24

_ le, _ _ 2 2\1/2 12
20— 12)) + (o b = (e =34 (e +18) /) # (e — 1)+

Y22 — (22 +y2) VP % (2% 00— 2) — 2xwo+ 2% 2%+ 6% y2) /(125 ye)))? — (v /3 +
(:L‘ +y2) Y213 — (e —1)2 +y2)V2 /34 1/3 — (— (5% a2 — 2% (22 +y2) /2 % (2% x0 *
(e — 1)+ yd*«(d*xxc—1)) —yd* (2% 22+ 10% 20 —7) — 10*% 2} + 5x 2 +y2 +
(o —1)2+y2) 2% (Y2 % (8x 20 —6) — (22 +y2) 2 % (=2 +wo* (5*xc —5)) — 4 *
$%+4*90%))/(y(2;*(24*$c—12))))2+(?JC/3—(((2*%—3*($%+y%)1/2)*((fc—
D2+ y2)V2— (22 +y2) V2% (2% 20— 2) — Q*xc+2*xc+6*yc)/(12*yc)))2):0,
((m(;—}—(l—\/( To — 1) +y2)/2+( 1+\/xc+yc /2)/3—(—(5%x2—2% (2 +y2) /2%
(2xzo*(zo—1)?+ydx(dxxc—1))—yz* (2x2%+10xxc—T7) — 10523+ 5xxl +ylt +
((re=1)4y2) "2 # (yex (8% w0 —6) — (23 +y2) ** (—ye +ao* (5 e —5)) —4*ag +

4o (0n Qv 1)+ (- roms it oot (o PR _

2yc

rereerl e e iV IRe P ) 13— (2 w0 — 3% (e + 92)?) # (e —

12+ y2)V2% — (22 +y 2V 2% (2% 20 —2) — 2% 30+ 2% 25 +6xy2) /(125 yo)))? —
(($0/3+($20+yc)1/2/3 (e —1)2+y&) 2 /341/3 = (—(5xal — 2% (x& +y&)
(2xzo*(xo—1)2+y2*(dxac—1)) —y2*x (2x2%+10%xxc —7) — 10* 22, + 5*2¢ +
Yot (e —1)2+y&) 2 (Y * (8xwc —6) — (vf 4+ y2) /2 (—y& +xc* (5xxc —5)) —
Axag+4xxd))/(ye* (24x1c—12))))2+ (Yo /3— (((2xxc —3* (2 +y&) ) * (vc —
1)2+yé)1/2—(xQC—i—y%)l/Q*(Q*xC—Z)—Z*xc+2*x20+6*yé)/(12*y0)))2):O,
(we+ 22+ y2+1—+/(vc — 1)2 + 42) /3 — (—(5xad — 2% (22 +y2) V2 (2x 20 *
(rec—1)2+yéx(dxxc—1))—yd*(2x2i +10%xc —7) — 10*% 28, +5*x 2t +ys+ (zo—
12+ y2) 2 (Y& * Bxwc — 6) — (v +y2) 2 % (—y& + ac x (5xxc —5)) —d*ak +
Axxd))/ (Yo (24xzc—12))))? + (Yo /3 — (2% — 3% (aE +y2) " /?) * (e —1)* +
y%)l/g—(x%—l—y%)l/g*(Z*xc—Z)—2*:vc+2*x20+6*y%)/(12*yc)))2—((xc/3—|—
(@& +ye) 23— (2 =12 +y2) 2 /3+1/3 = (= (5xag — 2% (x4 +y&)/* * 2% zc
(e =1+ yd«(d*xxc—1)) —yd « (2% 22+ 1020 —7) — 10*% 2% + 5xxl + yt +
(e —1)2+yg) % (yg = (8% xc — 6) — (2g +y&) % (—yg +axc* (Bxaxc —5)) —4dx
a2 4+4xad)) /(Y& x (24x 20 —12))))? + (Yo /3 — (2% zc — 3% (v +y&)?) * ((xc —
12 g2V (2% 2) V(20— 2) — D+ 2wt G ) (12930)))?) = O,
and

