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1. INTRODUCTION

We justify the claim made about triangles in Fuclid #8407.

2. RESULTS

Theorem 2.1. Let ABC be a triangle and P a point in the plane with A'B'C’
and A"B"C" the pedal and circumcevian triangles respectively.

Let H be the orthocenter of ABC'.

Let A" be the reflection of A” about A’.

Define B" and C" cyclically.

Let line PA" intersect the altitude through A at Py.

Define Pg and Pc cyclically.

Then H, A", B" C", Py, Pg, and Pc are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates (¢, yc).
P has coordinates (xp, yp).

H has coordinates (z¢, xc * (1 — x¢)/yc).

A’ has coordinates

((ye * ((we = 1) *yp +yc) + (xc = 1)? x 2p) /(¢ + (vc = 1)), (ye * (Yo * yp +
(zc — 1) xxp — 20 + 1))/ (Y2 + (xc — 1))
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B’ has coordinates

(e * (e * xp +yo * yp)) /(28 + ¥2), (yo * (xc * xp +yo * yp)) /(2E + y&)).

(" has coordinates (zp,0).

A" has coordinates

((zp* (& + (e — 1) * xc) *yp +2p xyc)) /(Yo * (vp + ), (yp * ((y& + (2 —

1) xxc) *yp +xp * yo))/ (Yo * (yp + 23))).

B” has coordinates

((yp * (Yo * (yp + (zp = 1) * yec) + (vc — 1) x 20 * (xp — 1))/ (ye * (yp + (zp —

1)?), (yp * ((y& + (xzc — 1) * zc) *yp — (xp — 1) xyc))/(yo * (yp + (xp — 1)%))).

C"” has coordinates

(((ze*yp —xp*yo) * (Yo * (yp — yo) + (xc — 1) * (vp — 2¢)))/ (Yo * ((yp —yo)* +

(zp —20)%)), (((xe = 1) *yp — (xp — 1) x yc) * (vc * yp — xp * yo))/(yo * ((yp —

yo)? + (zp — 20)?).

A" has coordinates

2 (o ((ve—1)*yp+yc) +(xe—1)*x2p) /(y2 +(vc—1)%) = (zp* ((y& + (zc

V) xzc)xyp+ap*yc))/(ye* (Yp+3))), 2% (yo * (Yo *yp + (zc — 1) xxp — 30 +

2)/}(ly?;+(x%—1)2))—((yP*((y%+(ch—1)*fcc)*yp+fvp*yc))/(yc*(y?frfﬁv))))-
"' has coordinates

2 ((vc* (voxzp+yc*yp))/ (Tt +Y2)) — ((yp*(yc*(ypﬂwp—1)*yc)+(fv

D) xxo* (xp—1))/(ye* (yp + (xp = 1)%))), 2% ((yo * (vc * 2p +yo *yp))/ (z

ye)) — ((yp * (Y& + (xe = 1) x20) xyp — (xp — 1) xyc)) /(Yo * (yp + (xp — 1)?)))

C"" has coordinates

(2x2p — ((xc*yp — 2P *yo) * (Yo * (yp — yc) + (xc — 1) x (xp — 2¢)))/(yo *

(yp —yc)* + (xp —20)?))), —(((zc = 1) xyp — (xp — 1) % yc) * (vc * yp — xp *

yo))/ (e * (yp — yo)* + (xp — 20)?))))-

The altitude through A is given by the equation y = x % (1 — z¢) /yc.

The altitude through B is given by the equation y = (z — 1) x (—z¢) /yc-

The altitude through C' is given by the equation x = z¢.

Line PA™ is given by the equation

y=yp+ (x—xp)*(yp — 2% ((yo * (o *yp + (x¢ — 1) * xp — ¢ + 1))/ (Y&

(re—1)%) = ((yp* ((y2& + (xc = 1) *x0) *yp+xp*yc))/ (Yo * (yp +$p)))))/($P -

2* ((yo* (e =) *yp+yc) + (wo = 1)**2p) /(Y2 + (vc = 1)%)) — ((zp * (42

(o — 1) xxc) xyp +2p * yo))/(yo * (yp + 23)))))-

Line PB" is given by the equation

y=yp+(x—xp)*(yp— (2% ((yo * (xc xxp+yo*xyp)) /(3 +y2)) — ((yp * ((y& +

(o — 1) *xzc) *yp — (vp — 1) xyc))/(yo * (yp + (vp — 1)2)))))/(56 — (2% ((zc *

(zo*xp +yo *yp))/(v¢ +y2)) — ((yp * (Yo * (yp + (vp — 1) xyo) + (vc — 1) *

zo* (xp —1)))/(yo * (yp + (xp — 1)%))))).

