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1. INTRODUCTION

We demonstrate here that given a triangle and a quadric curve in the plane that
a certain type of circle appears.

2. RESULTS

Theorem 2.1. Let ABC be a triangle.

Let v be a quadric curve in the plane with center O.

Let P, be the intersection of v and the orthogonal projection of O on line BC.
Define P, and P, cyclically.

Let Ay be the orthogonal projection of P, on line AC.

Define A., By, B, Cy, and Cy, cyclically.

Then the centroids of ABC, AB,C,, BA,Cy, and C'A.B. are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yc).

v is given by the equation

Pxx?+Qxxxy+Rxy? +Sxax+Txy+U=0

O has coordinates
(2xR+xS—Q*T)/(Q*—4xPxR), 2+« PxT —Qx*S5)/(Q*—4x P xR)).

P, has coordinates

(—(Q*T —2%RxS—Q*T*xc+2xRxSxxc—Q**xyc* (((rc—1)2* (U Q*—Q
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S*T+RxS*+P+xT?—4xPxR+U))/((—Q*+4xPxR)* (Rxx% — Q*xc*yc —
2% Rxxo+ Pxyt +Qxyc+R)))YV2+4x Px Rxycx (((zc—1)%% (UxQ*— QxS *
T+R+xS?+PxT?—4xPxRxU))/((—Q*+4* PxR)* (R*xx% — Q*xc*yc — 2%
Rxxo+Pxy2+Qxyc+R)))YA)/((—Q* +4x PxR)* (vc—1)), —(2% P+T — Q *
S+Q%*((xc—1)2?x(UxQ*—Q*S+T+RxS*+PxT?—4xPxRxU))/((—Q*+
4% PxR)* (Rx2% — Q*xc*yc—2% Rx o+ P*xy2+Q*yc+R)))V/? — 4% Px Rx*
((ze =12+ (UxQ*—Q+S*T+RxS?*+PxT?—4xPxRxU))/((—Q*+4x Px
R)* (R*2% —Qxxo*yc—2% Rxxc+ Pxy2+Qxyc+R)))V?) /(—Q*+4x Px R)).
P, has coordinates

(Q*T—2xRxS+Q*xycx (UxQ*—Q+xS+«T+R*xS*+PxT?—4%PxRx
U)/((—Q*+4xPxR)x (R+2% — Qxxc*yc+ Pxy)))Y? — 4% Px Rxyc* (U *
Q*—Q*xS*T+R+xS>+PxT?>—4xPxR+xU)/((—Q*+4xPxR)* (Rxz% —Q*
voxyo+ Pxy2)))V) ) (—Q*+4x P+ R), — (2% PxT —Q* S+ Q**xc* (U Q?* —
QxS*xT+RxS*>+PxT?—4xPxR+xU)/((—Q* +4x PxR)x (Rxx% — Q*xc*
Yo+ Pxy2))V2—dx Px R oo+ (UxQ*—QxS+T+ RxS?+ PxT? — 4% Px R+
D)/ ((—Q*+4xPxR)x (R+a2 —Qxxcxyc+ P*xy2)V?)/(-Q*+4% PxR)).
P, has coordinates

(2% RxS—Q*T)/(Q*—4%PxR), —(2x PxT —Q*S+(—Q*+4x PxR)* (U *Q*—
Q*S+T+R*S?+P+T?—4xPxR+U)/(R*(—Q*+4*x P+ R)))/?) /(—Q*+4% PxR)).
Ay has coordinates

(wex (25 PxT*yc—Q*S*yc—Q*Txxc+2%x RxS*xxc+Q* xycx* (((xc—1)?% (U %
Q*—QxS+xT+RxS*+PxT?—4xPxRxU))/((—Q*+4x Px R)* (R*x% — Q1 %
Yo —2% Rxxo+ Pyt +Qxyc+ R)))V24+Q*Txa2 — 2% R+ Sxx2 — 4% P* Rxyc*
(xc—1)*%(UxQ*—Q*S+xT+RxS*+ P+xT?—4x PxRxU)) /((—Q*+4% P R)*( Rx
13— Qxxoryc—2%Rxxc+ P*y2+Qxyc+R)))V2 =2 PxTxxoxyc+Q*S*xc*
vo)) /(22 4y2) x(—Q*+4x PxR)x(xc—1)), (yox (2% PxTxyc — Q* Sxyc— Q*T'*
ro+2x RxSxxo+Q*xycx* (((xc—1)** (UxQ* —Q+S*T+ R+ S*+ P+ T? —4x Px R+
U))/(—Q*+4% P+ R)*(Rx2% — Qxxoxyc—2% Rxxo+ Pxyt+Q*yc+R))) V2 +Qx
TxxZ —2x RxS*x2 —4x Px Rxycx (((xc—1)?x(UxQ*— Q*S*xT+ R+ S?+ P*xT?*—
4 P+ RxU))/((—Q*+4% Px R)* (R+1g — Q*vc*yc — 2% Rxxc+ Pyt +Q+yo+
R))Y2=2xPxTxxc*xyc+Q*S*xc*yc)) /(x4 +y2)*(—Q*+4% Px R)*(rc—1))).
A, has coordinates

(—(Q*T—2%RxS—Qx+Txxc+2+xRxS*xxc—Q?xyc*(((vc—1)** (U*Q? —
QxS*xT+R*xS*+PxT?—4xPxR+xU))/((—Q*+ 4% PxR)x (R*xx% — Q xxc *
Yo —2x Rxxc+ Pxyl+Qxyc+R))YV2+4x Px Rxyox (((vc — 1) % (U Q? —
QxS*xT+RxS?2+PxT*—4xPxRxU))/(—Q*+4*P*xR)x (R*x% —Q*
Toxyo—2* Rxxo+ Pxyt +Q*yc+ R)V2)/((—Q*+4% P+ R) x (z¢ — 1)), 0).
B, has coordinates

(Q+T =2+ RS —Q**y2 +2% PxTxyc— Q*xSxyc—2xQ+Txxc+4% RxSxxc+Q%*ycx
(UxQ*—Q*S*T+R*xS*+ PxT?*—4xPxRxU) /((—Q*+4x Px R)* (Rxx% — Q*xc*
Yo+ Py )2 +dx Px Rxy2 +Q#Txx2 — 2% Rx Sx12, — Q*xwoxycx (UxQ* —Q*S*
T+ RxS?+ PxT?—4x P+ R+U) / ((—Q?>+4% Px R)x( Rxx% — Q*xcxyc+Pxy2))) /2 —
4x Px Rxyox (UxQ* —Q*S*T+ RxS*+ PxT? —4x Px RxU) / ((—Q*+4x Px R)* (R
13— Qxxo*yc+ Pxy2))) Y2 —2x PxTxxc*yc+Q*Sxro*yc+4dx Px Rxxoxycx (U
Q*—Q*S*T+RxS?*+ P+xT?*—4x P+ RxU) / ((—Q*+4x PxR)*( Rxx% — Q*xc*yc+ Px
VINYA) J((—Q*+4x PxR)* (22, —2%10+y2+1)), (yok (4% Px R—Q*T+2x R S+Q%*
ro—Q* =45 Px Rxxc—2% P¥xTxyc+QxSxyc+Q+Txxc—2% RxSxxc—Q**ycx* ((Ux
Q*—QxS*T+RxS?+PxT?—4xPxR+U) /((—Q*+4x PxR)*(R*x — Q*xcxyc+
P2 )2 445 Px Rxyox (UxQ*—Q* S*¥T+ R+ S*+ P+ T? —4x Px RxU ) | ((— Q2 +4x
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PxR)*(RxxZ—Q*xc*xyc+Pxyd)))Y?) ) ((—Q*+4x Px R)* (2% —2xxc+y2+1))).
B, has coordinates

(Q*T—2*RxS+Q?*+yc* (UxQ>—Q+S*T+R+xS>+PxT? —4xPx*Rx
D)/ ((—Q*+4%PxR)* (Rxx% — Qxxc*yc+ Pxy2))Y? —4% Px Rxyc *
(Ux@Q*—Q*S+T+R+xS*>+PxT?—4xPxRxU)/((—Q*+ 4% Px R)* (R x
12— Q*xcxyo+ Pxy2)V:)/(—Q* + 4% P x R),0).