((2/3) % (ze+ 1)+ (Y& +22)* — (Y& 4 (xc —1)*)V2 = 2x30 —2) /6 — (— (5xag — 2
(22 +y2) 2 (2% zox (xo—1)2+yd* (dxxc—1)) —ydx (2% 22+ 10x 200 —T) — 1023, +
Sxxt+yd+ (o —1)2+y2) V2% (Y2 * (8xxc —6) — (22 +92) 2% (—y2 + o (5*zo —
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5)) —4xxg +4xxd)) /(yer (24xw0—12))))* 4+ ((2/3) xyo— (Y& +(xo—1)*)**((ye +
w)? — o)+ (ve = 1) * (v +a3) ' +2%y8) /(6 xyc) — (2% e — 3% (23 +y3) /%)
(re—1)2+y2) V2 — (22 +y2) V2% (2% w0 —2) — 2% w0+ 2% 22+ 6%y2) /(125 yc)) )% —
(($0/3+(l‘c+yc)1/2/3 (xe =12 +y2) 2 [34+1/3 = (= (5xag — 2% (v +y&) " *
(2%zo* (20— 1) +yZok(dxzc—1)) —yix (2522 +10% 20 —T7) — 10% 28, + 5% 2t +yd +
(2o —1)2+y2) 2% (Y2 * (8x 20 —6) — (22 +y2) V2% (—y2 +xo* (5*x0—5)) —dx a2+
4xxd))/ (Y& (24*530—12))))2+(?JC/3—(((2*$c—3*($%+yé)l/2)*(($C—1)2+
yé)lm—(x%—l—y%)l/?*(Z*xc—Z)—2*xc+2*x%+6*yé)/(12*yc)))2) = 0 as desired.

2. Consider the circle whose equation is given by

(= (—(((xe = 1)2+y2) 2% (55 ad, —bxat +3*yb +dxzo* (22 +1y2) V2% (Y2 + 20 *
(xo—1))—zoxyd* (2520 +7)) —ybx (5320 +6) +2% (2 +92) 2% (252l — 452l +
TEoxyt 4 2% i+ 2% xo Yl —yl) —bx a4+ 10x 3t — 5k +woxyiok (—10x 2k + 4%
re+11)) /(125 y2 * (v2 +zo* (xc—2)))))? + (y — ((y2 * (14% 2% — 1620 +1) — 2%
(22 +y2) V2% ((3xxc— 1) xyd +axo* (3xm0—4) % (20— 1))+ 9% 22 — 16528, + Tl +
Trye+ ((we—1)2+y2) 2 (Y& * Brwo+1) =2 (13 +y&)** Bxyg +aox (3*xo —

woty/12+y2

1)~ sad b 8422))/ (12w (g en (a0~ D))~ (i LT
(—(((xe =12+ y2) V2% (5xaf, — 5% 2+ 3xyb +dx o * (2% +y2) 2 % (Y2 + 10 *
(mc—l))—xc*y%*(Q*xC—t—?))—yé*(5*xc+6)—{—2*(x%+y%)1/2*(2*xé—4*x%+
Tyt 4 2% i+ 2% woxyl —yl) —bxad +10x 1t — Skl +woxyiok (—10xxh + 4%

v+ 1)/ (1201 48+ a0 (e = D))+ (1 s — (8 + (14

22 —16%xc+1) = 2% (22 +32) 2% ((3x20 — 1) *yd +wo* (3xx0—4)* (20— 1)) +9%
22— 16528+ T*rt +Txyb+ (e — 1)2+y2) V2% (Y2 * (8xxc+1) — 2% (22 +y2 ) /2%
(Bxy2 +xox(3xxc—4)) —11%2% 4+ 8x1))/(12%yo* (Y2 +xo* (xc—2)))))?) = 0.
We verify that P, R,V , and Z lie on this circle since we calculate
/2 2

(1+\/z%g:cyg+f/c(z?1)2+yg_(—(((xc—l)zﬂ/%)m*(5*$%—5*$é+3*%+4*$0*(ff?ﬁL
) 25 (yE+aex (zo—1)) —zoxydx(2xx0+7)) —yb* (5w +6)+ 2% (2% +y2 ) /2%
(2x a2 —d*xd + 22 xy2 4+ 2% 2L + 2510 * Y2 —yd) — xS+ 10% 3¢ — 5x 2y + 10 * YE *

