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1. INTRODUCTION

We verify the claim made in Euclid #8380.

2. RESuULTS

Theorem 2.1. Let ABC' be a triangle with A’B'C’ the orthic triangle.

Let my be the midpoint of A and the orthocenter of ABC'.

Define mp and m¢e cyclically.

Let Ay, be the reflection of ma about line A'C".

Define A., By, B., Cy, Cy cyclically.

Then lines ApA., By B.., and C,Cy, are concurrent at the orthocenter of A'B'C" and
the circumcircle of the midpoints of ApA., B,B., and C,C is identical to the circle
whose diameter connects the orthocenters of ABC and A'B'C".

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

A’ has coordinates

(2.4 + (w0 — 1), ~((we — 1) % 40) /(5% + (0 — 1),

B’ has coordinates

(02 (% + a2), (e * yo) /(% + 22)).

(" has coordinates (z¢, 0).

Line A’B’ is given by the equation
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y=—(yox (2*zc—1)*z—10))/(y2 — (xc — 1) * z0).

Line A’C” is given by the equation

y = (yc * (v — 20))/(y& + (xc — 1) * 20).

Line B’C" is given by the equation

y = — (o * (@ — 20))/ (42 + (wc — 1) % 30).

The orthocenter of ABC' has coordinates (z¢,z¢ * (1 — x¢)/yc).

The orthocenter of A’B’'C’ has coordinates

(Y2« (Y& +2x22 +2xxc — 1)+ (xc — 1)2 % 22) /(2% (y2 + (e — 1)?) * (y2 +
2z)), —(((yo — 1) *yo + (vc — 1) x xc) * (Yo * (yo + 1) + (vc — 1) x 20) * (Y& —
(xc = 1) x2c)) /(2 xyo * (& + (e —1)%) * (y¢ + 22))).

my has coordinates (r¢/2,xc % (1 —x¢)/(2 % yo)).

mp has coordinates ((z¢ +1)/2,2¢ % (1 —z¢) /(2 * yo)).

me has coordinates (z¢, (yo + zco * (1 — 2¢)/yc)/2).

Ay has coordinates

(zo* (Yi*x (W2 + 2% 22 —dxxc+5)+ (v —2) * (xc — 1)2 * 20)) /(2 % (y& +
(v — 1) = (42 + 02)), (00 % (4 + (w0 — 3) * g2 + (w0 — 1) % (25 22— 4k 1 —
D)+ (w0 — 1P % 2))/(2 5 yo (52 + (v — 12) * (42 + 22))).

A, has coordinates

(zo* (Y2 + (Y2 — 2% 2%+ 8*xx0 —3) — (x¢ — 1)? xxzo* (3x w0 —2))) /(2% (y2 +
(v — 1) 5 (42 + 02)), — (w0 * (42 (3 %20 — 5) %42+ (20 — 1) % (24 8+ 1)) —
(w0 — 1)+ 22))/ @ yo + (4 + (0 — 1)) * (42 + 22)).

B, has coordinates

(e +1) % g2+ (42 + 2+ 22 — 1) + (w0 — 12+ a = (v + 3)/@ * (4 + (v —
12) 5 (12 + 7)), (20— 1) % (00 +2) 5y + 30+ (25 0% — 3) g+ a8 — 2 k0 +
ZIN /2%y (4 -+ (ve — 1P) * (4 + 7).

B, has coordinates

(((wc—l—l)*y%*(y%—Q*m%qLél*xC—l) — 3% (zc— 1) x22) /(2% (y2 + (zc —
1) (g2 + ), ~ (w0 — 1) ((0+2) 4 b+ 0+ (2 0% — dc+5) 4 42—
2+ 2% b — 1) /(2 ko (B + (w0 — DP) % (g2 + 22))).

C, has coordinates

((xe = 1) *yp+xo* (2% 2t —2xxo+ 1) xyi +ad —xh —xd +22) ) (V3 + (o —
1)?) = (yg + 22)), —((ye — 1) * ye + (vc — 1) * 2c) * (yo * (yo + 1) + (vc — 1) *
zo) * (Yo — (vc — 1) x20)) /(2% ye * (y& + (zc — 1)%) = (y2 + 22)))-

C} has coordinates
((ze+1)*yh+xo* (2% 22 —2x 20+ 1) %yl + 2 — 3xxb + 3xxd — 22) /((v2
(zc = 1)?) * (ye +22)), —(((yo — 1) *yo + (z¢ — 1) xx0) * (Yo * (yo + 1) + (zc
1) xzc) * (y2 — (vc — 1) % 2c)) /(2 * yo * (Y& + (xc — 1)%) * (& + 22))).