C, has coordinates
(Q*T—2%R*S—Q*xy2 —Q*xyc* (UxQ*—Q*S*T+ RxS*+ P+T?— 4% Px
RxU)/(R¥(—Q*+4% P+ R)))Y2 425 P+ Txyc —Q+Sxyc — 2% QT xc+4% R*
Sxxo+4x Px Rxyl +Q+Txxl —2x RxSxa2+Q*xxoxycx (UxQ*—Q*SxT +
RxS?4+PxT? —4xPxR+U)/(R*(—Q*+4x P R)))"?+ 4% Px Rxyc* (U xQ*—
Q*S*T+RxS*+P+T?—4xPxRxU)/(R+(—Q*+4xP*R)))"/? = 2% PxT xx¢ *
Yo+ Q*S*xxc*yc—4x Px Rxxoxycx (UxQ* — QxS+ T+ R*xS?+ P*T? —4x Px
RxU)/(R*(—Q*+4x P+ R))V?) /((—Q*+4% P* R)* (2%, —2xxc+y2 +1)), (yo
(4% Px R—Q*T+2xRxS+Q*xx0—Q*+Q*xyc* (UxQ? —Q+S+xT+ R*S*+ Px
T? —4xPxRxU)/(R*(—Q*+4%PxR)))Y? —4x Px Rxxc— 2% PxT*yc+Q*S*
Yo+ Q*Txxc—2% RxSxxc—4% Px Rxyc* (UxQ?—Q*S*T+ R S?+ P*T?—4x
PxR+U)/(R*(—Q>+4% PxR))Y?))/((—Q*+ 4% P* R)* (22— 2xxc + 92 +1))).
C} has coordinates

(zo* (Q**yc*x (UxQ*—QxS*T+R*S*+ PxT?—4xPxR+xU)/(R*(—Q*+
A« P« R))/2 =2« PxTxyc+QxSxyc+QsTxxc—2%x R« Sz —4xPx
Rxycx (UxQ*—Q*S*xT+ RxS*+ P+xT? —4xPxR+xU)/(Rx(—Q*+4x* Px
RO (a4 92)* (~Q + 4x P R), (yor (Q e (U # Q2 — Q= S+ T + R
S24P+T? 4% PxR+xU)/(R¥(—Q?>+4+PxR)))V2 =2+ P+ Txyc+Q* S *
Yo+ Q*xTxxc—2%xRxS*xxc—4x Px Rxyc* (UxQ* —Q*S*T + R*S*+ Px
T?—4xPxR+xU)/(R*(—Q*+4% Px R))Y?2)) /(2% +y2) * (—Q* + 4% P x R))).
The centroid of ABC has coordinates ((zc 4+ 1)/3,yc/3).

The centroid of AB,C, has coordinates
((Q+T—2%RxS—Q*xy2 +2x PxTxyc—Q*Sxyc—2xQxTxxc+4% RxSxxc+Q%x
yox(UxQ?—QxS*T+RxS*+ PxT?—4x PxRxU) /((—Q*+4% Px R)*( Rz — Qx
Toxyo+Pxyd))) 2+ 4% Px Rey2 +Q+T*x2 — 2% R* S %12, — Q% xwoxyox (U*Q* —
QxS*T+RxS?+PxT?—4x P« RxU)/((—Q*+4x Px R)*(Rx1% — Q*xc*xyc+ P
Y2)))Y2 = 4% Px Rxyox (UQ? — Q% S¥T+ RxS*+ PxT? — 4% Px RxU) | ((—Q*+4*
PxR)*(Rx2% —Q*xcxyc+Pxy2)))? =2+ PxTxxoxyc+Q*Sxxc*yc+4% Px Rx
ro*yc*k (UxQ*—QxS*xT+RxS?*+ P+T?—4x PxRxU) / ((—Q?*+4% P* R)x( Rxx% —
Q*xo*yc+P*xy2))V:) ) ((—Q? +4x Px R)x (2% —2xxc+y2+1)) +(Q+T —2x Rx
S—Q*xyt—Q*xycx(UxQ*—Q*S*T+RxS*+ PxT?—4xPxRxU) /(R (—Q*+4x
PxR))YV2 425 PxTxyc—Q*S*yc—2%QxTxwc+4% R* Sxx0+4% Px Rxy +Q+Tx
12— 2% R+ Sxa2+Q*xxoxycx (UxQ? —Q*S¥T+ R+ S*+ P+ T? —4x Px RxU) / (R*
(—Q?+4x P+ R))Y2+4x Px Rxyc* (UxQ*>—Q+S*T+ RxS?+ P+T? — 4% P* R
U)/(R¥(—Q?*+4xPxR)))V2 —2x PxTxxc*yc+Q* Skxcxyc — 4% Px Rxxoxyc *
(UxQ?—Q*S+T+R*S*+ PxT?—4x PxR+U) /(Rx(—Q>+4xPxR)))'/?) /((—Q*+
4% PxR)x (22 —2xxc+yi+1)))/3, (yox (45 Px R—Q*T+2x R+ S+ Q*xxc— Q* —
4% Px Rxxc—2% PxTxyc+QxSxyc+Q+T*xc—2% RxS*xxc—Q**xycx (UxQ? —
QxS*T+RxS?+P+T?—4x P« RxU)/((—Q*+4x PxR)x(Rxx% — Q*xc*yc+ Px
YNV 2 4 4% Px Reyox (UxQ? —QxS+xT+ R*S*+ P+xT? —4x P+ RxU) /((—Q*+
4x Px R)* (Rx2% — Qxxoxyc+P*y2))) ) /((—Q*+4% Px R)x (22 —2xxc+y2 +
)+ (yox (4% Px R—Q*T+2% Rx S+ Q%+ 10— Q*+Q*xycx (UxQ*—Q*SxT+ Rx*
S24 PxT? —4x P+ R+U) [ (Rx(—Q?*+4x Px R)))"/? — 4% Px Rxxc— 2% PxT*yc+Q*
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Skyc+Q+T xc—2% RxSxxc—4% Px Rxycx (UxQ* —Q*S*T+ R+ S*+ P+T?—4x
PxRxU)/(Rx(—Q*+4xPxR)))Y?))/((—Q*+4% Px R)* (2% —2xxc+y2+1)))/3).
The centroid of BA,C), has coordinates

