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1. Introduction

We demonstrate here that given a triangle and a quadric curve in the plane that
a certain type of circle appears.

2. Results

Theorem 2.1. Let ABC be a triangle.
Let γ be a quadric curve in the plane with center O.
Let Pa be the intersection of γ and the orthogonal projection of O on line BC.
Define Pb and Pc cyclically.
Let Ab be the orthogonal projection of Pa on line AC.
Define Ac, Ba, Bc, Ca, and Cb cyclically.
Then the centroids of ABC,ABaCa, BAbCb, and CAcBc are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
γ is given by the equation
P ∗ x2 +Q ∗ x ∗ y +R ∗ y2 + S ∗ x+ T ∗ y + U = 0
O has coordinates
((2 ∗R ∗ S −Q ∗ T )/(Q2 − 4 ∗ P ∗R), (2 ∗ P ∗ T −Q ∗ S)/(Q2 − 4 ∗ P ∗R)).
Pa has coordinates
(−(Q∗T −2∗R∗S−Q∗T ∗xC+2∗R∗S ∗xC−Q2∗yC ∗(((xC−1)2∗(U ∗Q2−Q∗

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author
225

http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953


226 A Circle That Emerges from A Quadric Curve in the Plane of a Triangle

S ∗T +R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗ (R∗x2
C −Q∗xC ∗yC −

2∗R∗xC +P ∗y2C +Q∗yC +R)))1/2+4∗P ∗R∗yC ∗ (((xC −1)2 ∗ (U ∗Q2−Q∗S ∗
T +R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗ (R∗x2

C −Q∗xC ∗yC −2∗
R∗xC +P ∗y2C +Q∗yC +R)))1/2)/((−Q2+4∗P ∗R)∗ (xC −1)),−(2∗P ∗T −Q∗
S+Q2 ∗ (((xC −1)2 ∗ (U ∗Q2−Q∗S ∗T +R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+
4∗P ∗R)∗ (R∗x2

C −Q∗xC ∗yC −2∗R∗xC +P ∗y2C +Q∗yC +R)))1/2−4∗P ∗R∗
(((xC −1)2 ∗ (U ∗Q2−Q∗S ∗T +R ∗S2+P ∗T 2−4∗P ∗R ∗U))/((−Q2+4∗P ∗
R)∗(R∗x2

C−Q∗xC ∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2)/(−Q2+4∗P ∗R)).
Pb has coordinates
((Q ∗ T − 2 ∗R ∗S +Q2 ∗ yC ∗ ((U ∗Q2 −Q ∗S ∗ T +R ∗S2 +P ∗ T 2 − 4 ∗P ∗R ∗
U)/((−Q2+4 ∗P ∗R) ∗ (R ∗x2

C −Q ∗xC ∗ yC +P ∗ y2C)))1/2− 4 ∗P ∗R ∗ yC ∗ ((U ∗
Q2−Q∗S ∗T +R ∗S2+P ∗T 2− 4∗P ∗R ∗U)/((−Q2+4∗P ∗R)∗ (R ∗x2

C −Q∗
xC ∗yC +P ∗y2C)))1/2)/(−Q2+4∗P ∗R),−(2∗P ∗T −Q∗S+Q2 ∗xC ∗ ((U ∗Q2−
Q ∗S ∗T +R ∗S2+P ∗T 2− 4 ∗P ∗R ∗U)/((−Q2+4 ∗P ∗R) ∗ (R ∗x2

C −Q ∗xC ∗
yC +P ∗y2C)))1/2−4∗P ∗R∗xC ∗ ((U ∗Q2−Q∗S ∗T +R∗S2+P ∗T 2−4∗P ∗R∗
U)/((−Q2 +4 ∗P ∗R) ∗ (R ∗ x2

C −Q ∗ xC ∗ yC +P ∗ y2C)))1/2)/(−Q2 +4 ∗P ∗R)).
Pc has coordinates
((2∗R∗S−Q∗T )/(Q2−4∗P ∗R),−(2∗P ∗T−Q∗S+(−Q2+4∗P ∗R)∗((U ∗Q2−
Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2)/(−Q2+4∗P ∗R)).
Ab has coordinates
((xC ∗(2∗P ∗T ∗yC−Q∗S∗yC−Q∗T ∗xC+2∗R∗S∗xC+Q2∗yC ∗(((xC−1)2∗(U ∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC ∗
yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q∗T ∗x2