(—10*x%+4*xc+11))/(12*y%*(y%—l—xc*(xc—?)))))Q—l—(1+\/zé+y%ff/(xc_l)2+y% —

((y2*(14*xx% —16xxc+1) — 2% (2% +y2 )1/2 ((Bxxoc—1)xy2+xo*(3xxc—4)* (20—
1)) +9%x% — 16528+ Txxt+ Txyt+ (v —1)? —I—y%)l/Q*(y%*(8*a:c—|—1)—2*(x%+
Y2 2% 3yt +wox (3xwo—4)) = 11x2%+8x13)) /(125 yox (Y2 +xox (20 —2)))))? —
/2 2
((1+\/x2cgﬂfy€+j/c;:ii1)2+yé_(_(((xc_1)24’3/?1)1/2*(5*I?(’J_5*$é+3*yé+4*x0*<520+
Y&) P (yg ok (re—1))—xoryg* (2xxo+T7)) —yb* (Bxro+6)+2% (Z +yg) 1/ 2+ (2%
T —dxad A+l Y2+ 2% 0L 25 w0k YL —yh) — 5wl +10%xh — 5l +roxydx (—10%

w4+ 11))/ (12038 (o (ro =)+ o e — (08

(14x2% —16xx0+1)— 2% (22 +y2) 2% (320 — 1) ¥y +wo* (3310 —4) * (10 —1) )+ 9%
22— 16528+ T2+ Txyb+ (w0 —1)2+y2) V2% (Y2 % (Sxwo+1) — 2% (22 +y2) /2% (3%
y%—l—xc*(3*x0—4))—11*xc+8*xc))/(12*yc*(ygc—i—:z;c*(xc—Z)))))Q) =0,
(1+ (1= Vfloe = D+ gg) 2 + TVmEnenyfe Dty g (5 — 1)7 +
Y22k (5l —bxat +3xyd +dxzo*x (2% 4+ y2) V2 * (yE + 1o x (wo — 1)) — 20 *
25 (2%2c+T7) —yb*x (5xxo+6)+2% (22 +y2) V2 * (2% 2 —dx P + 2% x 2 +

2% 2%+ 2% o YD —ys) — bk rd + 10k 2l — 5k ad + xokyd k (—10% 2L +d* 10+
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-1 -yt (—zo+/aE+ye)*(y/ (wc—1)2+y)
11))/(12*?;%*(y%+xc*<xc_2)))))2+((_ c—Toc— Yo C \/Q;C Yo \/ c ve)

(xo—1)%y /x20+y%—mc*(;3ycc—1+\/(mc—1)2+y%)—y20)/3 . ((y% % (14 % l’% 16 %20 + 1) _ 94
(22 +y2) V2% ((3xxc— 1) xyd + o (3xm0—4)* (20— 1))+ 9% 22 — 16528, + Tl +
Tyt ((xo=1)7+42)" 25 (yE x (8xwo+1) = 2% (xg +y2) *x (3xyg +rox (3rwo -
2 2
) = 1t Ser)) /(12 5ye (oo (ro = 2)) ~ (s
(—(((we =12+ y2) 2% (5xad — b xag +3xyd +dxxo* (w2 +y2) Y2 * (Y2 + 2o *
(xo—1))—zoxyd* (2520 +7)) —ybx (5320 +6) +2% (22 +92) 2 % (25 2k —dx 2l +
Tyt 4 2% i+ 2% vo Yl —yl) —bxad +10x 3t — 5kl +woxyiok (—10xxh + 4%