(I (2o * (2% P¥Txyo—Q*Sxyo— QT xrc+2% RxSxxo+Q*xyo* (((xc—1)*# (U
Q*—Q*S+T+RxS?+PxT?—4xPxRxU))/((—Q*+4% PxR)x( R*x%, — Q*xcxyc—
2% Rk o+ Pxy2+Qxyc+R)))YV2+QxTxx2 — 2% RxSxx,—4x Px Rxycx (((vo—1)2x
(UxQ*—Q+S*T+RxS?+ P+xT?—4x P« RxU)) /((—Q*+4x Px R)* (Rxx% — Q*xc*
yo—2% R¥xo+ Pxy2+Q*yc+R)))V2 =25 PxTxxc*yc+Q*Sxxo*yc))/ (x4 +
Y2 ) x(—Q?+4x P+ R)*(zc—1))+(2c*(Q%xyc* (U Q*— Q* ST+ RxS?+ PxT? —
4x P+ R+U) /(R (—Q*+4% P* R)))Y/? = 2% PxT*yc+Q*Sxyc+Q*T*xc—2% R¥ S*
ro—4xPxRxycx (UxQ?*—Q+SxT+ R+ S*+ P+T? —4x P+ RxU ) /(R*(—Q*+4x P
R)Y2)) /(52 (— QP+ 4 P R))) /3, (e (25 P Ty — Qe Soeyer— Qs T
ro+2x RxSxxo+Q*xycx* (((rc—1)** (UxQ* —Q+S*T+ R+ S*+ P+ T? — 4% Px R+
U))/(—Q*+4% P+ R)*(Rx2% — Q*xoxyc—2% R¥xxc+ Pxyt+Q*yc+R))) V2 +Qx
Tz —2+RxSxxl—dx Px Ry (((xo—1)?%(U*Q*—QxSxT+ R S?+ P+ T? — 4% Px
RxU))/((—Q*+4% PxR)x(Rx2% — Q*xc*yc— 2% R¥x0+ Pxy2+Qxyc+R)))Y? —
2% PxTxzxoxyc+Q*Sxxoxyc)) /(w2 +y2)*(—Q*+4x PxR)*(xc—1)) + (yo* (Q?*
Yox(UQ?—Q+S*T+RxS? 4+ P+T?—4x PxRxU) /(Rx(—Q*+4xPxR)))'/?—2% Px
Txyc+QxSxyc+Q*Txxc—2% R+ Sxxc—4x Px Rxycx (UxQ? —Q*S¥T+ R*S?+
P+T?—4x P+ RxU) /(R (—Q*+4xPxR)))'?)) /(2 +92)*(—Q*+4xPxR)))/3).
The centroid of CA.B, has coordinates

(xo+(—(Q+T —2xRxS—Q+Txxc+2% RxSxxc—Q*xyc* (((xc—1)*% (UxQ* —
QxS+xT+RxS?+ PxT?—4xPxRxU))/((—Q*+4* P* R)*(R*xx% — Q*xc*yc —
24 Rokao+ Pyt Qayo-+ R)V24+44 P Roeyos (o — 1P (U Q2 Qx S+ T+
RxS*+PxT?*—4xPxRxU))/((—Q*+4% P*R)x (R*x% — Q*xcxyc —2x Rxxo+
Pxy2+Qxyc+R))Y?2) /(—Q*+4% Px R)x (10— 1))+ (Q*T — 2% R* S+ Q*xyc
(UxQ*—Q+S+«T+RxS*+P*xT?—4xPxRxU)/((—Q*+4%xPxR)x(R*z% —Q*
To*xyo+Pxy2)))V2—4x Px Rxyox (UxQ? —QxS+xT+ R* S*+ P+T? —4x Px R*
U)/((—Q*+4%PxR)*(R*2% — Qxxoxyc+ Pxy2)))V?) /(—Q*+4x PxR))/3,yc/3).
Consider the circle whose equation is given by

(2= (= (45 Px R+2xQ+T — 4% Rx S — Q*s 10— Q>+ 2% Q** 12 + 4% Px Rxxc— 2% Q*
Txxc+4xRxS*xxc—Q*xyc*(((xc—1)2%(UxQ*—Q*S*T+ R*S?+ P+ T? —4x Px
R+U))/((—Q*+4% P R)*(R+2% — Q*xc*yc—2% R¥xc+Pxy2 +Q*yc+R)))/2+
Q*xyc*x (UQ*—QxS¥T+ RxS?*+ P+xT? —4x Px RxU) | ((—Q*+4% Px R)*( R* 22, —
Q*xo*xyc+P*y2))) /2 —8x P+ Rx22 — Q*xwoxyc* (U Q*—Q* S+ T+ R+ S%+ Px
T2 —4xPxRxU) /((—Q*+4% P+ R)*( R*2% —Q*xc*yc+Pxy2))) /2 +4% P Rxyc*
(xc—1)*%(UxQ*—Q*S+xT+RxS*+ P+xT?—4x PxRxU)) /((—Q*+4% P R)*( Rx
13— Qxxo*yc—2% Rxxo+ Pyt +Qxyc+R)))Y? —dx Px Rxycx (UxQ?—Q* ST+
RxS?4+PxT?—4x P« RxU) /((—Q*+4% Px R)* (Rx1% — Q*xc*yc+Pxy2))) /2 +
4x PxRxzoxycx(UxQ? —Q+S*xT+RxS*+ P+T?—4x PxRxU) /((—Q*+4% P* R)*
(Ra,— Qzgrye+ Pryh)))M2) (65— Q2+ 4 P Ry (e — 1) -+ (y— (— (@
ro—Q** 12+ Q*xyd — Q*xycx (UxQ? —Q*SxT+ RxS?*+ PxT?*—4x Px RxU) / (R*
(—Q?+4xPxR)))Y/? —4% Px Rxxc+4% PxT*yc—2xQ*S*yc+Q%*xyc* ((zo—1)%*
(UxQ*—Q+S+xT+RxS*+P+xT?—4xPxRxU))/((—Q*+4x Px R)*( R*x% — Q*xc*
Yo — 2% Rxxc+ Py +Q*yc+R)))Y? +4x Px R¥ 1l — 4% Px Rxy2 +Q** 10 *yo *
(UxQ*—Q*S*T+RxS?*+ PxT?—4x P« RxU) /((—Q*+4x Px R)*( R*xx% — Q*xc*
Yo+ Pxy2))Y2 —dx Px Rxyc* (1 —1)2% (U Q? —Q+ S¥T+ R* S?+ P+T? —4x P
R+U))/((—Q*+4% P R)*(R+x% — Q*xc*yc—2% R¥ 1o+ Pxy2 +Q*yc+R)))/ 2+
4x P+ Rxycx (UxQ*—Q*S+xT+ RxS?*+ PxT?—4x P« RxU) /(R*(—Q?+4x Px
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R)))Y?—4xPxRxxcxyc*(UxQ*—QxS+T+RxS*+P+xT? —4x P« RxU) / ((—Q*+
4% P R)* (Rxx% — Qxxoxyc+Pxy2)))?) /(6% ycx(—Q*+4x P+ R))))*— ((wc+
1)/3—(— (4% Px R+2xQ+T—4x RxS— Q*sx 10— Q*+2xQ*x a2+ 4% Px Rxxc — 2% Q*
Txxc+4*RxSxxc—Q*xyc*(((xc—1)*%(UxQ*—QxS*T+ R+ S%+ PxT? — 4% P
RxU))/((—Q*+4x P R)*(Rx1% —Q*xc*yc—2*% R¥xc+ P*y2+Qxyc+R))) Y2+
Q**xyc*x(UxQ*—QxS*xT+RxS?*+ P+xT?—4x PxR+xU) / ((—Q*+4% P R)x( Rxx% —
Q*xo*xyc+P*y2))) /2 =8 P Rxx% — Q*xwoxyc* (UxQ*— Q%S+ T+ R*S%+ Px
T2 —4x P+ R+U) /((—Q*+4x Px R)x(Rxx2, — Q*xc*yc+ P*y2))) Y2 4+-4x Px R¥yc*
((zc—=1)?x(UxQ*—QxS*T+R*S?+ P+xT? —4x P+ RxU)) /((—Q*+4% P R)* (R
12— Qxxo*yc—2% Rxxc+ Pyt +Qxyc+R)))Y2 —dx Px Rxycx (U Q?—Q* ST+
RxS?+ PxT? —4x P RxU) | ((—Q*+4x P* R)*( Rxx% — Q*xc*xyc+ P*y2))) /2 +4x
PxRxxoxycox(UxQ?—Q*S*T+ RxS?+ P+xT?—4x P« RxU) / ((—Q*+4% P* R)x( R
v Quacryot Pryg))) (65 (~ Q2+ 45 Px R)x (rc — 1)) (yo 3~ (~(Q%
ro—Q**2%+Q%xyt —Q**yox (UxQ? —QxS¥T+ RxS?+ P+ T? —4x Px RxU) / (R*
(—Q?*+4%PxR)))Y2 —4x P*x Rxxo+4% PxTxyc—2xQ*Sxyc+Q*xyc* (((vo—1)%*
(UxQ*—Q+S*T+RxS?*+ P+xT?—4x P« RxU)) /((—Q*+4x Px R)* (Rxx% — Q*xc*
Yo — 2% Rxxc+ Py +Q*yo+R)))Y2 +4x Px R¥ w2, — 4% Px Rxy2 +Q** w0 *yc *
(UQ*—Q#S*T+R%S%+ P« T2 —4x Px RxU) | ((—Q*+4% Px R)* (R* 1%, — Q%
Yo+ Pxy2))Y2? —4x Px Rxyc*((xe—1)?% (U Q? — Q* S¥T+ R* S?+ P+T? —4x P
RxU))/((—Q*+4% PxR)x(Rxx% — Q*xc*yc—2% R¥xc+ Pry2 +Q*yc+R)))/ 2+
4% Px Rxyox (UxQ?—Q+S+T+ R+ S?+ PxT?—4x P+ R+xU)/(Rx(—Q*+4% Px
R)))Y?—4xPxRxxcxyc*(UxQ*—QxS+T+RxS*+P+xT? —4x P« RxU) / ((—Q*+
4x PxR)x (Rx2% — Qxxoxyc+Pxyd)Y?)/(6xyc+ (—Q*+4% Px R))))? = 0.
We verify that this circle passes through the centroids of ABC, AB,C,, BA,Cy,
and C'A.B, since we calculate