C−2∗R∗S ∗x2
C−4∗P ∗R∗yC ∗

(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC ∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−2∗P ∗T ∗xC ∗yC+Q∗S∗xC ∗

yC))/((x
2
C+y2C)∗(−Q2+4∗P ∗R)∗(xC−1)), (yC ∗(2∗P ∗T ∗yC−Q∗S∗yC−Q∗T ∗

xC+2∗R∗S∗xC+Q2∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q∗
T ∗x2

C−2∗R∗S∗x2
C−4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−

4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC ∗yC−2∗R∗xC+P ∗y2C+Q∗yC+

R)))1/2−2∗P ∗T ∗xC∗yC+Q∗S∗xC∗yC))/((x2
C+y2C)∗(−Q2+4∗P ∗R)∗(xC−1))).

Ac has coordinates
(−(Q∗T − 2∗R ∗S−Q∗T ∗xC +2∗R ∗S ∗xC −Q2 ∗ yC ∗ (((xC − 1)2 ∗ (U ∗Q2−
Q∗S ∗T +R ∗S2+P ∗T 2−4∗P ∗R ∗U))/((−Q2+4∗P ∗R)∗ (R ∗x2

C −Q∗xC ∗
yC − 2 ∗R ∗xC +P ∗ y2C +Q ∗ yC +R)))1/2+4 ∗P ∗R ∗ yC ∗ (((xC − 1)2 ∗ (U ∗Q2−
Q ∗ S ∗ T +R ∗ S2 + P ∗ T 2 − 4 ∗ P ∗R ∗ U))/((−Q2 + 4 ∗ P ∗R) ∗ (R ∗ x2

C −Q ∗
xC ∗ yC − 2 ∗R ∗xC +P ∗ y2C +Q ∗ yC +R)))1/2)/((−Q2+4 ∗P ∗R) ∗ (xC − 1)), 0).
Ba has coordinates
((Q∗T−2∗R∗S−Q2∗y2C+2∗P∗T∗yC−Q∗S∗yC−2∗Q∗T∗xC+4∗R∗S∗xC+Q2∗yC∗
((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC+P ∗y2C)))1/2+4∗P ∗R∗y2C+Q∗T ∗x2

C−2∗R∗S∗x2
C−Q2∗xC∗yC∗((U∗Q2−Q∗S∗

T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2−

4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC+P ∗y2C)))1/2−2∗P ∗T ∗xC∗yC+Q∗S∗xC∗yC+4∗P ∗R∗xC∗yC∗((U∗

Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+4∗P∗R)∗(R∗x2
C−Q∗xC∗yC+P∗

y2C)))
1/2)/((−Q2+4∗P∗R)∗(x2

C−2∗xC+y2C+1)), (yC∗(4∗P∗R−Q∗T+2∗R∗S+Q2∗
xC−Q2−4∗P ∗R∗xC−2∗P ∗T ∗yC+Q∗S∗yC+Q∗T ∗xC−2∗R∗S∗xC−Q2∗yC∗((U∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+
P∗y2C)))1/2+4∗P∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+4∗
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P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2))/((−Q2+4∗P ∗R)∗(x2

C−2∗xC+y2C+1))).
Bc has coordinates
((Q ∗ T − 2 ∗R ∗S +Q2 ∗ yC ∗ ((U ∗Q2 −Q ∗S ∗ T +R ∗S2 +P ∗ T 2 − 4 ∗P ∗R ∗
U)/((−Q2 + 4 ∗ P ∗ R) ∗ (R ∗ x2

C − Q ∗ xC ∗ yC + P ∗ y2C)))1/2 − 4 ∗ P ∗ R ∗ yC ∗
((U ∗Q2 −Q ∗ S ∗ T +R ∗ S2 + P ∗ T 2 − 4 ∗ P ∗R ∗U)/((−Q2 + 4 ∗ P ∗R) ∗ (R ∗
x2
C −Q ∗ xC ∗ yC + P ∗ y2C)))1/2)/(−Q2 + 4 ∗ P ∗R), 0).