Line PC" is given by the equation

y=yp+(x—xp)*(yp — (—=((((xc = 1) *yp — (xp — 1) * yo) * (xc * yp — xp *

ye)) /(e * ((yp —yo)? + (xp — 2¢)*))))/(xp — (2% 2p — (((vc * yp — TP * yc) *

(o * (yp —yo) + (vo — 1) % (xp — 20))) /(o * ((yp — yec)? + (xp — v0)?)))))-

P, has coordinates

(= @2*ye* (o= xyp—(zp—1)*yc)*(yp+ap)) /(e +(xc—1)%)* (yp*(yox (yp —

yo)—(xc—1)xxc)+(xp—1)xxpxyc)), (2x(xc—1)xyc*x((xc—1)xyp—(xp—1)*yc)*

%%ﬂ}:ﬂfzé))/(gyéﬂxc—1)2)*(9P*(?Jc*(yp—yc)—(ivc—1)*$c)+(5€P—1)*$P*yc)))-
s has coordinates

(—(2xzoxyt*xydb—yox((2xxp+1)xy2+a2 ) *yp+ (Yo +rox (25 0% — 4z p+ 2520 +1)

yetao—at)xyp—(zp—1)*xzp*(2xxp—1)xyd —at* (vp—1)xxpryc) /((yo+28)

o—
2+
).
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(yoxyp—(y&+(xc—1)xxo)*xyp+(xp—1)xxpxyc)), (2xrc*yc* (To*yp —xp*yc)*
(p+(p—1)%))/((y&+at)*(yp* (yox (yp—yo) — (o —1)xxc) +(xp—1)*TP3YC))).
P¢ has coordinates

