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Abstract. Mathematical structures can generally be extended to Hyperstructures and
SuperHyperstructuresMathematical structures can often be extended to Hyperstructures
and SuperHyperstructures through the use of powerset and n-th powerset constructions
(cf. [[1,2]). Geometry, as a central branch of mathematics, concerns the study of shapes,
sizes, positions, and the properties of space and spatial relationships. In [3], founda-
tional aspects of HyperGeometry and SuperHypergeometry were introduced and ana-
lyzed. In this paper, we provide explicit examples and examine several fundamental
properties of both HyperGeometry and SuperHypergeometry. It is expected that the
discussions presented here will foster the further advancement of theoretical research
in Geometry, HyperGeometry, and SuperHypergeometry, as well as stimulate potential
applications in related fields such as computer science.
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1 Preliminaries

This section provides an overview of the fundamental concepts and definitions essential
for the discussions in this paper. Throughout this paper, we assume that all concepts
and structures under consideration are finite.
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490 1 PRELIMINARIES

1.1 Classical Structure, Hyperstructure, and n-Superhyperstructure

A Hyperstructure extends this idea by employing the powerset of a given set as its do-
main of operation (cf. [4—f]). More generally, an n-Superhyperstructure is obtained
by iteratively applying the powerset operation n times, thereby enlarging the level of
abstraction and interaction [2,7-9]. We now recall the necessary definitions.

Definition 1.1 (Base Set). [[10] A base set S is the underlying collection of elements
from which more advanced constructs, such as powersets, hyperstructures, or superhy-
perstructures, are derived. Formally,

S = {x | x belongs to a fixed universe of discourse }.

Every element of any derived structure (e.g. P (S) or $,(S)) originates from the ele-
ments of S.

Definition 1.2 (Powerset). (cf. [11]) For a set S, the powerset, denoted P(S), is the
family of all subsets of S. This includes both the empty set and the set itself:

PS)={A|ACS}.
Definition 1.3 (n-th Powerset). (cf. [2,12,[13]) Let H be a nonempty set. The n-th
powerset of H, denoted P,,(H), is defined recursively by
Pi(H) =P(H),  Pp(H)=P(Pu(H) (nx1).
In parallel, the n-th nonempty powerset, denoted P, (H), is constructed as
Pi(H) =P (H),  P,(H)=P(P,(H)),
where P*(H) = P(H) \ {@} is the powerset of H with the empty set removed.

To establish a formal foundation for the concepts of Hyperstructures and Superhyper-
structures, we present the following definitions and propositions.

Definition 1.4 (Classical Structure). (cf. [2,[14]) A Classical Structure is a mathemat-
ical framework defined on a non-empty set H, equipped with one or more Classical
Operations that satisfy specified Classical Axioms. Specifically:

A Classical Operation is a function of the form:
#o: H" — H,
where m > 1 is a positive integer, and H™ denotes the m-fold Cartesian product of H.

Common examples include addition and multiplication in algebraic structures such as
groups, rings, and fields.

Definition 1.5 (Hyperoperation). (cf. [[15,(16]) A hyperoperation is a generalization of
a binary operation where the result of combining two elements is a set, not a single
element. Formally, for a set S, a hyperoperation o is defined as:

0:8Sx S —> P(S),
where P (S) is the powerset of S.

Definition 1.6 (Hyperstructure). (cf. [2]) A Hyperstructure extends the notion of a Clas-
sical Structure by operating on the powerset of a base set. Formally, it is defined as:

H = (P(S),0),

where S is the base set, £ (S) is the powerset of S, and o is an operation defined on
subsets of P(S). Hyperstructures allow for generalized operations that can apply to
collections of elements rather than single elements.
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Definition 1.7 (SuperHyperOperations). (cf. [2]) Let H be a non-empty set, and let
P (H) denote the powerset of H. The n-th powerset £"(H) is defined recursively as
follows:

POH)=H, P (H)=PP*H)), fork=>0.
A SuperHyperOperation of order (m, n) is an m-ary operation:
omm . gM s P (H),

where P (H) represents the n-th powerset of H, either excluding or including the empty
set, depending on the type of operation:

e If the codomain is 7 (H) excluding the empty set, it is called a classical-type
(m, n)-SuperHyperOperation.

e If the codomain is " (H) including the empty set, it is called a Neutrosophic
(m, n)-SuperHyperOperation.