(xc+1)/3—(— (4% Px R+2xQ*T — 4% RxS— Q*xxc— Q*+ 2% Q*x w2 +4% P Rxxc—
2xQ*Txxo+4x RxSxxc—Q**yc* (((xo—1)*x (U Q* —Q*SxT+ RxS?+ PxT?—4x
PxRxU))/((—Q*+4% P*R)x( Rxx% — Q*xcxyc — 2% R¥xc+ Pyl +Qxyc+R))) /2 +
Q**xyc*x ((UxQ*—QxS*T+RxS?*+ P+T?—4x P+ R+xU) / ((—Q?*+4% P* R)x( Rxx% —
Q*zo*yc+P*y2))) /2 —8x P Rxa% — Q*xwoxyc* (U Q*—Q* S+ T+ R+ S%+ Px
T?—4xPxRxU) /((—Q*+4% P+ R)*( R+ 2% —Q*xc*yc+ Pxy%))) /2 +4x P Rxyc*
((xe—1)2%(UxQ? - Q*S*+T+RxS*+ PxT?—4xPxRxU)) /((—Q*+4x P+ R)*(Rx
12— Q*1o¥xyc—2% Rxxc+ Pyl +Qxyc+R))) /2 —dx Px Rkyox (U Q> — QST+
RxS?+ PxT? —4x P+ RxU) /((—Q*+4x P+ R)*( Rx% — Q*xc*yc+ P*y2))) /2 +4x
PxRxxcxyc*(UxQ*—Q*S+T+ RxS?*+ P+T?—4xPxRxU ) / ((—Q*+4%x P* R)*( Rx
vt —Qxxcxyc+ Pxyt)))'?) /(65 (—Q*+4x P R)*(zc—1))))*+ (yo /3 — (—(Q*+
ro—Q* %12+ Q% xyd — Q*xycx (UxQ?* —Q*SxT+ RxS?*+ PxT*—4x Px RxU) / (R
(—Q?+4xP*R)))Y? — 4% Px Rxxo+4% PxT*yc—2xQ*S*yc+Q*xyc* (((xc—1)%*
(UxQ?*—Q+S*T+RxS?+ P+xT?—4x P« RxU)) /((—Q*+4x Px R)* (Rxx% — Q*xc*
Yo —2% R¥xo+ P*y2+Q*yc+R)))Y2 4+ 4% P R w2, —dx Px Rxy + Q*xxc*yo *
(Us@Q*—Q*S*T+R*S*+ P+T?*—4xPxRxU) /((—Q*+4x Px R)* (Rxx% — Q*xc*
yo+Pxy2))Y2 —4x Px Rxyc* (e —1)? (U Q? — QST+ R* S?+ P+T? —4x P
RxU))/((—Q*+4% PxR)x(Rxx% —Q*xc*yc—2% R¥xc+ Pxy2 +Q*yc+R)))/ 2+
4x P Rxycx (UxQ*—Q* ST+ RxS?*+ PxT*—4x P« RxU) /(R*(—Q*+4x Px
R))Y2—4x PxR¥xoxyc* (U*Q*—Q* S+ T+ R+ S?+ P+xT? —4x P+ RxU) / ((—Q*+
45 Px R)+(Rxa — Qxxcxyc+ Pxyd))'?) /(65 yc* (—Q*+4x Px R))))* — ((wc +
1)/3—(— (4% Px R+2xQ*T — 4% Rx S — Q*x w0 — Q*+2xQ*x 2% +4x P Rxxc — 2% Q*
Txxo+4% RxS*xxc—Q*xyo* (1o —1)2%(UxQ? —Q*S+xT+ R+ S+ P+T?— 4% Px
RxU))/((—Q*+4% PxR)x(Rxx% —Q*xc*yc—2% R¥xo+ Pxy2 +Q*yc+R)))V/2+
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Q**xyc*x((UxQ*—QxS*xT+RxS?+ P+T?—4x PxR+xU) / ((—Q*+4% P R)x( Rxx% —
Q*xo*yc+P*y2)))/2—8x P Rxa% — Q*xwoxyc* (UxQ*—Q* S+ T+ R+ S%+ Px
T2 —4x P+ R+U) /((—Q*+4x P* R)x(Rxx2, — Q*xc*xyc+ P*y2))) Y2 +-4% Px R¥yc*
((zc—=1)?%x(UxQ*—QxS*T+R*S?+ P+xT? —4x P+ RxU)) /((—Q*+4% P R)* (R
12— Qxxo*yc—2% Rxxc+ Pyt +Qxyc+R)))Y2 —dx Px Rxycx (U Q?—Q* ST+
RxS?+ PxT?—4x P+ RxU) | ((—Q*+4x P* R)*( Rxx% — Q*xc*xyc+ P*y2))) /2 +4x
PxRxxoxycx(UxQ?—Q*S*T+ RxS?+ P+xT?—4x P« RxU) / ((—Q*+4% P* R)x( R
v Quacryot Pryg))V) (65 (~ Q2+ 45 Px R)x (rc— 1)) (yo 3~ (~(Q%
ro—Q**2%+Q%xyt — Q**ycx (UxQ? —QxS¥T+ RxS?+ P+T? —4x Px RxU) / (R*
(—Q?*+4%PxR)))Y2 —4x P Rxxo+4% PxTxyc—2xQ*Sxyc+Q*xyc* (((vo—1)%*
(UxQ*—Q+S*T+RxS?*+ P+xT?—4x P« RxU)) /((—Q*+4x Px R)* (Rxx% — Q*xc*
Yo — 2% Rxxc+ Py +Q*yc+R)))Y2 +4x Px R¥ w2, — 4% Px Rxy2 +Q** w0 *yc *
(UxQ?—Q*S*T+RxS?*+P+T?*—4x P+ RxU) /((—Q?+4* Px R)*( R¥x% — Q*xc*
Yo+ Pxy2))Y2 —dx Px Rxyc* (e —1)? (U Q? — Q* S¥ T+ R* S?+ P+T? —4x P
RxU))/((—Q*+4% PxR)x(Rxx% — Q*xc*yc—2% R¥xo+ Pxy2 +Q*yc+R)))/ 2+
4% Px Rxycx (UxQ? —Q+S*T+RxS?+PxT?—4xPxRxU)/(Rx(—Q*+4% Px
R)))Y?—4xPxRxxcxyc*(UxQ*—QxS+T+RxS*+PxT? —4x P« RxU) / ((—Q*+