(zo,yp + (e —xp) * (yp — (—(((xc = 1) xyp — (xvp — 1) *yc) * (xc * yp — Tp *
v/ (e * ((wp — 9o + (@p — 20V D)) (2p — (2% 25 — (56 5 4p — 2p % yo) *
(ye * (yp — yo) + (vc — 1) * (xp — 20))) /(Yo * ((yp — yo)? + (xp — 20)?))))))-
Consider the circle whose equation is given by
(z—(((2%xp—2%xc+1)*ycryb— (Y2 +(xc—1)xxcx(dxxp—1) )*yp+(xp—1)x2 p* (2%
(zptzc)—1)xyc)/ (2% (yoxyp— (Yo +(vc—1)xxc)xyp+(zp—1)*xp*ryc))))* +(y—
(2%y2xys—yo* (3xy2+(ro—1)*xx0) %Y+ (yo+2x (xp—r0) *yd +1t — 2% 23+ 22 ) %
ypt+(zp—1)*xxpxyd—(ro—1)*xcx(xp—1)xxpryc)/(2xyc* (yoxys— (yo+(zo—1)*
20Vt (= L)t o)) V- (2o (25— 2t syosyh— (g - (ro—1ac
(4xxp—1))xyp+(xp—1)xxpx (2% (zp+rc)—1)xyc)/2x(yorysh—(yi+(xc—1)*xc)*
yp+(xp—1)xzpxyc))))?—(zox(1—xc) [yc— (2% yE*yd —yo* (3xy2+(xc—1)*xc)*
yh+ (Yo +2x(xp—xo)?*yd+at —2xxd 422 ) xyp+(xp—1)xxp*ryd — (xc—1)*xCo*
(zp—1)xzpryc)/ (2xyc* (yoryp— (Yo +(zo—1)xzc)*yp+(zp—1)*2p*YC))))* = 0.
We verify that H, A”, B" C", P, Pg, and P lie on this circle since we calculate
(e —(((2xzp—2xxc+1)xycxysb— (2 + (voc— 1) xxo* (dxxp—1)) xyp+(zp—1)*
rp*x(2x(zptzo)—1)xyc) /(2% (yoxyp— (Y& + (xc— 1) *zo) *yp+ (xp — 1) xxp*
yo)))? + (xex (L=zc)/ye — ((2x Yy *yp —yox (3xyg + (vc — 1) *x0) *yp + (y& +2 %
(a:p—xc)Z*y%+.iE4c—2*xc+xc) xyp+(xp— 1) xxpxyd — (v —1)*xo*(xp—1)*
wpxyo)/(2xye* (yoxyp — (Yo +(xc — 1) *xc) *yp+ (vp — 1) *2p*y0))))? — (10 —
((2%zp— Z*xc—i—l)*yc*yp (y&+ (xe — 1) xxox(dxaxp—1))xyp+ (xp—1)*
rpx (2% (xp+ac)—1)*xyc)/(2* (yoxyp— (Y& + (xc—1)*xc) *yp+ (xp— 1) *zp*
yo))))? —(zo* (1—20)/ye — (2% Y& *yp —yo* (3xye + (vo — 1) *x0) *yp + (Y& +
2% (xp—xo)?*yd+ah —2%xd+12)xyp+ (xp — 1) *xzp*xyd — (vo— 1) xxo* (xp —
Dxapxyc)/(2xyc* (yoxyp— (Yo +(xc— 1) *xc)*yp+(vp— 1) *2p*yc))))* = 0,
2*((yex((rc—1)*yp+yc)+(zo—1)**2p) /(Y& +(rc—1)%)) = ((xp*((y¢ +(zc—1)*
zo)*yp+rpxyo))/ (Yo (Yp+a3h))) — (((2x2p—2xxc+1)*ycryp — (Y& +(zo—1)
rox(dxxp—1))xyp+(xp—1)*xpx (2% (xp+xc)—1)*xyc) /(2% (yoxyb— (y& + (vc —
Dxao)ryp+(vp—1)xxpryc))))’+ (2% ((yox (Yyoxyp+(xo—1)*xp—20c+1)) /(Y2 +
(ze—1)*) = ((yp*((ve+(zc—1)xzc)xyp+apryo)) / (yox (yp+ah))) —(2xye*yp—
Yor (3xyg+(ro—1)*xe)xyp+ (Yo +2% (xp—xc) Yt +ag —2xx} 418 ) *yp+(rp—
Dxxpxyd—(re—1)*zox(xp—1)xxp*yc)/(2xycx (yoxyp— (Y& +(vc—1)*xc)*yp+
(zp—1)xzpxyc))))?—(zo—(((2xxp—2xx0+1)xyc*ryp—(yi+(xc—1)xxo* (d*xp—
D)*yp+(vp—1)*xp* (2% (xpt+rc)—1)*yo) /(2% (yoryp— (Y& + (2o —1) *20) *yp+
(p—1)*zp*yc))))* —(rc*(1—20) [yo—((2*ye*yp—yox(3xyt+(zo—1)*ro)*yp+
(yo+2+(xp—z0)**yg e —2%ap g ) xyp+ (vp—1)xxpxyd — (xo—1)kre* (2p—
Dsxxpxyc)/(2xyc* (yoxyp— (Yo + (xc—1)*xxc)*xyp+ (xp— 1) xxp*yc))))? = 0,
2x((vex(ze*rzpt+ycxyp)) /(28 +ye)) — ((yp* (yox (yp+(xp—1)*yc) + (e —1) *
zo*(xp—1)))/(yox(yp+(xp—1)%))) = (((2%2p —2x20+1)*yc*yp— (Yo + (vo—1)
zox(4xxp—1))xyp+(xp—1)*xp* (2% (xp+xc)—1)*yc) /(2% (yo*xys— (v&+(zo—
Do) xyp+(p—1)xxp*yc))))’+2* ((yo* (zoxzp+yoxyp)) /(2 +ye)) — ((yp*
(Wt (@e—1)xze)xyp—(vp—1)xyc))/ (Yo (yp+(rp—1)%))) = ((2xyE*yp —yo*(3x
ye+(zo—1)xx0)*yp+(yo+2%(vp—x0)**yd+ap —2xxd +ag) xyp+(vp—1)*rp*
ye—(ro—1)*xzox(xp—1)xxpryc)/(2xyc* (yoxys— (Y& +(vc—1)*xc)*yp+(xp—
