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1. INTRODUCTION

We give a proof of the claim given in Euclid #8378.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle and P a point in the plane.

Let A’B'C" be the pedal triangle of P.

Let A", B", and C" be points on lines PA', PB’, and PC" respectively.

Let Ay be the orthogonal projection of A” on line AC.

Define A., B,, B., Cy, and Cy, cyclically.

Let G4 be the centroid of AB"C".

Define Gg and G¢ cyclically.

Then,

1. ABC and GAGpGe are orthologic (let Q) in particular be the point correspond-
ing to the vertices of GaGpGc and the lines orthogonal to ABC'), and

2. The circumcircle of the centroids of AB,C,, BAyCy, and C A.B, is identical to
the circle whose diameter is the chord connecting QQ and the centroid of ABC.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).
P has coordinates (zp,yp).
A’ has coordinates

((ye * ((we = 1) xyp +ye) + (o — 1)? x 2p) /(W + (1c — 1)), (yo * (ye * yp +
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(zc — 1) *2p —xc + 1))/ (¢ + (zc — 1)%)).

B’ has coordinates

((xe * (xo*xp +yo xyp)) /(28 + y&), (Yo * (xe * xp + yo * yp))/ (2 + &)

(" has coordinates (zp,0).

A" has coordinates

(1, yp + (xr —xp) * (1 — 2¢) /Yc).

B” has coordinates

(zv,yp + (vv — xp) * (—20) /Yc)-

C"” has coordinates

(xPayV)-

Ay has coordinates

(($C* (gsT—xp+xc>x<:vp+yc*yp))/(xzcjty%),(yc* (QST—ZBP+QSC*ZL‘p+yC*
yp))/ (% + 42).

A, has coordinates

(.TT,O).

B, has coordinates
((xU—Ic*l‘P—xc*IU—yc*yP+$%*$P+y%+xc*yc*yp)/($%—Q*ICJF
ye + 1), (yo * (xe * xp — vy — xe +yo xyp + 1)) /(23 — 2% xc + Y& + 1)),

B, has coordinates

($U,0).

C, has coordinates

((xp*xg +yy x 20 * Yo — 2% xp ¥ To + Y& — yv xyo + xp) /(28 — 2 ¥ xo + Y& +
D), (yo* (xe¢ xxp —xp — 20 +yc * yv + 1)) /(2% — 2*x z0 + y2 + 1)).

(% has coordinates

(e * (w0 % op + yo * )/ (@2 + 12), (o * (0 * 2p + yo + 1)/ (5 + 2).
The centroid of ABC has coordinates ((z¢ + 1)/3,yc/3).

The centroid of AB,C, has coordinates

(((zy —xo*xp —To*x Ty — Yo *yp + TH *xp + Y2+ xc * Yo * yp) /(2% — 2% xc +
Vi + 1)+ (xpxxl +yy * o * Yo — 2% xp * vo + Y& — yv * yo + xp) /(5 — 2%
zo+ye+1))/3, (Yo * (vo *x 2p — vy — 20 +yo xyp + 1)) /(28 — 2% 10 + Y& +
1)+ (yo * (zc *xp — xp —2c + yo *yv + 1)) /(22 — 2% zc + y& + 1)) /3).

The centroid of BA,C} has coordinates

(1+ (zo * (x7 —xp + 2o * Tp + Yo * yp)) /(% + y&) + (xc * (xo * xp + Yo *
yv))/ (& +92)) /3, (Yo * (xr — xp + 20 * 2p +yo * yp)) /(28 + y&) + (yo * (vc *
zp+yo*yv))/ (8 +y2))/3).

The centroid of C'A.B, has coordinates

(o + 27 +20)/3,90/3).

Consider the circle I' whose equation is given by

(z— (zv+ar+2xxc+1)/6)*+ (y — ((yo * (yv + yp +yc) — Tc * 2y — To * T+
rr+ 2*xxzc— 1) *xp— (vc— 1) *x20)/(6%yc)))? — ((x¢ +1)/3 — (2 + 27 + 2 %
zc+1)/6)* = (yo /3 — ((yo * (yv +yp +yc) — o * vy — xo* 0 + 7+ (2% 20 —
1) *Tp — (xc — 1) *Ic)/(6 *yc)))2 = 0.