Ca has coordinates
((Q∗T −2∗R∗S−Q2 ∗y2C−Q2 ∗yC ∗((U ∗Q2−Q∗S ∗T +R∗S2+P ∗T 2−4∗P ∗
R∗U)/(R∗(−Q2+4∗P ∗R)))1/2+2∗P ∗T ∗yC−Q∗S ∗yC−2∗Q∗T ∗xC+4∗R∗
S∗xC+4∗P ∗R∗y2C+Q∗T ∗x2

C−2∗R∗S∗x2
C+Q2∗xC ∗yC ∗((U ∗Q2−Q∗S∗T+

R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2+4∗P ∗R∗yC ∗((U ∗Q2−
Q∗S ∗T +R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−2∗P ∗T ∗xC ∗
yC+Q∗S∗xC ∗yC−4∗P ∗R∗xC ∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U)/(R∗(−Q2+4∗P ∗R)))1/2)/((−Q2+4∗P ∗R)∗(x2

C−2∗xC+y2C+1)), (yC ∗
(4∗P ∗R−Q∗T+2∗R∗S+Q2∗xC−Q2+Q2∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗
T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC−2∗P ∗T ∗yC+Q∗S ∗
yC+Q∗T ∗xC−2∗R∗S∗xC−4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗
P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2))/((−Q2+4∗P ∗R)∗(x2

C−2∗xC+y2C+1))).
Cb has coordinates
((xC ∗ (Q2 ∗yC ∗ ((U ∗Q2−Q∗S ∗T +R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗ (−Q2+
4 ∗ P ∗R)))1/2 − 2 ∗ P ∗ T ∗ yC +Q ∗ S ∗ yC +Q ∗ T ∗ xC − 2 ∗R ∗ S ∗ xC − 4 ∗ P ∗
R ∗ yC ∗ ((U ∗Q2−Q ∗S ∗T +R ∗S2+P ∗T 2− 4 ∗P ∗R ∗U)/(R ∗ (−Q2+4 ∗P ∗
R)))1/2))/((x2

C +y2C)∗ (−Q2+4∗P ∗R)), (yC ∗ (Q2 ∗yC ∗ ((U ∗Q2−Q∗S ∗T +R∗
S2 +P ∗ T 2 − 4 ∗P ∗R ∗U)/(R ∗ (−Q2 +4 ∗P ∗R)))1/2 − 2 ∗P ∗ T ∗ yC +Q ∗ S ∗
yC +Q∗T ∗xC − 2∗R ∗S ∗xC − 4∗P ∗R ∗ yC ∗ ((U ∗Q2−Q∗S ∗T +R ∗S2+P ∗
T 2− 4 ∗P ∗R ∗U)/(R ∗ (−Q2+4 ∗P ∗R)))1/2))/((x2

C + y2C) ∗ (−Q2+4 ∗P ∗R))).
The centroid of ABC has coordinates ((xC + 1)/3, yC/3).
The centroid of ABaCa has coordinates
(((Q∗T−2∗R∗S−Q2∗y2C+2∗P ∗T ∗yC−Q∗S∗yC−2∗Q∗T ∗xC+4∗R∗S∗xC+Q2∗
yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗
xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗y2C+Q∗T ∗x2

C−2∗R∗S∗x2
C−Q2∗xC∗yC∗((U ∗Q2−

Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗

y2C)))
1/2−4∗P ∗R∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗

P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2−2∗P ∗T ∗xC∗yC+Q∗S∗xC∗yC+4∗P ∗R∗

xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−

Q∗xC ∗yC+P ∗y2C)))1/2)/((−Q2+4∗P ∗R)∗(x2
C−2∗xC+y2C+1))+(Q∗T−2∗R∗

S−Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗
P ∗R)))1/2+2∗P ∗T ∗yC−Q∗S∗yC−2∗Q∗T ∗xC+4∗R∗S∗xC+4∗P ∗R∗y2C+Q∗T ∗
x2
C−2∗R∗S∗x2

C+Q2∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗
(−Q2+4∗P ∗R)))1/2+4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U)/(R∗(−Q2+4∗P ∗R)))1/2−2∗P ∗T ∗xC ∗yC+Q∗S∗xC ∗yC−4∗P ∗R∗xC ∗yC ∗
((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2)/((−Q2+
4∗P ∗R)∗(x2