These SuperHyperOperations are higher-order generalizations of hyperoperations, cap-
turing multi-level complexity through the construction of n-th powersets.

Definition 1.8 (n-Superhyperstructure). (cf. [2]) An n-Superhyperstructure further gen-
eralizes a Hyperstructure by incorporating the n-th powerset of a base set. It is formally
described as:

SH, = (Pn(S)’ o)’

where S is the base set, ,(S) is the n-th powerset of S, and o represents an operation
defined on elements of #,(.S). This iterative framework allows for increasingly hierar-
chical and complex representations of relationships within the base set.

Example 1.9 (Union-based 2-Superhyperstructure). Let H = {a, b}. Then
P(H) = {0,{a}, {b},{a,b}}, P*(H)=P(P'(H)).
Define a binary operation
x: PHH)Xx P*(H) — P*(H), AxB={XUY|X€A, YeB}
For instance, take
A ={{a}.{a,b}}, B={{b}}.
Then

Ax B ={{a} U{b}, {a,b} U{b}} = {{a, b}}.
Hence (P?(H), %) is a 2-superhyperstructure.

Example 1.10 (Intersection-based 2-Superhyperstructure). Let H = {1, 2,3}. Then
Pl(H) =21, PX(H)=2%".
Define
® : PX(H) x P*(H) — P*(H), A®B={XNY|X€A, YeB}
For example, let
A={{1,2},{2,3}}, B={{2},{1,3}}.
Then
A®B = {{1,2}n{2}, {1,2}n{1,3}, {2,3}n{2}, {2,3}n{1,3}} = {{2}, {1}, {2}, {3}}.
Thus (P?(H), ®) is another 2-superhyperstructure.
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Example 1.11 (Group-based 2-Superhyperstructure). Let G = Z3 = {0, 1,2} under
addition modulo 3. Then

P1(G) =29 PXG)=2%.
Define
x 1 PAG)xPA(G) — PXG), AxB={{x+ymod3|xeX, yeY¥} | XA, Y e B}
For example, choose

A={{0,1},{2}}, B={{1}}.
Then

AxB={{0+1,1+1}, {2+ 1}} = {{1,2},{0}}.

Hence (P%(G), %) is a 2-superhyperstructure.

2 Review of Geometry Types

In this section, we present the results of this paper, where we extend existing concepts
by introducing newly defined notions of Hypergeometry and Superhypergeometry. Ad-
ditionally, we explore their relationships with existing concepts.

2.1 Hypergeometry

Incidence Geometry studies points and lines with incidence relations, ensuring unique
joins, limited intersections, and existence of independent triples(cf. [[17,18]). Hyperge-
ometry generalizes incidence geometry by replacing points and lines with subsets, defin-
ing hyperpoints, hyperlines, hyper-incidence, and enriched intersection operations(cf.
[B]). The definition of Hypergeometry is given below.

Definition 2.1 (Classical Incidence Geometry). (cf. [[17,[18]) Let G = (P,L,I) be a
triple where

e P is a non-empty set of points,
e L is a non-empty set of lines,
e | C P X L is the incidence relation,

satisfying the axioms:

(IG1) For any two distinct points p, g € P, there is exactly one line £ € L with (p,{) €
Iand (q,¢) € 1.

(IG2) For any two distinct lines £;,¢> € L, there is at most one point p € P with
(p,fl) €l and (p,fz) el

(IG3) There exist three points in P not all incident with the same line in L.

Definition 2.2 (Hypergeometry). (cf. [3]) Given a classical incidence geometry G =
(P, L, 1), its associated hypergeometry is the structure

HG = (P(P), P(L), v, A, ),
where

e P(P) is the set of hyperpoints (all subsets of P),
e P (L) is the set of hyperlines (all subsets of L),
e the hyper-join vV : P(P) X P(P) — P (L) is

AVB = U {eeL|(p.0)eln(q0 el
PEA, q€B
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o the hyper-meet A : P(L) X P(L) — P(P) is
MAN = U {(peP|(p.6)eln(p,m)ell},
teM, meN

e the hyper-incidence I C P(P) x P (L) holds precisely when
(vpeAafeM: (p,f)el) A (erMHpeA: (p,f)el).

Moreover, HG satisfies the following hypergeometry axioms:

(HG1) For any two distinct hyperpoints A # B, the hyper-join A V B # @.