v+ 1)/ (1241 (48 + a0 (e~ D)) + (7 — (8 + (14

22 —16%x0+1) = 2% (22 +32) 2% ((3x2c — 1) *yd +wo* (3xx0—4)* (20— 1)) +9%
22— 16528+ T*rt +T*yb+ (e — 1)2+y2) V2% (Y2 * (8xxc+1) — 2% (22 +y2 ) /2%
(Bxy2+xo*(3xzo—4))— 11z +8%x)) /(125 yc* (vi+xcx(vc—2)))))?) = 0,
x (1'0_1)24‘?/2
((1+\/IQCCTyQOﬂc*(l——V\/z%_%C))/?,—(—(((:cc—1)2+y§;)1/2*(5*xg—5*x4c+
3xybtdrzo* (22 +y2) V2% (yi +ac*(xe— 1) —ze*y2x (2x 20 +7)) —yb * (5%
To+6)+2% (02 +y2) V2 % (2% 0k — 45 ad, a2 vyl + 2522 + 2% 20 x Y2 —yd) — 5*
o+ 10x 2} —5x 2l +wo*xyz*x (=10 22 +4dxxc+11)) /(12* Y2 * (Y2 +zo * (v0 —
V (@we—1)%+y2
2)))))2"'((\/%4-.@0*(1—W))/?’—((y%*(14*$2c—16*270+1)—2*
(22 +y2) 2% ((Bxzo—1) %y +aox(3xxc—4)* (10— 1)) + 9% 2% — 16523+ T*xd +
Txyq+ (e —1)2+y2) Y25 (Y2 % (8*xc+1) — 2% (22 +y2) V2% (3xy2 + 2o * (3% 20 —
ro+r/T2+y2
1)~ 8402/ (125 (0 2o -2~ (i T
(—(((we =12+ y2) V2% (5% af, — 5% 2 + 3% ys +dx a0 * (0% +9y2) 2 % (Y2 + 10 *
(xo—1))—zoxy2x (2% a0 +T7)) —yd* (510 +6) +2% (22 +y2) 2% (25wt — d* 2l +
T2ox Y2+ 2% i+ 2% xo Yl —yh) — b+ 10x 3t — 5k +woxyiok (—10x 2k + 4%

v+ 1)/ (1259 # (4 + a0 (e~ D)) + (7 rr — (8 + (14

12 —16%xc+1) = 2% (22 +32) 2% ((3%2c — 1) xyd +wo* 3xx0—4)* (20— 1)) +9%
22— 16523+ Txrh +Txyb+ (e — 1)2+y2) V2% (Y2 * (8x 2o+ 1) — 2% (x4 +y2 ) /2%
(Bxy2+xo*(3xzo—4))— 1%z +8%2d)) /(125 yc* (Y& +xcx (vc—2)))))?) = 0,
and

((2/3)* (zc+ 1)+ (g2 +22)" = (Y2 + (xc—1)*)V? =220 —2) /6 — (—(((zc—1)*+
Y2 ) 2% (5xad, —5x b +3xyb Hdxxo* (22 +y2) V2 * (YE A ro* (o —1)) —moxyd* (2%
To+7))—ybx (5xxo+6)+2% (22 +y2) 2% (2% 1h — dxad + 12 % y2 + 2% 2%+ 2% 00 *
Y& —ys) —bxrd+10xxh —5*xad +xoxyZk (—10x 22 +4xxo+11)) /(12xy2 * (y2 +
vo*(xc—2))))* +((2/3)xyc — (v + (v0 = 1)) (Y& +22) > —wc) + (zc — 1) *
(Bt 202+ 25 2)(650) — (s (14523 — 1650+ 1)~ 2 (2 +2) 1 x (3
ro—1)*xyd+ao*(3xre—4)*(xc—1))+ 9% 2% — 16% 23 + Tx b+ Txylt + ((xc —
D2 4+92) 2% (Y2 % (8o +1) — 2% (22 +y2) V2 % (3xy2 +xc* (3x 10 —4)) — 11522+
S22)) (12 4y » (v + 0 0~ D))~ (T — (2 -
D2 4+92) 2% (5xad, —5xab +3xyd +dsxwo* (22 +9y2) 2% (yi +ao* (xe—1)) —20*
Y2# (2500 +7)) —yb* (5xx0+6)+ 2% (02 +y2) 2% (2% 2h — dxad + a2+ y2 + 2% 0%+
2xroxys —yh) — bk rE +10xxl — b1 +xo*yiox (—10xzi +4xxc+11))/(12%

g2 (2 +aex (zo —2))))% + <1+\/x20+ygff/(xcf1>2+yg — (g2 * (14% 2% — 16% 30 +
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1) — 2% (22 +y2) V2% (Bxxc — D) *yd +wo* (3xmc—4)* (10— 1)) + 9% 2% — 16 %
vt Trab+ Tryd 4 (wo =12 +y8) 2 x (Yo o+ (8 xc+1) = 2% (2 +y2) /2 # (352 +
vo*(3xxc—4))—11x22+8%22))/(12xyc* (y& +rc* (20 —2)))))?) = 0 as desired.