Dxzpxyc))))? —(vo—((2%xp—2%xc+1)*xycxysb— (y2+(rc—1)*xo* (d*xp—1))*
ypt+(zp—1)xxpx(2x(zp+zc)—1)xyc) /(2% (yoxyp— (vi+(xc—1)*xc) xyp+(Tp—
Dxaprye))))? —(vex(1=zc)/yo — (2% y2*yp —yo* (3% ye + (o — 1) o) *yp +
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(yot+2x(zp—wo)*yttat—2xap+ag ) xyp+(vp—1)*xpxyd —(vo—1)*ro*(rp—
Dxxpxyc)/(2xyo* (yoxyp — (Y& +(vo—1) xx0) xyp+(vp — 1) *xp*yc))))? = 0,
(2xxp— (((zc*xyp —xp*yc) * (Yo * (yp —yo) + (vo — 1) * (xp —2¢))) / (yo * (yp —
yo)*+(zp—2c)?)))— (((2%xp—2x20+1)*yc*ys— (Y& +(xc—1)*xo* (4% p—1))*
yp+(xp—1)*xxpx (2% (zp+ac)—1)xyc)/(2x (yoxysb — (v + (xc—1)*xc) *yp+
(p—1)*xp*yc))))? + (= ((((ro =D *yp—(xp—1) xyc) * (o xyp —xp*yc))/ (Yo *
(yp—yo)* +(xp—20)*)) = (2xy2 *yb —yo* (3xyg + (xo— 1) xx0) *yp+ (Y& +2%
(xp—xo)?*y2+at —2xxd +22)xyp+ (xp— 1) *xpxyd — (xc— 1) xxo* (xp—1) %
rpxyc)/(2xyc* (yoxysb — (Y2 + (xo— 1) xxc) xyp+ (zp— 1) xxp*yc))))* — (xc —
(2*xxp—2%xxc+1)*ycxys— (Y& + (xc — 1) xxox (dxxp—1)) xyp+ (zp— 1) *
zp*x(2x(zptzo)—1)xyc) /(2% (yoxyb— (y& + (xc— 1) *zo) *yp+ (xp — 1) xxp*
yo))))? = (wex (L —z0)/ye = (2*ye*xyp — yo * Bxye + (zc — 1) xxc) *yp + (Yo +
2% (xp—wo)?*xyd ot —2xxd + i) xyp+ (xp— 1) xxp*xyd — (xo— 1) xxo* (xp —
Dsxxpxyc)/(2xyc* (yoxyp— (Yo + (xc—1)*xc)*xyp+ (xp— 1) xxp*yc))))? = 0,
(= (2xy2*((xze—1)xyp—(zp—1)xyc)*(yp+23))/((ye+(xc—1)*)* (yp*(yox(yp—
yo)—(zo—1)*zc)+(zp—1)*xxp*yc))— (((25xxp—2xxc+1)*yc*xys — (Yo +(rc—1)*
rox(dxxp—1))kyp+(zp—1)*xxp* (2% (zp+rc)—1)xyc) /(2% (yoxyb— (Y& +(zc—1)*
zo)xyp+(zp—1)*xpxyc))))? +((2% (o —1)*yo*((vc—1)xyp—(vp—1)*yc) * (yp+
25))/ (Y& +(xe—1))*(yp*(yox (yp—yo) —(xe—1)xxc)+(xp—1)*xpryc)) — (2%
Yeryp—yox (3xyet(xo—1)xac)¥yp+(yo+2+(rp—we) 5yt +us — 2%t +ag ) xyp+
(xp—1)*xpxyd—(vo—1)*xc*(xp—1)*xpryc)/(2xycx (yoxyb— Y&+ (xc—1)*x0)*
yp+(rp—1)*xp*yc))))* —(rc—(((2%xp—2%xc+1)*yoxyp — (Yo +(vo—1)*zox* (4%
wp—1))kyp+(rp—1)xzp(2%(vp+rc) —1)*yo) /(2% (yoxyp— (Y2 +(vc—1)xx0) *
yp+(rp—1)x2pxyc))))* —(zo*(1=20) /yo —((2%y¢*yp—yo* (3xye+(vo—1)*zc)*
Yp+(yot+2x(wp—zc)?*yd +ag —2xal +ag) xyp+ (vp—1)*xxpryl— (v —1)*z0*
(xp—1)*zp*yc)/ (2xyc* (Yoryp— (Yot (ro—1)*z0) xyp+(rp—1)*xp*yc))))?* = 0,
(—(2*xc*y%*yf’a—yc*((2*fvp+1)*y%”%)*’y?fr(yéﬂc*(2*x%—4*xp+2*xc+1)*
vi+ah—ad)xyp—(rp—1)xxpx(2xxp—1)xyd —x2*(xp—1)*xxp*yc)/((yE+2%)*
(yoxybs— Y2+ (xc—1)*xo)*yp+(xp—1)*xp*yc)) — ((2%xp—2%x0+1)*Yc*Yyh —
(yet+(wo—1)xxox(dxxp—1))kypt(zp— 1)*93P*(2*(5UP+960) D*ye)/ (2% (yoryp—
(y&+(zc—1)xzc)xyp+(xp—1)xxp*yc)))) >+ ((2xxo*yc* (xokyp—xpryc) * (Yh+
(xp—=1)%) /(e +a2)*(yp* (Yo (yp—yo) —(vo—1)xx0)+(rp—1)xzpryc)) — (2%
yc*y?a yox (3xyg+(ve—1)xae)¥yp+ (Yo +2+ (v p—we ) syttap, —2xat+a ) xyp+
(zp—1)xxpryd—(zo—1)*xc*k(xp—1)*xxpryc)/(2%yc*(Yoryp— (Y& +(rc—1)*x0)*
ypt+(zp—1)xxp*yc))))*—(vc— (((2%xp—2%xxc+1)*yc*xysh— (y&+ (re—1)xxo* (4%
wp—1))xyp+(rp—1)*xp* (2% (xp+rc) —1)*yc) /(2% (yoryp— (Y& +(xo—1) xx0)*
yp+(rp—1)xxpxyc))))? —(rox(1—10) /ye—((2%y2xyp—yox (3xyt+(rc—1)*10)*
Yp+(ye+2x(xp—rc)*yt oo —2xxt+ a2 ) *yp+(vp—1)xxpxyd — (vo—1) 10 %
(xp—1)xzpxyc)/(2xyc*(yoxydb—(vi+(zc—1)xxc)*xyp+(xp—1)*xp*yc))))? = 0,
and