(HG2) For any two distinct hyperlines M # N, the hyper-meet M A N # @.

(HG3) Every hyperline M is hyper-incident (via /) with at least two distinct hyperpoints.

(HG4) There exist three hyperpoints not all contained in any single hyperline (no M
incident to all three).

Example 2.3 (Fano Plane Hypergeometry). Let G = (P, L, I) be the Fano plane where

P=1{1,2,3,4,5,6,7},
L={{1,2,3},{1,5,6},{2,4,6},{3,4,5},{1,4,7},{2,5,7}, {3,6,7}},

and I = {(p,€) | p € £}. Tts hypergeometry is HG = (P(P),P(L),V,A,I). For

instance, take
A={1,2}, B={3,4}.

Then

AvB= [ ] (teLlp.qget)={{1,23} {246}, {147}, {3,4,5}},
peA,qeB
and
{1,2,3} A {2,4,6} ={peP|pe{l,2,3} n{2,4,6}} = {2}.
Moreover, for A = {1,2} and M = {{1,2,3},{1,5,6}} one checks (A, M) € I since
each point of A lies on some line in M and vice versa.

Example 2.4 (Two-Point Geometry). Let G = (P, L, I) be the geometry with
P={p.q}, L={}, 1=A{(p.0).(q,0)}.
Then HG = (P(P),P(L),V, A, I) has
{pyvigr ={¢, G~ {6} =A{p.q}.

Every non-empty hyperpoint pair meets in the unique hyperline {¢}, and every hyperline
meets in the hyperpoint {p, g}.

Example 2.5 (Euclidean Plane Hypergeometry). Let G = (R?, £, I) be the usual affine
plane, where L is the set of all lines in R? and I = {(P,¢) | P € £}. In the hypergeom-
etry HG = (P(R?), P(L), V. A, D):
A ={(0,0),(1,1)}, B={(1,0),(0,1)}.
Then
AVB= U {te £|P,Q et} ={line through (0,0) and (1,0), ...},
PeA, QeB
an infinite family of lines, and for two distinct lines m,n € A V B,
mAn={PeR?>|Pemnn},

the (possibly empty) intersection point(s). Hyper-incidence holds since each point set
meets each line set and vice versa whenever the usual incidence does.
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2.2 n-SuperHypergeometry

To incorporate higher-order powersets, we move from hypergeometry to n-superhypergeometry.
The definition of n-superhypergeometry is given below.

Definition 2.6 (Level-k Geometric Objects). Let G = (P, L, I) be a classical incidence
geometry. For each integer 0 < k < n, set

PR = pkpy, LW = k).

Elements of P%) are called level-k hyperpoints, and elements of LX) are called level-k
hyperlines.

Definition 2.7 (Level-k Hyper-Join and Hyper-Meet). For 1 < k < n, define
v& . plk) s pk) k) AR LR e ) pth)

recursively as follows:

Base case (k = 1):

Av) B = U U{feL | (p.€) € I A(g,0) €1},

pEA q€B
MADN = U U{p €P|(p.O)eln(p,m)el}.
teM meN

Inductive step (k > 1):

AV B={xcL®V | 34 €A IBeB: X=AV P}
MAON={ycP*D | ImM eM IN eN:Y=M AN
Definition 2.8 (Level-k Incidence). For 1 < k < n, define the relation /*¥) ¢ P) x ,(K)

by
(AL M) e P — (VA' ceAIM eM: (A,M) e f(k‘l))

A (VM’ eM3AN €A: (A, M) ¢ i<k—1>),
with /(9 = J the original incidence.

Definition 2.9 (Classic n-SuperHypergeometry Axioms). For each 1 < k < n, the
following hold in (P%), L0 (k).

(SHG1); Existence of hyperline: For any two distinct A, B € P there exists M € L)
with (4, M) € [0,

(SHG2); Existence of hyperpoint: For any two distinct M, N € L®) there exists A € P(¥)
with (A, M), (A,N) € 0.