4% PxR)* (R*2% — Q*xc*yc+ Pxy2))Y?)/(6xycx (—Q*+4x PxR))))? = 0,
(Q¥T—2%R%S —Q*xy2 425 PxTxyc — QxSxyc —2xQ+ Tz +4x Rx Sxx o+ Q% *
yox(UxQ? —Q*SxT+ RxS*+ PxT? —4x Px RxU) /((—Q*+ 4% P« R)* ( R*xx% — Q*
voxyo+ Pxy2))) V2 +4x P Rxyl + QT xx2 — 2% Rx Sx22, — Q*xwoxyc* (U Q? —
QxS*T+RxS?+P+T?—4x P+ RxU)/((—Q*+4x PxR)x(Rxx% — Q*xc*yc+ Px
Y22 —dx Px Reyox (UxQ*—Q* S+ T+ RxS?+ PxT? —4x Px RxU) [ ((—Q*+4%
PxR)*(Rx2% —Q*xcxyc+Pxy2)))Y? =2+ P¥xTxxoxyc+Q*Sxxc*yc+4x P Rx
roxyox(UxQ*—Q*S*T+ RxS?*+ P+ T? —4x P+ RxU) [ ((—Q*+4% Px R)*( Rxx% —
Qxroxyo+P*y2))Y?) | ((—Q*+4% P R)* (22— 2xxc+y2+1)) +(Q*T—2% R*S —
Q**y2 — Q*xycx(UxQ*—QxSxT+ RxS?+ P+xT?—4x Px R+ U) /(R (—Q?+4% Px
R))YV2 425 PxTxyc—Q*S*yc—2xQxTxxo4+-4% Rk Sz 04+-4% P Rxy2+Q+ Tx12, —
2% RxSxa2+Q*xxoxycx(UQ*— QxS+ T+RxS*+ PxT?—4x P+ RxU) | (R (—Q*+
4x PxR))YV2+4x P Rxycx (U Q> —Q*S*T+RxS?>+ PxT? —4x P+ R+xU)/(R*
(—Q?+4%P*R)))Y/2 =24 PxTxxc*yc+Q*Sxxc*yc—4% Px Rxxc*yc* (U Q* —
Q*S*T+R+S?+P+T?—4x PxR+xU) /(Rx(—Q?*+4% PxR)))/?) /((—Q*+4x P* R)
(22 —2%2c+y2+1)))/3— (— (45 Px R+2xQ*T —4x R%S — Q*x 10— Q? +2xQ*x 2% +
4x Px Rxxo—25QxTxxo+4% RxSxxc—Q*xyo* (1o —1)*x(UxQ*—QxS*xT+ Rx
S24+ P+xT?—4xPxRxU)) [ ((—Q*+4% Px R)*( Rxx% — Q*xc*yc —2% R¥xc+ Pxyi+
Qxyc+R))V2+Q*xycx(UQ?—Q*S*T+RxS?*+ PxT? —4x P+ RxU ) / ((—Q*+4x
PxR)x(Rxx—Qxxoxyc+Pxy2)))Y2—8x P+ Rxx% — Q*xxc*ycx (U Q? — QxS x
T+RxS?+ PxT?—4x P+ RxU) | ((—Q?+4% P R)*( Rxx%,— Q*xc*xyc+Pxy2))) 2+
45 Px Rxyo* (1o —1)?x(UxQ*—Q*S*T+RxS?*+ P+xT? —4x Px RxU)) /((—Q*+
4% Px R)x(R*2% —Q*x0*yc—2% R¥xc+ Pyt +Qxyc+R))) /2 — 4% Px Rxyox ((Ux*
Q*—Q*S*T+RxS?+P+T?—4x PxR+U ) | ((—Q?*+4% P+ R)x( Rxx% — Q*xc*yc+ P
Y22+ 4x Px Rxwoxycx(UxQ?*— QxS+ T+ RxS*+ PxT?—4x PxR+xU) /((—Q*+
4k Px R)x( Rx2% — Qxxoxyc+Pxy2)))V?) /(6% (—Q*+4x Px R)* (1)) )4+ (((yo*
(4% Px R—Q+T+2%x RxS+Q*xxc—Q? — 4% Px Rk xc— 2% P+ T xyc+Q* Sxyc+Q*T x
ro—2%RxS*xxc—Q*xyc*x(UxQ*—Q*SxT+ R+ S?*+ PxT*—4xPx R+xU) / ((—Q*+
4% Px R)*(R¥x 2% — Q*xcxyc+Pxy2))) V2 +4% Px Rxyox (U Q? —Q* S¥T+ R+ S*+
PxT?—4x P+ RxU) /((—Q*+4% PxR)*(R*x% — Q*xc*yc+ P*y2)) ) /((—Q*+
4 P R)* (22 —2xx0+y2+1))+ (yox (4% Px R—Q+T+2x Rx S+ Q%10 — Q*+ Q% *yc*
(UxQ*—QxS+T+RxS?*+ P+T?—4x PxRxU) /(R*(—Q?*+4% PxR)))"/? — 4% P* Rx
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ro—2% PxT*yc+Q*S*yc+Q*Txxc—2% RxSkwc—4x Px Rxycx(UxQ? —Q+SxT+
RxS?+ PxT?—4x P+ RxU) /(Rx(—Q*+4x Px R)))Y?)) /((—Q*+4% Px R) * (2%, — 2%
re by 1) 3 (— (@ Qe Qe Qoo (U QP QuS<T+ Ras™ +
P+T?—4xPxRxU)/(R¥(—Q?+4% PxR)))Y/? —4x Px Rxxc+4% P¥Txyc—2+Q* S
Yo+ Q% xyc* (((xe—1)*x(UxQ? —Q+S*T+ R S?+ PxT? —4x PxRxU)) /((—Q*+
4% P* R)* (R¥x2 — Q*xc*yc —2% R¥xc+ Pxy2+Q*yc+ R))) Y2+ 4% Px R 12, — 4%
PxRxy2+Q*xxoxycx(UxQ* —QxS+xT+R*xS*+ P+T?—4x P+ RxU) / ((—Q*+4x
P Ry R Qe wyio-+ Pry )V ds P Roeyon (v — 1) (U Q2 — QS
T+RxS?*+PxT?—4xPxRxU))/((—Q*+4xPxR)x(R*x% — Q*xc*yc— 2% Rxxrc+