C−2∗xC+y2C+1)))/3, ((yC∗(4∗P ∗R−Q∗T+2∗R∗S+Q2∗xC−Q2−
4∗P ∗R∗xC−2∗P ∗T ∗yC+Q∗S∗yC+Q∗T ∗xC−2∗R∗S∗xC−Q2∗yC ∗((U ∗Q2−
Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗
y2C)))

1/2+4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC+P ∗y2C)))1/2))/((−Q2+4∗P ∗R)∗(x2
C−2∗xC+y2C+

1))+(yC∗(4∗P ∗R−Q∗T+2∗R∗S+Q2∗xC−Q2+Q2∗yC∗((U ∗Q2−Q∗S∗T+R∗
S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC−2∗P ∗T ∗yC+Q∗
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S∗yC+Q∗T ∗xC−2∗R∗S∗xC−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗
P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2))/((−Q2+4∗P ∗R)∗(x2

C−2∗xC+y2C+1)))/3).
The centroid of BAbCb has coordinates
((1+(xC∗(2∗P ∗T ∗yC−Q∗S∗yC−Q∗T ∗xC+2∗R∗S∗xC+Q2∗yC∗(((xC−1)2∗(U∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−
2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q∗T ∗x2

C−2∗R∗S∗x2
C−4∗P ∗R∗yC∗(((xC−1)2∗

(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗

yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−2∗P ∗T ∗xC ∗yC+Q∗S∗xC ∗yC))/((x2
C+

y2C)∗(−Q2+4∗P ∗R)∗(xC−1))+(xC∗(Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−
4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−2∗P ∗T ∗yC+Q∗S∗yC+Q∗T ∗xC−2∗R∗S∗
xC−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
R)))1/2))/((x2

C+y2C)∗(−Q2+4∗P ∗R)))/3, ((yC ∗(2∗P ∗T ∗yC−Q∗S∗yC−Q∗T ∗
xC+2∗R∗S∗xC+Q2∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q∗
T∗x2

C−2∗R∗S∗x2
C−4∗P∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗

R∗U))/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−

2∗P ∗T ∗xC∗yC+Q∗S∗xC∗yC))/((x2
C+y2C)∗(−Q2+4∗P ∗R)∗(xC−1))+(yC∗(Q2∗

yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−2∗P ∗
T ∗yC+Q∗S∗yC+Q∗T ∗xC−2∗R∗S∗xC−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+
P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2))/((x2

C+y2C)∗(−Q2+4∗P ∗R)))/3).
The centroid of CAcBc has coordinates
((xC+(−(Q∗T−2∗R∗S−Q∗T ∗xC+2∗R∗S∗xC−Q2∗yC ∗(((xC−1)2∗(U ∗Q2−
Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC−
2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗yC ∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+
R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC−2∗R∗xC+
P ∗y2C+Q∗yC+R)))1/2)/((−Q2+4∗P ∗R)∗(xC−1)))+(Q∗T−2∗R∗S+Q2∗yC ∗
((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗
xC ∗yC+P ∗y2C)))1/2−4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2)/(−Q2+4∗P ∗R))/3, yC/3).
Consider the circle whose equation is given by
(x−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2

C+4∗P ∗R∗xC−2∗Q∗
T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−
Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2

C−Q2∗xC∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗
T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗yC∗
(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+

R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC ∗yC+P ∗y2C)))1/2+

4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗
(R∗x2

C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗(xC−1))))2+(y−(−(Q2∗
xC−Q2∗x2

C+Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗
(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗yC∗(((xC−1)2∗
(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2

C−4∗P ∗R∗y2C+Q2∗xC ∗yC ∗
((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
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R)))1/2−4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗yC ∗(−Q2+4∗P ∗R))))2−((xC+
1)/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2

C+4∗P ∗R∗xC−2∗Q∗
T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−
Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2

C−Q2∗xC∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗
T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗yC∗
(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+

R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2+4∗

P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗(xC−1))))2−(yC/3−(−(Q2∗

xC−Q2∗x2
C+Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗

(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗yC∗(((xC−1)2∗
(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2

C−4∗P ∗R∗y2C+Q2∗xC ∗yC ∗
((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
R)))1/2−4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗ (R∗x2

C −Q∗xC ∗yC +P ∗y2C)))1/2)/(6∗yC ∗ (−Q2+4∗P ∗R))))2 = 0.
We verify that this circle passes through the centroids of ABC,ABaCa, BAbCb,
and CAcBc since we calculate
((xC+1)/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2