We verify that the centroids of ABC, AB,C,, BA,C}, and CA.B, lie on I" since
we calculate

(0 +1)/3 — (20 + 27+ 2 % 20+ 1)/6) + (503 — ((ye * (9w + yp + ) — 70+
vy —xc*xxr+ar+ (2xxc—1)xxp— (vc—1)*x20)/(6%yc)))? — ((xc +1)/3 —
(vv + 27+ 2% 20 +1)/6)* = (Yo /3 — (o * (yv +yp +yo) — xc * 2y — 20 * 27 +
rr+ 2xxc— 1) xxp — (xc — 1) x20) /(6 xyc)))* =0,

((ry —zo*xp — 20 * Ty — Yo *Yp + T x xp + Y& + o * yo * yp) /(2% — 2% w0 +
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va+ 1)+ (xpxal +yyxxoxyc —2%xp*xc+yh —yv *yc +xp) /(25 — 2% 10+
ye +1)/3 = (zv +or + 2% 2c +1)/6)* + (((yo * (zc * 2p — 2y — T + Yo * yp +
1)/ (a2, — 250+ 92+ 1)+ (yo (w0 +ap —p — 0+ yo gy + 1))/ (0% — 2 <20+
ye+1)) /3= ((yo* (yv +yp+yc) —xc*xy —xc*xr+ar+ (2%xc — 1) *xp — (10—
D)xxc)/(6xyc)))? = ((xe+1)/3 = (zv +ar+2xzc+1)/6)* = (yo /3= ((yo  (yv +
yp+yc) —ro*xy —xo*Tr+a7+ (23500 — 1) *0p — (10— 1) *20) /(6% Yyc)))? = 0,
(1+ (zo * (x7 —xp + 2o * Tp + Yo * yp)) /(% + y&) + (xc * (xo * xp + Yo *
)/ (@t +y2))/3 — (xv + 27 + 2% 20 +1)/6)* + (((yo * (27 — 2p + 20 * TP +
yo xyp))/(xE +y2) + (Yo * (vexxp +yoxyv)) /(@8 +y2)) /3 — ((yo * (yv + yp +
yo) —ro*xy —xoxxp+ a0+ 2xx0 — 1) xx2p — (10 — 1) x 20) /(6 % y0)))? —
(0 +1)/3 — (w0 +or + 2% 20 + 1)/6 — (yo/3 — (ye + (v +yp + yo) — 20 +
Ty —xo*xrr+ar+ 2xxc— 1) xxp— (v — 1) *xxc)/(6 % yc)))* =0,

and

(e +or+av)/3 = (zv + o0 +2% 20 +1)/6)* + (Yo /3 — (Yo * (yv +yp +yo) —
ro*xy —Toxxp +ar+ (2xx0— 1) xxp — (1 — 1) *x2c)/(6 % yc)))? — ((zc +
1)/3 = (zy +ar + 2% 2c +1)/6)* — (yo /3 — ((yo * (yv + yp + yo) — o * 2y —
ro*xxr+ap+ 2 xc— 1) *xp — (xc — 1) *20)/(6xyc)))? = 0.

G 4 has coordinates

((zv +xp)/3,(yp + (xv — xp) * (—2C)/yc + yv)/3).

G has coordinates

(L+azr+ap)/3, (yp + (20 — xp) * (1 — zc) /yc +yv)/3).

G¢ has coordinates

(zetzrtau)/3, (yo+yp+(xr—ap)x(1—zc) /yc+yp+(xu—zp)*(—20)/Yc)/3)-
The line passing through G4 which is orthogonal to line BC' is given by the
equation

y = (yp+ (zv —xp) * (—2c)/yc + yv) /3 + (x — ((zv + zp)/3)) * (1 — zc) /yc.
The line passing through Gp which is orthogonal to line AC' is given by the
equation

y = (yp+ (xr—xp)* (1 —z0)/yc +yv)/3+ (x — (L + 27+ 2p)/3)) * (—2c)/yc.
The line passing through G¢ which is orthogonal to line AB is given by the
equation

r = (rc+xr+20)/3.

Now consider the point ) on I' which is opposite the centroid of ABC, whose
coordinates are given by

(zy + 27+ 20)/3, (Yo * (yv +yp) —xcx 2y — o * 7+ 207+ (2% 20 — 1) * Tp —
(zc — 1) xxc)/(3*yc)).

We see that @) lies on the third line and we verify that () lies on the first two lines
since we calculate
(yp+(zu—xp)t(—zc)/yo+yv) 3+ ((wvt+artac) 3= ((zv+rp) /3))x(1-20) [yo—
((yox(yv+yp) —xo*xxy —roxxr+axr+(2xxc—1)xxp—(xc—1)xxc)/(3%yc)) = 0
and

(yp+ (x7 —xp)* (L —xc)/yc +yv)/3+ (zv + 27+ 3c) /3 = (1 + 21 + 3pP)/3)) *
(=zc)/yo — (Yo * (yv +yp) —Tc * 20 — Te * TP + 270+ (2% 20 — 1) * 7P — (TC —
1) *2¢)/(3 % yc)) = 0 which confirms also that triangles ABC' and GGpG¢ are
orthologic. O
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FIGURE 1. Illustration.
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