(xo—(((2xxp—2%xc+1)*ycxysr— (Y2 +(zo—1)xxc*(dxxp—1))*yp+(xp—1) %2 p*
(2%(zptac)—1)*yc)/ (2% (yoxyp— (Yt (vc—1)*zc)*yp+(xp—1)*xp*Yyc))))*+
(yp+(zc—xp)*(yp— (=((((zc —1) xyp — (xp — 1) *yc) * (zc*yp —xp*yc))/ (yo *
E(?JP—?JC)ZJF(1713_170)2)))))/(1713—(2*$P—(((Ic*yp—xp*yc)*(yc*(yp—yc)+
(

==

zo—1)*(xp—xc)))/(yox((yp—yo)*+(xp—20)%)))) — (2% Y& *yp —yo* (3xyg+
ro—1)x20)*yp+(Ye+2+(vp—20) %yt +ae — 253t +a ) *yp+(rp—1) ¥ T pHyl —
(re—1)xzo*(xp—1)*xp*ryc)/(2xyc* (yoxysb— (Y2 + (o —1)*xxc)*yp+(xp—1)*
rp*yc))))? —(wo— (((2xxp —2% w0+ 1) *yc*yb— (Y& + (xo — 1) xzo* (dxxp—1))*
yp+(zp—1)xxp* (2% (xp+ac) —1)*yc) /(2% (yox yp — (v& + (vc — 1) *20) *yp +
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(zp—1)xxp*yc))))’
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—(zox(1—2c)/yo— (2% Y2y —yox (3*xyi +(vc— 1) x20) %

Yp+(ye+2% (xp—xo)?*yg+as—2xah+ag ) xyp+ (xp—1)xrpryd — (vo—1)*x0*
(zp—1)xxpxyc)/(2xyc* (Yoryp— Yo+ (v —1)xxc) xyp+(xp—1)*xxp*yc))))* = 0

as desired.
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