Pxy2+Qxyc+R)))Y2+4x Px Rxyox (UxQ*—Q*S+T+ RS>+ P+T? — 4 P* Rx
U)/(R#(—Q*+4x P+ R)))Y2 —dx Px Rxxcxyc*(U*Q?—Q*S+T+ R+ S>+P+T? —
4x Px RxU) [ ((—Q*+4% PxR)x(Rxx% — Qxxcxyc+ Pry2)))V?) [ (6%yox (—Q* +4x
PxR))))?—((zc+1)/3—(—(4x P* R+2xQ+T — 4% Rx S — Q*x 10— Q* + 2+ Q**x 1% +
4x Px Rxxo—25QxTxxo+4% RxSxxo—Q*xyo* (((xc—1)*x(UxQ*—Q+S+xT+ R+
S24+ P+xT?—4xPxRxU)) /((—Q*+4% Px R)*( Rxx2 —Q*xc*yc—2% Rxxo+ Py +
Q*yc+R)))V2+Q**ycx (UsQ*—QxS+T+RxS*+ P+xT? —4x P+ RxU) [ ((—Q?+4x
PxR)x(Rxx%—Qxxoxyc+Pxyd)))Y2 =8+ Px Rxax — Q*xxc*ycx (U Q? — QxS x
T+ RxS?4+P+T?—4x P+ RxU) | ((—Q?*+4% P+ R)*( Rxx% — Qxxc*yc+Pxy2))) 2+
4x Px Rxycx (1 —1)2% (U Q*—Q*S*T+ R+ S?+ PxT?*—4x PxRxU)) /((—Q*+
45 P R)% (Rt —Qxxoxyo — 2% Rxxo+ Pyl +Qxyc+R)))V? —4x Px Rxycx (U
Q*—QxSxT+RxS?+P+xT?—4xPxRxU) [ ((—Q*+4% P R)*( Rxx} — Q*xcxyc+ P
Y22 +4x Px Rxwoxycx(UxQ*— QxS+ T+ RxS*+ PxT?—4x PxRxU) /((—Q*+
45 PxR)* (R*1% —Qxxo*yc+ Pxy2))?) /(6% (—Q*+4% P+ R)* (zc—1))))* -
(Yo /3—(—(Q*xx0—Q* %1% +Q*xy2 — Q**yc* (U Q* = Q* S¥T+ R S? + P+ T —
4x P+ RxU) /(R¥(— Q%44 P+ R)))/? — 4% Px R +4% PxTxyc— 2+ Q*S*yc+Q?*
yor((xe—1)?x(UxQ*—Q*S*T+RxS?*+ PxT?*—4xPxRxU)) /((—Q*+4% P* R) *
(Rx22—Qxxc*yc—2% R¥xc+ Pyl +Q*yc+R)))Y24+-4x P+ Rx 12 — 4% P Rxy2 +
Q*sxoxycx(UxQ*—Q*S*T+R+xS?*+ PxT? —4xPxRxU) /((—Q*+4x P R)* (R
13— Qxxoxyc+ Pxyd )2 —4x Px Rxyox (2o —1) 2% (UQ? —Q* S¥T+ R+ S?+ P
T?—4xPxRxU))/((—Q*+4* PxR)x( Rxx% — Q+xoxyc—2x Rxxc+ Pxy2 +Q*yc+
R))Y?4+4x PxRyycx(UxQ?*—Q*S*T+RxS?>+ P+ T? —4x Px RxU) / (Rx(—Q?+4x
PxR)))Y2—4x Px Rxxoxyox(UQ*—QxS¥T+RxS?+ PxT?—4x Px RxU) | ((— Q>+
4% PxR)* (R*2% — Q*xc*yc+ Pxy2))Y?)/(6xycx (—Q*+4x P+ R))))? = 0,
(14 (ze* (2% P¥Txyc— Q* Sxyc —QxT*wc+2% RxSxxc+Q**yc*(((xo—1)*x (U
Q*—Q*S*T+R*xS*+ P+xT?—4xPxRxU)) /((—Q*+4% P* R)*( Rxx% — Q*xc*yc —
2% Rk xc+Pry2+Qxyc+R)))V2+QxTxx2 — 2% RxSxx,—4x Px Rxyc* (((vo—1)2x
(UxQ*—Q+S+xT+RxS*+P+xT?—4xPxRxU))/((—Q*+4x Px R)*( R*xx% — Q*xc*
Yo — 2% Rxxc+ P*y2+Qxyc+R)))Y2 =25 PxTxxcxyc+Q*Sxxc*yc)) /(w3 +
Y& )#(—Q*+4x P+ R)x(xc— 1))+ (xo* (Q**xyc* (UxQ? —Q* ST+ R*xS*+ P+ T*—
4x P+ RxU) /(R (—Q*+4* P+ R)))Y/2 —2x P+ Txyc+QxS*yc+Q+T*xc— 2% R*S*
ro—4xP* Rxyc* (UQ*—QxS*xT+ RxS?+ P+T?—4x P« RxU ) / (Rx(—Q*+4% Px
RINVYA) /(2% +92) % (—Q*+4xPxR)))/3— (—(4* Px R+2%Q+T — 4% R+ S — Q*x
To—Q*+2xQ*xxt +4x Px Rxxc—2xQ+Txxc+4x RxSkxe— Q*xyox (((xo—1)%*
(UxQ*—Q+S*T+RxS?*+ P+xT?—4x P« RxU)) /((—Q*+4x Px R)* (Rxx% — Q*xc*
Yo —2% Rxwo+ Pxy2+Qxyc+R))V 2 +Q%*xycx (UxQ*— QST+ RxS>+ PxT? —
4x P+ RxU) | ((—Q*+4x P* R)*( Rxx% —Q*xc*yc+ Pxy2))) /2 —8x Px R a2, — Q%%
ro*xyc*k (UxQ*—QxS*xT+RxS?+ P+T?—4x PxRxU) / ((—Q?*+4% P* R)x( Rxx2 —
Q*ro*yc+Pxy2))) 2 +4x Px Rxyc* (1o —1)%% (U Q*— QxS+ T+ R* S*+ Px
T?—4xPxRxU))/((—Q*+4* Px R)x( Rxx% — Q+xoxyc—2%x Rxxo+ Pxy2 +Q*yc+
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R))Y2?—4% P* Rxycx(UxQ?*— Q* S*T+ R+ S*+ P+ T? —4x P+ R+ U) / ((—Q?+4x Px