(SHG3); Non-degeneracy: There exist three hyperpoints in P¥) not all hyper-incident
with a single hyperline in L),

Definition 2.10 (Classic n-SuperHypergeometry). Let G = (P, L, I) be a classical ge-
ometry with axiom set Agj,ss. Its associated Classic n-SuperHypergeometry is the struc-
ture

SHG,(G) = ({PRYI_,, (L0 (v Aty foyn e ),

where each A% is obtained by interpreting the classical axioms in Agj,gs in terms of
v AK) T for level k.
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Example 2.11 (2-SuperHypergeometry of Two-Point Geometry). Let G = (P, L, ) be
the geometry with

P={p.q}, L={}, 1=A{(p.0).(q,0)}.
Then
PO=p, LO=L PYU=PP) ={0.{p}{g}.{p.q}}. LV =PL)={0.{}},
p2 — P(P(l)), L3 = P(L(l)).
Choose two level-2 hyperpoints:
A={{p}{a}} €eP?,  B={{p.q}} eP?.
Then the level-2 hyper-join is
AV B = {XgL(” 134 € A, aB'eB:X:A’v“)B’},

where
A v B = U U{f eL|(x,0) eI (y0)el}={}.
xeA’ yeB’
Hence
AvP B={{a1} cL@.

Moreover, one checks (A, {{6}}) € I since each level-1 subset in A meets {¢} via
I and vice versa.

Example 2.12 (2-SuperHypergeometry of Triangle (3-Point) Geometry). LetG = (P, L, I)
be the complete triangle geometry:

P={1,2,3}, L={{1,2},{2,3L{1,3}}, I={@G0) |iet}.

Then
PY = P(P) (8 subsets), L =P (L) (8 subsets),

p2 — p(p(l)), L3 = P(L(l)).
Pick level-2 hyperpoints
A={{1}L{2}}, B={{23}}.
The level-1 hyper-join for A’ = {1} and B’ = {2,3} is
A v B = {{1,2},{1,3}}
(since lines through (1, 2) and (1, 3)). Therefore
AV® B ={{{1,2},{1,3}}} cL®.

Likewise, one can compute A and verify that (4, M) e I® for the appropriate level-2
hyperline M.

Example 2.13 (2-SuperHypergeometry of Finite Affine Line). Let G = (P, L, I) be the
affine line over Fj:

P=1{0,1,2}, L={{0,1},{1,2},{0,2}}, I=(p,0)el & pel.

Then PV and L) each have 23 = 8 elements, and P? = P(PW), L® = ¢(LD)
each have 28 = 256 elements. For example, take

A=1{{0,1},{1,2}} e P?, B={{1}} eP?.
One computes

0,13 v {1} = {{0, 1}, {1,2}}, {12} v {1} = {{0,2}, {1,2}},
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hence
AV® B ={{{0,1},{1,2}}, {{0,2}, {1,2}}} <L®.
This illustrates non-trivial level-2 joins in the 2-SuperHypergeometry.

Theorem 2.14 (Commutativity of Level-k Hyper-Join). For each integer 1 < k < n
and all hyperpoints A, B € PX), one has

Av® B = vk 4,

Proof. We argue by induction on k.
Base case (k = 1). By definition,
AvD B = U U{€ eL|(p.0)eln(qrl) el
PEA geB
and similarly exchanging A and B,
() A —
BV'/ A {€eL|(q,t)elA(pt)el}.
qeB peA
Since set-union is commutative and the condition (p, ) A (g, €) is symmetric in p, g,
we get AV(D B=Bv( A4,
Inductive step. Assume A V™D B = B v~ A for all A, B € P*~1_ Then by the
recursive definition,
AV B={xcL* V|34 €A IB eB: X=AV*V B}

Using the inductive hypothesis A’ v*~1) B" = B’ v(k=1) A’ we see that the collection
of all such X is unchanged when swapping A and B. Hence A V(¥) B = B vk 4,
completing the induction. O

Theorem 2.15 (Non-emptiness of Level-k Hyper-Join). For each 1 < k < n and any
two distinct hyperpoints A, B € P, the hyper-join is non-empty:

AvRO B £ &

Proof. We proceed by induction on k.