C+4∗P ∗R∗xC−
2∗Q∗T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗
P∗R∗U))/((−Q2+4∗P∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P∗y2C+Q∗yC+R)))1/2+
Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−
Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2

C−Q2∗xC∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗
T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗yC∗
(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+

R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2+4∗

P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗(xC−1))))2+(yC/3−(−(Q2∗

xC−Q2∗x2
C+Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗

(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗yC∗(((xC−1)2∗
(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2

C−4∗P ∗R∗y2C+Q2∗xC ∗yC ∗
((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
R)))1/2−4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗yC ∗(−Q2+4∗P ∗R))))2−((xC+
1)/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2

C+4∗P ∗R∗xC−2∗Q∗
T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
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Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−

Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2
C−Q2∗xC∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗

T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗yC∗

(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+

R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2+4∗

P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗(xC−1))))2−(yC/3−(−(Q2∗

xC−Q2∗x2
C+Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗

(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗yC∗(((xC−1)2∗
(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2

C−4∗P ∗R∗y2C+Q2∗xC ∗yC ∗
((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
R)))1/2−4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗ (R∗x2

C −Q∗xC ∗yC +P ∗y2C)))1/2)/(6∗yC ∗ (−Q2+4∗P ∗R))))2 = 0,
(((Q∗T−2∗R∗S−Q2∗y2C+2∗P ∗T ∗yC−Q∗S∗yC−2∗Q∗T ∗xC+4∗R∗S∗xC+Q2∗
yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗
xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗y2C+Q∗T ∗x2

C−2∗R∗S∗x2
C−Q2∗xC∗yC∗((U ∗Q2−

Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗

y2C)))
1/2−4∗P ∗R∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗

P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2−2∗P ∗T ∗xC∗yC+Q∗S∗xC∗yC+4∗P ∗R∗

xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−

Q∗xC∗yC+P ∗y2C)))1/2)/((−Q2+4∗P ∗R)∗(x2
C−2∗xC+y2C+1))+(Q∗T−2∗R∗S−

Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
R)))1/2+2∗P ∗T ∗yC−Q∗S∗yC−2∗Q∗T ∗xC+4∗R∗S∗xC+4∗P ∗R∗y2C+Q∗T ∗x2

C−
2∗R∗S∗x2

C+Q2∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/(R∗(−Q2+
4∗P ∗R)))1/2+4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗
(−Q2+4∗P ∗R)))1/2−2∗P ∗T ∗xC∗yC+Q∗S∗xC∗yC−4∗P ∗R∗xC∗yC∗((U ∗Q2−
Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2)/((−Q2+4∗P ∗R)∗
(x2

C−2∗xC+y2C+1)))/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2
C+

4∗P ∗R∗xC−2∗Q∗T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗
S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+
Q∗yC+R)))1/2+Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗
P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2
C−Q2∗xC∗yC∗((U∗Q2−Q∗S∗

T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2+

4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗
Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+4∗P∗R)∗(R∗x2

C−Q∗xC∗yC+P∗
y2C)))

1/2+4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P∗R)∗(R∗x2

C−Q∗xC∗yC+P∗y2C)))1/2)/(6∗(−Q2+4∗P∗R)∗(xC−1))))2+(((yC∗
(4∗P ∗R−Q∗T+2∗R∗S+Q2∗xC−Q2−4∗P ∗R∗xC−2∗P ∗T ∗yC+Q∗S∗yC+Q∗T ∗
xC−2∗R∗S∗xC−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+
P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2))/((−Q2+
4∗P∗R)∗(x2

C−2∗xC+y2C+1))+(yC∗(4∗P∗R−Q∗T+2∗R∗S+Q2∗xC−Q2+Q2∗yC∗
((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗
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xC−2∗P∗T∗yC+Q∗S∗yC+Q∗T∗xC−2∗R∗S∗xC−4∗P∗R∗yC∗((U∗Q2−Q∗S∗T+
R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2))/((−Q2+4∗P ∗R)∗(x2

C−2∗
xC+y2C+1)))/3−(−(Q2∗xC−Q2∗x2

C+Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+
P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗
yC+Q2∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2
C−4∗

P ∗R∗y2C+Q2∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗
P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗
T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+
P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−
4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2)/(6∗yC∗(−Q2+4∗
P ∗R))))2−((xC+1)/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2