3. Consider the circle whose equation is given by

(2= (22 =250+ Y2+ 1)V 2% (Y25 (2% 2% — 8510 +6) +4x 1L, — 8xad + 451, — 2yt —
4 (22 4+y2) V2% (ro— 1) * (22 — 20 +y2)) +yb* (5xrc+1) =532+ 15528, — 15%x8 +
Sxxd+ (22 +y2) Y2k (=5 x b+ 15% a3 — 2522 %y — 15x 22 + 11 k00 *y2 +5*x0+ 3%
Yo —9%y2) +ydx(10xxd, — 145 x2 +11xxc—7)) ) (12xyix (22 +y2 —1)))) 2+ (y— (2%
To—yd*(— 14522 +12%x0+1)+2% ((zo—1)2+y2) V2% (y2 % (3x w0 —2) — (3xy2 + (3%
o+ 1)*(wo—1))* (22 +9y2) 2 trox(3xwo+1)*(xc—1))+3%22 —12%33, + Txxl +
Tyl — (28 +ye) P+ (2% a0 +yt* (8xwc —9) — 13xag + 8% +3)) /(125 yc * (2 +
2 2 soty/eE+yl 2 2 1/2 4 (12 2
yC_]-))>> _((l—l-\/x%-‘ry%—k\/céxcily-i-y%_(((xc_2*x0+y0+1) / *(yC*(2*xc_8*
To+6)+A%r2 —8xad + 4% wt — 2%yt —dx (22 +9y2) 2% (vo— 1) x (22 —zo+y2)) +
Yk (5xxc+1) =522+ 15%x8, — 15% 0k + 5% %+ (22 4+ y2) V2 % (= 5% xt +15% 23, —
2x a2yt —15xat + 11 xxo*xyi +5x w0+ 3%yd — 9%y ) +yé* (10x 23, — 14*xi +11%

v =)/ (12 (o= D))+ (o e — (2o — w14

22 +12%20+1)+2% (10 —1)2+92) 2% (y2 % (3x 20 —2) — (3% Y2+ (B3x 20+ 1) * (20—
D) * (22 +y2) 2 taox 3w+ 1) * (m0—1)) +3% 22 — 12523, + THrh + THyd — (224
Y2 ) 2% (25 w0+ yiox (8% xo—9) — 13%22 +8xx2,+3)) /(12xyc* (22 +y2—1))))?) = 0.
We verify that P, S, W, and Z lie on this circle since we calculate
zot+/zZ+y?

(o s — (= 2w 4 + 1) (o (202~ S 46) 44
22— 8wl +dxalt — 2%yt — 4% (22 +y2) VP x (vo— 1) * (22 — 20 +y2)) +yb * (5%
To+1)—5xaZ + 15528 — 15%ad +5x a2 + (22 +y2 )V 2% (=bxxh + 15 %18, — 2% 1% %
Y& —15%xi+ 11 xzoxyd+5*xc+3*%ys —9*xy2d) +yd* (10x 2 — 14* 2% + 1120 —

7))/(12*%%*(x%—i_y%_1))))2+(1+\/r%+y%f(\]/(mc—1)2+y% —((2xzc—yex(—ldxae+

12%20+ 1)+ 2% ((wc— 1) +y2) V2% (2 (3x 20— 2) — (3% Y2 + (3xz0+ 1) * (0 —
D)* (22 +y2) 2 frox(3xzo+1) % (w0 —1))+ 3% 22 — 12% 23+ Txxh + Tryd — (22 +
Y2) 2k (2xxo+yd x (8xxc —9) — 13x22 +8xxd +3)) /(125 yc* (22 +yE — 1)) —
rot+r/ T2 +y?
((1+\/x2c+yg+\/c;xci1)2+yg — (22 —2x20+ Y2+ 1) 2% (Y2 % (2% 2% —8x 10 +6) +4%*
wg =8k +dxal = 2ayl —Ax (xg+yd) P (xe —1)x (28 —zo+y2)) +ye* (5rzo+
1) —5%x2 4+ 15532, — 15% 0 +5%02 + (22 +92) /2% (= 5xwt +15% 2, — 2% 22 xy2 — 15%
12+ 11 xxoxy2+5%xc+3%ys — 9k y2) +yd x (10x 23, — 14x a2+ 11xxc—7)) /(12%