Line A,A. is given by the equation

y=2xy2x (i +ai)xr—zoxys—zox(2xxo+1)xyd +ad —2xxh+1d) /(2%
(zc — 1) * yo * (y¢ + at))-

The midpoint of A, and A, has coordinates

((zo*(ye* (Y +25vc+1)— (2c—1)° *Ic))/(2*(yc+(ﬂfc 1)%)x (yc+f6c)), —((zc—
Dxzox(ye*(yg+2xzc+1)—(vc—1)**2d)) | 2xycx (Y + (v —1)%)* (Y& +a2)))-
Line B,B. is given by the equation

g = (g (2 (g2 + (20 — 1) k2 — (w0 + 1)+ g% — w0+ 1) + (0 — 1) 5 22) /(25
zo * Yo * (Y& + (zc — 1)?)).

The midpoint of B, and B, has coordinates

(w0 +1) = 2+ (5 + 220 — 1) — (0 — 3) * (e — 12 5 22)/(23 (4 + (0 —
12) % (42 + 03)), (20— 1) < % (4 (4 — 2% 30+ 3) — (v — 12 a2)) /(2 +
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yo * (Y& + (zc — 1)%) * (Y& + 22))).

Line C,C} is given by the equation

y=—(((yo = 1) xyc + (zc — 1) x2c) * (yo * (yo + 1) + (zc — 1) x zc) * (Y& —
(ve — 1) 7))/ (2 yo * (. + (we — 12) * (g2 + a2)).

The midpoint of C, and Cj, has coordinates

(zo, (—(((ye =) *yc+(zc — 1) xac)* (Yo x (Yo + 1) +(xc — 1) xae) * (y¢ — (zo— 1) *
zc))/(2xyox (Yo +(xc —1)%) * (Y& +22)) + (= (((ye — 1) *yc + (xc — 1) xzc) * (yo *
(Y1) +Hzo—1)ra0)s (1.~ (z0—1)s30)) /(2o (12— (we—1)%) (1B +a2))) /2)
We verify that the orthocenter of A’B’'C’ lies on lines A,A., B,B., and C,C}, since
we calculate

(2592 % (g2 + 8) ¢ (4 % (4 + 222 + 2350 = 1)+ (0 — 1 22 /(2
(zc —1)%) = (y& + 22))) — T * Yo — To * (2% 20 + 1) * ¢ +ag — 2% 20+ 2¢)
(zc = 1) *yo * (y& +22)) — (=(((ye — 1) * ye + (vc — 1) x xc) * (yo * (yo +
(v0 — 1) ac) * (3 — (10— 1)+ 20)) /(2 Yo * (3 + (w0 — 1)) # (4 +2))) =
(5 (2 (g + (o0 — 1) (g8 (0 2428+ 20— 1)+ (w0 = 17 58/ (2
(4. + (w0 — 1) % (52 + 02)) — (20 + 1) # 4 — 30 + 1) + (w0 — 1) x22)/(2
zo*ye * (Y& + (ze — 1)%)) = (=(((ye — 1) * yo + (zc — 1) * z¢) * (yo * (yo +
(x(ci — 1) *xc) * (yg — (xo — 1) x20)) /(2 * yo * (& + (xc — 1)%) * (y& + 22)))
—(((ye—D*yc+(zc—1)xxc)*(yox (yo+1)+(vc—1)*z0)* (yi — (xc—1)*2C)) /(2%
yo* (Y& + (zo — 1)) = (y2 + 22)) — (= (((yo — 1) *ye + (xo — 1) * 2¢) * (yo * (ye +
1)+ (ve—1) x20)* (1 — (20— 1) +20)) 25y (4 + (w0 —1)%) * (1. +32))) = 0.
Next, consider the circle whose diameter connects the orthocenters of ABC' and
A’'B'C" whose equation is given by

(x— (zo+ (o * (Wa +2x22 +2x2c— 1)+ (zc — 1)2 % 22) /(2 % (Y2 + (0 —
1)?) * (y& +22)))/2)* + (y — (ze * (L — 2¢) /yc + (—(((yo — 1) *yc + (ch — 1) *
zc) * (yo x (Yo + 1) + (e — 1) * ) * (& — (xc — 1) * 2¢)) /(2% yo * (y& + (xc —
1)2) * (yg + 1)) /2)* — (wc — (zc + (g * (Yg + 2 % a8 + 2+ 20 — 1) + (z¢ —
1)?xa?) /(2% (& + (ve — 1)%) = (Y& + 22)))/2)? — (zc * (1 —z0) [y — (ve * (1 -
zc)/ye + (=(((ye — 1) xyo + (xc — 1) x xc) * (yo * (yo + 1) + (v — 1) * 2¢) *
(y¢: — (zc — 1) x2c)) /(2% yo * (Y& + (xc — 1)) = (y¢: + 23))))/2)* =