Base case (k = 1). Since A # B, there exist points p € A\ Borg € B\ A. By the
classical incidence axiom IG1, for each pair of distinct points there is a connecting line.
Thus

{€eL|(p,0)eln(ql)el}
is non-empty, so A V() B # @.
Inductive step. Assume A’ V&1 B’ # @ for all distinct A’, B € P*~D. Now let
A, B € P be distinct; then there is some Ag € A \ B or By € B\ A. Without loss of
generality take Ag € A \ B and pick any By € B. By the inductive hypothesis,

X = Ap V(k_l) By

is a hyperline in L*~1. By the recursive definition of V¥, this X lies in A V(¥ B.
Hence A V¥ B £ 2. O

Theorem 2.16 (Preservation of SuperHypergeometry Axioms). Let G = (P, L, I) sat-
isfy the classical incidence axioms IG1-1G3. Then for each 1 < k < n, the level-k
structure (P(k), LK) k) Ak I(k)) satisfies:

(SHGI); For any two distinct A,B € P®, AvK®) B £ .
(SHG2); For any two distinct M,N € L'®), M AV N # @.
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(SHG3) There exist three hyperpoints in P**) not all hyper-incident with any single hy-
perline in LX),

Proof. We prove by induction on k.

Base case (k = 1). These are precisely the classical axioms IG1, IG2, and 1G3 restated
in hypergeometry form:

(SHG1); follows from IG1 (existence of a line through any two distinct points).

(SHG2), follows from IG2 (two lines meet in at most one point implies their meet is
non-empty when distinct).

(SHG3); follows from IG3 (there exist three non-collinear points).

Inductive step. Assume (SHG1);_1—(SHG3);_; hold at level £ — 1. Then:

(SHG1); Given distinct A, B € PY), choose Ag € A\ Bor By € B\ A. By (SHG1);_;
thereis X € Agv*~V By ¢ L~ Thus X € A V¥ B, so the join is non-empty.

(SHG2); Dually, for distinct M, N € LX), pick My € M \ N, Ny € N. By (SHG2);_;
there is Y € My A*D Ny ¢ P*D_ Hence Y € M A®) N, so the meet is
non-empty.

(SHG3); From IG3 there exist three base points p, g, 7 € P not all collinear. Their images
under nested singleton-powerset embeddings,

A={{-{p1), B={{--Ha}B), C={{--{{ny P,

remain non-collinear at every level because any hyperline at level k projects to
an ordinary line at level 0, which does not contain all three. Thus no single
M e L™ is hyper-incident with all of A, B, C.

This completes the induction and shows that all superhypergeometry axioms hold at
every level. O

Theorem 2.17 (Monotonicity of Level-k Hyper-Join). Foreach1 < k < n, ifA, A>, B1, B> €
Pk satisfy A1 € Ay and By C B», then

Aq v (o By C A v(o B>.

Proof. We proceed by induction on k.
Base case (k = 1). By definition,
AavUB = ([ JtteLiw.oern.oen,

PEA| q€B)
and similarly for A, V() B,. Since A; C A> and By C B», every pair (p, q) € A1 X By
also lies in A, X B, hence the union for A; v B) is contained in that for A, V() Bj.
Inductive step. Assume the result holds for level k — 1. Let A;, B; € P%) with A; C A,
and B; C B,. By definition,

AVO B ={xcL*V |34 €A, BeB: X=A Vv DBl

If X € Ay vI¥) By, then A’ € Ay, B' € By with X = A’ v&=1 B’ Since A’ € A,

B’ € B, and by the inductive hypothesis A’ V*~D B’ € A, v(¥) B,, we conclude X €
Ar v (k) B>. O

Theorem 2.18 (Monotonicity of Level-k Hyper-Meet). Foreach1 < k < n, if M, M>, N1, N, €
LK) satisfy My € M, and Ni C N, then

M AR N1 € M, AK) No.
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Proof. Analogous to the previous proof, by induction on k. The base case k = 1 follows
from

M AYN = [ JpePl . eln(pmell,
teM| meN;

and monotonicity of union under inclusion. The inductive step uses the recursive defi-
nition of A®) and the inductive hypothesis at level k — 1. O

Theorem 2.19 (Embedding of Level-(k — 1) into Level-k Preserves Operations). For
each 1 < k < n, define the singleton embedding

me: PAD — PO p(4) = (A}
Then for all A, B € P*=1,
ne(AVEY B) = ni(A) v i(B),  (AVETD B) = AvIED B,
and similarly for hyper-meet on L%~V Moreover,

(A,M)eI* Y —=  (q(A), (M) € IV,

Proof. By definition of V¥,

(A VO By = {X c L%V |34 € {A}, B e {B}: X=4" VIV B}

= (AV*D By,

which is exactly i (A V¥~ B). The hyper-meet case is analogous. Finally, the in-
cidence condition follows from the recursive definition of /) and the fact that 77, (A)
meets 17, (M) at level k precisely when A meets M at level k — 1. O
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