yé* (:l%—i—y%— 1))))2+(1+\/x2c+y%f\0/(wc—1)2+y% a ((2*$C_y(2j* (_14*x20+12*$0+

D+2% (2o —1)2+9y2) 25 (y2 % (3% w0 —2) — 3 yd + Bxxo+ 1) * (zo— 1)) * (22 +
Y22t aox (3xzo+ 1) x(mo— 1))+ 3522 — 12528+ TH b+ Tryd — (22 +y2)/ 2%
(2xxo+y2*(8xxc—9) —13x22 +8x*23 +3))/(12*yc * (z2 +y2 —1))))?) =0,

14+4/22+y2 —+/ (xc—1)2+y2
(Erbtveyee WE | () 4 /o2 52 12) 13— (2 — 2 ao+ i+ 1) /25 (g #
(2522 —8% 10 +6)+4% 12 —8*xd,+4*xl —2xyd — dx (2 4+y2 ) 2% (zo— 1) * (22— 2o+
Y2)) Fydx (5xro+1)—bxrd +15xxd — 155zt + 55+ (22 +y2) V2% (—5xxk +15%
xd—2xalxyl —15%a%+ 11w oxyd+5%x o+ 3%yt —9xy2 ) +yzx (10kxd, — 14+ 11

(xo—1)%4/22,+y2 —zox(zc—1++/ (xc—1)2 432 ) —y2
2c—T))/ (1252 x (x2 412 —1)))) 2+ ((— =V oo e 2yCC c ve)—ve
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re-sevetly e eo Loy ee T DRE) 13 (2w g -yt (— 14w 2k + 12k ac +

1)+ 2% ((xe —1)? +y 2V 2% (Y2 % (3xac —2) — B*y2 + (Bxac+ 1) * (zc — 1)) *
(:L%+y§;)1/2—l—$o*(3*xc+1)>|<(xc—1))+3*x%—12*$%+7*$40+7*yé—(a%+
Y22 (2% w0+ yix (8% 20 —9) — 13522 +8xa2 +3)) /(12xyc* (z2 +y2 —1))))? -
ro+4/ T2 +y2

((1+\/w20+y%+\/iwoi1)2+yg - (((x%—Q*xc—i—y%—i—l)l/Q* (Y& (2% 23 —8* w0 +6)+4*

—8xxd +dxxh — 2% yd —dx (22 +92) V2% (xo— 1) x (22 — 20 +y2)) +ydx (5rao+
1)—5*x%+15*x%—15*x‘é+5*x%+(xzc+y%)1/2*(—5*xé+15*m%—Z*x%*y%—15*
24+ 11xzoxy2 +5%ro+3*xys —9xy2) +yd x (10% 2y, — 14x 22 +11xxc—7)) /(12

ver (oo~ V) (G ey iy~ (Bro—von (Tldwac ¥ 12eact

D+2% (e —1)2+y2) 25 (y2 % (3% w0 —2) — (3xy2 + Bxzc+ 1) * (zo—1)) * (22 +
Y22 daox (3xzo+ 1) x(mo— 1))+ 3522 — 12528+ THab 4+ Tyl — (22 +y2) /2%
(2% zc+ygx (B xc—9) = 13xag +8xx5+3))/(12xyo * (v8 +yg —1))))*) =0,
T — (1—zo)*y/xZ+y2
((ﬁﬁ- +xc+ \/%O)/?) (((x%—2*xc+y%+1)1/2*(y20*(2*x20—
8w +6)F4xr2 — 8%l +Axal — 2%yt — 4k (22 +y2) 2 x (wo— 1) % (22— xc+yc))+
&k (bxazo+1)—bxad+15xad — 15xad +5xxd + (xd +y2 )2« (—5xal +15xad —
2522yt —15x 2 + 11 xxo*xyd + 5% 10+ 3%ys — 9% yd) +yé * (10x 23, — 14% 22 +11%
_ 2 2 2 2 el  /wEvd .
xo—T))/(12xy¢x(xe+yt—1)))) +((W T%'f'yc*(l \/m))/?’ ((2x
To—yd* (= 14522 +12%x0+1) 425 ((zo—1)2+y2) V2% (Y2 % (3x 20 —2) — (3xy2 + (3%
o+ 1)*(wo—1))* (22 +9y2) 2 taox(3xwo+1)*(vc—1)) +3%22 — 1223, + Txrt +
Tyl — (08 +ye) P * 2%z +yt* (8xwc —9) = 13xag + 8%t +3)) /(125 yc * (¢ +
2 2 soty/eHyl 2 2 L 1V1/24 (12 2
B O~ (e (0 2wy )V (o (2
To+6)Faxad —8xad +axah —2xyd —4x (v +y2) 2 * (zo — 1) * (22— 2o +y2)) +
Y (5xxc+1)—5*xa2+15%x8 — 15% 0k + 5%l + (22 +y2) V2% (=5*xt + 15 %23, —
2x 22 xyd —15xx% + 11kxoxyl +5xxo+3xyd — 9% yd) +yd  (10xxd, — 14x a2 + 11

