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1. INTRODUCTION

We provide a proof of the statement proclaimed in Euclid #8372.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle and P, Q points in the plane with A'B'C’
and A" B"C" the pedal triangles of P and @ respectively.

Let Ay B1Cy be the reflection triangle of P about A”B"C".

Let Ay BoCy be the reflection triangle of A1 B1Cy about A’B'C".

Then the circumcircle of Ay BoCs is identical to the circle whose radius is the chord
connecting P and the reflection of () about P.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

A’ has coordinates

((ye * ((ze = 1) * yp +yo) + (xc — 1)? * 2p) /(Y2 + (xc — 1)), (yo * (yo * yp +
(zc — 1) xxp —zc + 1))/ (Y2 + (zc — 1))

B’ has coordinates

((ve * (xo * xp +yo * yp))/ (28 + ¥&), (Yo * (zc * xp + yo * yp)) /(22 + y2))-
(" has coordinates (xp,0).

A” has coordinates

((ye * (v = 1) xyo +ye) + (o — 1) * 2q)/(¥& + (xo — 1)%), (Yo * (Yo * yq +
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(o — 1) x2g —2c +1))/(y2 + (vc — 1)?)).

B" has coordinates

(o * (xo * xg + Yo *Yq)) /(@8 + ¥&), (Yo * (zc * xq + ye * yo))/ (28 + v&))-
C" has coordinates (zg, 0).

A; has coordinates

(2% ((yo * ((wc — 1) *yq +yc) + (vc — 1)* x2q)/(y¢ + (vc — 1)?)) —2p, 2+ ((yc *
(o *yq + (vo — 1) x 2g — w0 + 1)) /(y2 + (v — 1)%)) — yp).

B has coordinates

(2% ((zo* (To* 2@ +yo*yQ))/(aE+ye)) — xp, 2% (Yo * (vo 2@ + Yo *Yq))/ (vE +
ye)) — yp).

(', has coordinates

(2x2q — 2P, —YP).

Ay has coordinates

(2 (v + ((zc = 1)« o +50) £ (10 — 1?5 o)/ (5 = 1) (2 (v
((xe = 1) *yq +yo) + (v — 1)* x 2q) /(y& + (xc — 1)%)) — xp),2 * ((ye * (Yo *
yp + (zc — 1)*$P—l‘c+1))/(y% (JCC— 1) ) — (2*((yc*(yo*yQ+($c— 1) *
zq —xc+ 1))/ (We + (o —1)%)) — yp)).

Bs has coordinates

2 ((xe* (o xxp+yo*yp))/(@E +y8)) — (2 (xo * (vo * xg +ye *yo))/ (18 +
y&)) —xp), 2% ((yo * (zo x xp +yo *yp))/ (8 + y&)) — (2% ((yo * (xc * 2q + Yo *
¥Q))/ (xE +y&)) — yp)).

(5 has coordinates

(2%zp— (2%xg —xpP),Yp).

Consider the circle centered at the reflection of () about P, which passes through
P, whose equation is given by

(z—(2xxp—2q))*+(y—(2+yp—yq))*—(xp— (2xxp—1q))*—(yp—(2*yr—yq))* = 0.
We verify that As, By, and Cs lie on this circle since we calculate

(2% ((ye = ((wc = 1) xyp +yo) + (xc = 1)* x 2p)/(y¢ + (xc — 1)*)) — (2 ((yc *
((xc = 1) *yo +yo) + (xc — 1)**2q) /(5 + (vc —1)%)) —ap) — (2xxp — 20))* +
(2% ((yo  (yo * yp + (z0 = 1) x xp = v + 1))/ (ye + (20 = 1)%)) = (2 (o * (yo +

Yo + (xe = 1) x2g — 2o + 1))/ (Y& + (v — 1)%)) —yp) — (2% yp — yq))* — (vp —
(2*xxp —12q))” — (yp — (2xyp —¥yq))* =0,
2*((zox(roxzp+ycryp))/(28+ye)) — 2+ ((xo* (vorro+yoxyq)) / (vE+ye)) —
rp)—(2xxp—1q))*+2*((yox(zoxrp+ycxyp))/ (xE+ye)) — (2+((yor (zerro+yc*
y@é)/(w?ﬁy%))—yp)—(2*yp—ycz))2—(fvp—(Q*xp—l’cz))?—(yp—(Q*yp—yQ))2 =0,
(2%2zp— (2%2g —xp) — 2xxp —12q))* + (yp — (2xyp —yq))* — (xp — 2*xp —
2q))* — (yp — (2xyp —yg))* = 0. _
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FIGURE 1. Illustration.
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