R)*(Rxx2— Qxxcxyc+ Pryd))) 2 +4x Px Rxxoxyc* (UxQ? —QxS*T+ R+ S%+
PxT?—4xPxRxU) /((—Q*+4% PxR)*( Rxx% — Qxxcxyc+Pxy2)))/?) /(6% (—Q*+
4xPxR)*(xc—1)))) 2+ (((yo* (2% P¥Txyc —Q* S*xyc— Q* T xc+2% R¥ Sxxc+Q?**
yox(((re—1)?*x(UxQ*—Q*S*T+ R+ S*+ PxT?—4x Px RxU)) /((—Q*+4x Px R)*
(Rx2%—Q*xcxyc—2%Rkxo+Pry2+Qxyc+R)))V2+Q+Txxk — 2% Rx Sx a2 —dx
PxRxyc*(((xe—1)?x(UxQ*—QxS*T+ RxS*+ PxT?—4xPx RxU)) /((—Q*+4x
PxR)*(R*2% —Q*xcxyc—2% Rxxc+ Pyl +Qxyc+R)))V/? =25 PxT*xcxyc+Q*
Sxzoxyc))/ (@2 +y2)«(—Q*+4x PxR)x(xc— 1))+ (yo* (Q* xycx (U Q* — Q+S*
T+R*S?+PxT?—4x P+ R+U) /(R¥(—Q*+4xP* R)))Y2 —2x PxTxyc+Q*Sxyc+
QxTxxc—2xRxSxxc—4x Px Rxycx(UxQ*—Q*S*T+ R+ S?+ P+T? — 4% Px Rx
U)/(Rx(—=Q*+4xP+R)))"?)) /(a2 +y¢)*(=Q*+4% PxR))) /3~ (—(Q**+zc — Q%+
224 Q% xyi —Q**xycx (UxQ* —Q+S*T+RxS?*+ PxT?*—4x PxRxU ) | (R*(—Q*+4x
P*R)))Y2 —4% P* Rxxc+4% PxTxyc—2xQ*S*yc+Q%xyc* (((xo—1)?+ (UxQ? —
Q*S*T+RxS?+ PxT?—4x P+ RxU)) /((—Q*+4% PxR)*(Rxx: — Qxxcxyc—2x R*
o+ Pyt +Qxyc+R)))Y2+4x Px Ry — 4x Px Ryt + Q% vz oxyox (U Q*— QxS *
T+ RxS?+ PxT?—4x P+ R+U) / ((—Q?+4% P* R)x( Rxx% — Q*xcxyc+Pxy2))) /2 —
4x Px Rxyc*(((xe—1)?x(UxQ*—Q*S+T+RxS?*+ P+T? —4x Px RxU)) / ((—Q*+
4% Px R)x(R*x% — Q*x0*yc — 2% R¥ 10+ Pxyt +Qxyc+R))) V2 +4% P Rxyox ((Ux*
Q*—QxS*T+R*S?+ PxT?—4x P+ RxU) /(R*(—Q?*+4%x P+ R)))Y/? —4x Px Rxxc*
Yo (UxQ*—Q*S*T+ RxS*+ P+T? —4x Px RxU) /((—Q*+4% Px R)* ( R*xx% — Qx*
voxyo+P*y2)))V?) ) (6xycx (—Q*+4x PxR))))?— ((xc+1)/3— (— (4% P+ R+2%
Q*T—4xRxS—Q*xxc—Q*+2xQ* 22+ 4% Px Rxxc—2xQ+T*xxrc+4% RxSxxc—
Q*xyo* (((xe =12+ (UxQ*—Q+S*T+RxS*+ P+T?—4x P+ RxU)) /((—Q?*+4x
PxR)*(Rxx% —Q*xc*yc—2% Rxxc+Pxy2 +Q*yc+R))V2+Q*xyo+ (UxQ? —
Q*S*T+RxS?+PxT?—4x P« RxU)/((—Q*+4x Px R)*(Rx1% — Q*xc*yc+ P
Y22 8% Px R, — Q*xwoxycx (U Q*—QxS+T+ RxS?+ P+T? — 4% P* R*
U)/((—Q*+4% P+ R)x(R*x% — Q*woxyc+ Pxy2))) /2 +4x Px Rxycx (((zc—1)%*
(UxQ*—Q+S+T+RxS*+P+xT?—4xPxRxU))/((—Q*+4x Px R)*( R*xx% — Q*xc*
yo—2% Rxxo+ Pxy2+Qxyc+R)))V/2—4% Px Reyc* (UxQ?— Q% S¥T+ R*S?+ P
T2 —4x P+ R+U) /((—Q*+4% Px R)x(R*2% — Q*xc*yc+Pxy2))) /2 +4x P* Rxxo*
yox((UxQ?—Q*S*T+R*xS*+ PxT?—4x PxRxU) /((—Q*+4% Px R)*( Rz —Qx
reeyo + PV (65(— QP4 4% PxR)x (ro— 1)) (v /3 (~ (@ wre QP
T2+ Q% 5yt — Q*xyc* (UxQ*—QxSxT+ RxS?+ PxT? —4x PxRxU) / (R (—Q*+
45 PxR)))Y2 4% Px Rsxc+4% PxTxyc—2%Q*S*yc+Q**yc* (((xe—1)* (U
Q*—Q*S*T+R*xS*+ P+xT?—4xPxRxU)) /((—Q*+4% P* R)*( Rxx% — Q*xc*yc —
2% Rxxc+ P*y2+Qxyc+R)))V/?+4% Px Rx 1% — 4% Px Rxy + Q*xxoxyc+ (U *
Q*—Q*S+xT+R*xS*+ P+T?—4x P+ RxU) /((—Q*+4% P* R)*(R+1% — Q*xc*yc+
Pxy2))2—4xPx Rxyox (10 —1)2% (U Q*—Q* ST+ RxS?+ PxT? — 4% Px Rx
U))/((—Q*+4%xPxR)*(Rx2% — Q*ro*yc—2% R¥xo+Pry2 +Q*yc+R)))V>+
4x P+ Rxycx (UxQ*—Q*S+xT+ RxS?+ PxT?—4x P« RxU) /(R*(—Q? +4% Px
R)Y2—4x PxRrxoxyc* (UxQ*—Q*S+T+R*S>+ PxT? —4x P+ R+xU) /((—Q*+
4% PxR)* (R*2% — Q*xc*yc+ Pxy3))Y?)/(6xycx (—Q*+4x PxR))))? = 0,
and