ro =)/ (120 (a4~ D))+ (2 — (2#ac— v # (14

22412520 +1) +2% (20— 1)24y2) 2 # (2 * (3% 10 —2) — (3xy2 4+ (3xxc+1) % (20—
D) * (22 +92) 2+ ao* (B3*xxo+1)x (v —1)) 43522 — 12528+ Txab + Txyd — (22 +
Y4 (2 (S —9) — 13ea2t Sea 1 3)) /(125 yce (a2t g~ 1))))?) =
and
((2/3) (e 1) 4 (5 4222 — (gt (0~ 1)) 2o —2) 6~ (5~ 2wz +
Y24+ 1)Y 25 (Y2 % (2502 — 8% 10 +6) +4Ax a2 — 8xxd +Axxh — 25y — Ak (22 +y2) V2%
(e —1)*x (2% —zo+y2))+ybx(5xro+1) —bxxi +15%x}, — 15% 2 +5*xd + (22 +
Y2 )2k (—Bk w1552, — 2% 22 kY2 — 15522 + 11 s 20 xy2 + 5% w0 +3%yh — 9xyd ) +
(1052 — a2+ Lo 1)/ (125920 (2 + 58— D) +(2/3) 50— (g +
(= 1)) P (3 122~ )+ (0 — 1) (5 +-28) 7+ 22 (B3) — (2
Y2k (=145 22+ 12550+ 1)+ 2% (10— 1) +y2) V2% (y2 * (3* 20 —2) — (3* Y2 + (3%
o+ D) x(ze—1))x (22 +y2) V2 +aox(3xzc+1)* (0 —1)) + 3522 — 12523+ Txad +
Tyl — (28 +ye) P+ (25 a0 +yt* (8xwc —9) — 132 + 8%t +3)) /(125 yc * (2 +
zo+y/ T +yE
yé_l))»Q_((1+\/x20+y%+\/c(xcc—1)2+y% _(((ZE%_Q*JZC‘FQ%—FDUZ*(y%*@*x%_&k
To+6)+A%r2 —8xad 4% wt — 2%yt —dx (22 +y2) 2% (vo— 1) * (22 —zo+y2)) +
dx(5xxo+1)—5xx2 +15% 2% — 15528+ 5522 + (22 +y2) /2 * (—=5xaf + 15523, —
2x a2 %yt —15xat + 11 xwo*xyi +5x w0+ 3%yd — 9%y ) +yé x (10x 2}, — 14*xt +11%
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ro =)/ (125 # (@b~ D)+ (o s — (250 —y (14
2+ 12520+ 1) +2% (2o —1)2+92) 25 (Y2 + (320 —2) — (3% Y2+ (B3x 2o+ 1) * (w0 —
D)* (22 +y2) 2 trox(3xzo+1)* (w0 —1)) 43522 — 12523+ Txxh + Tryd — (22 +
Y2 ) 2% (25 w0+ yd* (820 —9) — 13522 +8% 23, +3)) /(12xyc* (22 +y2 —1))))?) =0
as desired.

i

FiGurg 1. Illustration.
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FIGURE 2. Illustration zoomed in.
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