We verify that the midpoints of A,A., B,B., and C,C} lie on this circle since we
calculate

(o s (s +240-+1)— (w0 —1)a2) (2 (42 + (w0 —1) s (s +02)) — g+
(Y& * (e +2+ag+2xzc— 1)+ (xc—1)*xa¢) /(2% (Y + (20 —1)%) * (y¢ +22))) /2)* +
- (e — 1) s (g2 (2 4 20 +1) — (w0 — 1)) 2o +(nc 1)+
1

oA
Y +

—
»—,_ — =<

O—I-**u +

vetag))—(zex(1—zc) /ye+(—=(((yo—1D)*yo+(zc—1)*xc) * (yox (yo+1)+(zc—
Jx20)* (Yo — (o —1)*20)) [ (2%yo* (i + (20 —1)%) * (y&+23)))) /2)* = (vo — (2o +
(yex (e +2xag+2%w0—1)+(xo— 1) %2) /(2% (Y2 + (v — 1)) * (y2 +22))) /2) —
(zex(1—=20)/yc— ($c*(1—$0)/yc+(—(((3/c—1)*@/c+(xc—1)*$C)*(Z/c*(3/c+1)+
(ze—1)xxe)* (y&— (xe—1)xx0)) / (2xye* (Y& + (ve —1)*) x (Y& +2¢)))) /2)* =
(e +1)*y2* (Y& +2xxc —1) = (¢ = 3) * (20 — 1) *l‘c)/(?*(yc (2o —1)%) *
(& +22)) — (wo + (Y2 * (Y2 + 2% 22 + 2% 20— 1)+ (vc — 1)2 x 22) /(2 * (y& +
(o = 1)%) * (Y& +22)))/2)° + (—((xe — 1) * wo * (y& * (vo — 2% 20 +3) — (20 —
1)?x23)) /(2% ye * (Y& + (e — 1)?) * (y2 +22)) — (ve* (1 —20) /yo + (—(((yo —
Dxye+(xe—1)xzc) * (yo x (yo + 1)+ (wc — 1) ¥ x0) * (y& — (vc — 1) xx¢0)) /(2%
yo * (Y& + (v — 1)?) * (Y& +22)))) /2)? — (e — (w0 + (Y& * (Yo + 2% 28 + 2 % 20 —
D)+ (ze = 1) % 23) /(2% (Y& + (2o — 1)%) * (y& +23)))/2)* — (xe* (1 —2¢) [ye —
(zo* (1 —z0)/ye + (=(((yo — 1) xyo + (xc — 1) x z) * (yo * (yo + 1) + (zc —
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UZ$C)*@%—W$C—W)*$C»K2*Mﬁ*@%+%$c—1y)*@%+ﬂ%ﬁﬁ/%2ZO
(z¢ —(@o+ (Y2 * (Yo +2* a8+ 2410 — 1)+ (vc—1)*x22) /(2% (Y& + (o — 1)) * (& +

)))/2) +((=(((vo = 1) *yc+(vo = 1) x20) * (Yo * (yo +1) + (vo — 1) xx0) * (Y& —
(330 x20))/(2%yo* (yz+(vo—1)%) % (yg+28))+ (= (((yo—1)*yo+(zc—1) x20) *
(ox (yo+ 1)+ (ze—1)xxe)* (Y& — (v — 1) *xc))/ 2*yo* (Yo + (v —1)%) * (& +
x2)))) /2= (wox(1—xc) /yo+ (= (((yo— 1) *yc+(ze—1)*zc)* (Yo * (Yo +1) +(zc —
Dxxe)*(ye—(xe—1)xx0))/Cryc* (i +(re—1)*)* (ye+23)))) /2)* = (z0 — (v +
(e (e +2xag+2xxc—1)+(xo—1)*%23) /(2% (Y& + (v — 1)) * (Y& +12%))) /2)* —
(ze*(I—zc)/yo—(xzc*(1—zc) /Yo + (= (((yo — D *yc+(zc—1) *z) * (Yo * (yo +
1)2(%—(11)*500)*(%—(IO—1)*$c))/(2*y0*(%+(xc—1)2)*(y?;+50%))))/2)2 :IZI

e

FIGURE 1. Illustration.
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