(zo+(—(Q+T—2%RxS—Q+T*xc+2% RxS*xxc—Q*xycx (((xc—1)**(UxQ* — Q*
SxT+RxS?+P+T?—4xP+xRxU))/((—Q*+4* Px R)* (R* 1% — Q*xc*yc —2% Rx
o+ Pry2+Q*yc+R)))V2+4% Px Rxyox (1o —1)2%(UxQ?*— QxS T+ RxS%+ P
T?—4xPxRxU))/((—Q*+4* PxR)x( Rxx% — Q+xoxyc—2%x Rxxo+ Pxy2 +Q*yc+
RINY2)/(—Q*+4xPxR)x(xc—1)))+(Q*T—2x R+ S+Q?*+yc* (UQ?—Q*S+T+
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RxS%4+ P+T?—4x P+ R+U) /((—Q*4+4% P+ R)*( Rxx% — Q*xc*yc+ Pxy2))) /2 —4x
PxRxycx(UxQ*—Q*S*T+ RxS?+ P+T? —4x PxRxU) / ((— Q?+4% P R)*( Rxx% —
Qxxc*yc+Pry2)) V) /(—Q*+4%x PxR)) /3 —(— (4% Px R+-2xQ*T — 4% R+ S —Q*x
To—Q?+ 2% Q%% +4% Px Rxv o — 25 Q* Txx o +4% Rx Sxx o — Q%+ ycx (((xe—1) (U
Q*—QxS*T+R*xS?*+ P+T?—4x P+ RxU)) /((—Q*+4% Px R)x( Rz — Q*xc*xyc—
2% R xo+ Pyt +Qxyc+R)))YV24+Q*xyox (U Q? —Q+ ST+ R S? 4+ P+T? —4x Px
RxU)/((—Q*+4x PxR)*(Rxx2,—Q*woxyc+ Pxy2)))/?—8x Px Rxx% — Q*xx ¥y *
(UxQ*—Q*S*T+RxS*+ PxT?*—4x P+ RxU) /((—Q*+4x Px R)*( R*xx% — Q*xc*
Yo+ Pxy2)) Y2 +4x P Rxyc* (1 —1)2% (U Q? — QST+ R* S?+ P+T? —4x P
RxU))/((—Q*+4% PxR)x(Rx2% — Q*xc*yc— 2% R¥xo+ Pxy2+Qxyc+R)))Y? —
4x Px Rxyox (UxQ?—Q*S*T+ R+ S?+ PxT?—4x Px RxU ) /((—Q*+4x Px R) (R
12— Q*xoxyc+Pxy2))) 2 +4x Px Rxxvoxyox (UQ? —Qx ST+ RxS?+ P+ T2 —4x
PxR+U)/((—Q?*+4% PxR)*(Rx2% —Qxxc*xyc+Pxy2)))Y?) / (6%(—Q*+4x Px R)
(r0— D))+ (e 3 (— (@ 50— Qs + Qg — Qe (U — QeS+T+ R
S24 P+T?— 4% PxRxU) / (R*(—Q*+4% P+ R)))Y/? —4x P+ Rxxc+4% P+ Txyc—2xQx
Sxyc+Q** yc*((xc—1)2%(UxQ*—Q*S*T+ RxS?+ PxT?—4x PxRxU)) / ((—Q*+
4% Px R)x(Rx1%— Qxxoxyc—2% Rxxo+ Pxy +Qxyc+R))) V2 +4% Px Rx a2 — 4%
PxRxy24+Q*xxoxyc* (UxQ? —QxS*T+RxS*+ PxT?*—4x Px R+xU) /((—Q* +4x
PxR)*(Rxx% —Qxxc*xyc+Pxy2))) /2 —dx Px Rxyc* (e —1)2 % (UxQ? — QS *
T+R*xS*+PxT?—4xPxRxU))/((—Q*+4xPxR)*( Rxx% — Q*xcxyc—2% Rxxc+
Pxy2+Qxyc+R)))Y2+4x Px Ryox (UxQ? —Q* ST+ R+ S+ P+T? —4x P* Rx
U)/(R¥(—Q*+4% PxR)))"/?—4x P Rxxc*yox(UxQ? —QxS¥T+RxS> 4+ P12 —
4x PxR+U) [ ((—Q*+4% P+ R)x(Rxx% — Q*xo*yc+ P*y2)))Y?) [ (6% yo* (— Q> +4%
PxR)))?—((xzc+1)/3—(—(4x Px R+2%Q*T —4x RxS— Q*xxc — Q* +2xQ** 12 +
4x Px Rxxo—2%QxTxxo+4% R Sxxc—Q*xyo* (1o —1)*x(UxQ*—QxS*xT+ Rx
S24+ PxT?—4x PxRxU)) /((—Q?+4x P* R)* ( Rxx% — Q*xc*yc — 2% Rxxc+ Pxy2+
Q*yc+R))YV2+Q%**ycx (UQ*— QxS+ T+RxS* + P+xT? —4x P+ RxU) [ ((—Q*+4x
PxR)x(Rxx%—Qxxoxyc+Pxy2)))Y2 =8+ Px Rxx2 — Q*xxc*ycx (UQ? —Q* S x
T+R+S?+PxT?—4x P+ RxU) | ((—Q*+4% Px R)*( Rxx% — Q*xc*xyc+Pxyt))) 2+
4% Px Rxyc*(((xc—1)*%(UxQ* —Q*SxT+ RxS*+ P+xT?—4x P+ RxU)) /((—Q*+
4% Px R)*(Rxa% —Q*x0oxyo—2% Rx o+ Pyl +Qxyc+R))) V2 — 4% Px Rxycx (U
Q*—Q*S*T+RxS?+P*xT?—4x PxR+U ) | ((—Q?+4% Px R)x( Rxx% — Q*xc*yc+ P
Y2))) 2 4dx Px Rexoxyox(UxQ?*—Q# S¥T+ RxS*+ P+ T? —4x Px RxU) | ((—Q*+
45 PxR)* (R*2% —Qxxo*yc+Pxy2))?) /(6% (—Q* +4% P+ R)* (zc—1))))? —
(v /3~ (— Q50— QP52+ Qe ~ Py (UQ* — QeS+T+ RS PrT?—
4x P+ RxU) /(R*(—Q?4+4x P+ R)))"/? —4% Px Rz +4% PxTxyc— 2+ Q*S*yc+Q?*
yox((re—1)?x(UxQ*—Q*S*T+ R+ S*+ PxT?—4x PxRxU)) /((—Q*+4x Px R)*
(Rxa —Q*xc*yc—2% Rxxo+ Pyt +Qxyc+R)))Y2+4% Px Rxx2 — 4% P+ Rxy2 +
Q*sxxc*xycx((UxQ*—Q*S*T+RxS?+ P+T? —4x Px RxU) /((—Q*+4% P R) % Rx
12— Qxxoxyc+ Pxyd )2 —4x Px Rxyox((xc—1) 2% (UQ* —Q*S*T+ R+ S?+ P
T?—4x P+ RxU)) /((—Q*+4% P* R)x( Rxx% — Q*xc*xyc— 2% Rxx o+ P*y2 +Q*yc+
R))Y2 44 Px Rxycx(UxQ*—Q*S*T+RxS?*+ PxT? —4x P+ RxU) / (R* (—Q*+4x
PxR))Y2—4x Px Rxxcxycx(UQ?—QxS+T+RxS*+ P+xT?—4x PxRxU) / ((—Q*+
4x P*xR)* (R — Qxxc*yc+ Pxy2)V?)/(6xyc* (—Q* +4x Px R))))> =0
as desired.

U
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FIGUurE 1. Illustration.
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