C+
4∗P ∗R∗xC−2∗Q∗T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗
S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+
Q∗yC+R)))1/2+Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗
P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2
C−Q2∗xC∗yC∗((U∗Q2−Q∗S∗

T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2+

4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗
Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+4∗P∗R)∗(R∗x2

C−Q∗xC∗yC+P∗
y2C)))

1/2+4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗(xC−1))))2−
(yC/3−(−(Q2∗xC−Q2∗x2

C+Q2∗y2C−Q2∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−
4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗
yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗
(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2
C−4∗P ∗R∗y2C+

Q2∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗

T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+

R)))1/2+4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗
P∗R)))1/2−4∗P∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+
4∗P ∗R)∗ (R∗x2

C −Q∗xC ∗yC +P ∗y2C)))1/2)/(6∗yC ∗ (−Q2+4∗P ∗R))))2 = 0,
((1+(xC∗(2∗P ∗T ∗yC−Q∗S∗yC−Q∗T ∗xC+2∗R∗S∗xC+Q2∗yC∗(((xC−1)2∗(U∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−
2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q∗T ∗x2

C−2∗R∗S∗x2
C−4∗P ∗R∗yC∗(((xC−1)2∗

(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗

yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−2∗P ∗T ∗xC ∗yC+Q∗S∗xC ∗yC))/((x2
C+

y2C)∗(−Q2+4∗P ∗R)∗(xC−1))+(xC∗(Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−
4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−2∗P ∗T ∗yC+Q∗S∗yC+Q∗T ∗xC−2∗R∗S∗
xC−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
R)))1/2))/((x2

C+y2C)∗(−Q2+4∗P ∗R)))/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗
xC−Q2+2∗Q2∗x2

C+4∗P ∗R∗xC−2∗Q∗T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗
(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗
yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−
4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2
C−Q2∗

xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−

Q∗xC ∗yC+P ∗y2C)))1/2+4∗P ∗R∗yC ∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗
T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+



232 A Circle That Emerges from A Quadric Curve in the Plane of a Triangle

R)))1/2−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗
R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+
P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2)/(6∗(−Q2+
4∗P ∗R)∗(xC−1))))2+(((yC∗(2∗P ∗T ∗yC−Q∗S∗yC−Q∗T ∗xC+2∗R∗S∗xC+Q2∗
yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗
(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q∗T ∗x2
C−2∗R∗S∗x2

C−4∗
P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗
P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−2∗P ∗T ∗xC∗yC+Q∗
S∗xC∗yC))/((x2

C+y2C)∗(−Q2+4∗P ∗R)∗(xC−1))+(yC∗(Q2∗yC∗((U ∗Q2−Q∗S∗
T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−2∗P ∗T ∗yC+Q∗S∗yC+
Q∗T ∗xC−2∗R∗S∗xC−4∗P ∗R∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U)/(R∗(−Q2+4∗P ∗R)))1/2))/((x2

C+y2C)∗(−Q2+4∗P ∗R)))/3−(−(Q2∗xC−Q2∗
x2
C+Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗

P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗yC∗(((xC−1)2∗(U ∗Q2−
Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗
xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2

C−4∗P ∗R∗y2C+Q2∗xC∗yC∗((U∗Q2−Q∗S∗
T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2−
4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗yC∗((U∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC∗
yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗
xC ∗yC+P ∗y2C)))1/2)/(6∗yC ∗(−Q2+4∗P ∗R))))2−((xC+1)/3−(−(4∗P ∗R+2∗
Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2

C+4∗P ∗R∗xC−2∗Q∗T ∗xC+4∗R∗S∗xC−
Q2∗yC ∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗
P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q2∗yC∗((U ∗Q2−
Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗
y2C)))

1/2−8∗P ∗R∗x2
C−Q2∗xC ∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗

U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC ∗yC+P ∗y2C)))1/2+4∗P ∗R∗yC ∗(((xC−1)2∗

(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗

yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗
T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗xC∗
yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗
xC ∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗(xC−1))))2−(yC/3−(−(Q2∗xC−Q2∗
x2
C+Q2∗y2C−Q2∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+

4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗yC ∗(((xC−1)2∗(U ∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−
2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2

C−4∗P ∗R∗y2C+Q2∗xC ∗yC ∗((U ∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+
P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+
4∗P ∗R∗yC ∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗
R)))1/2−4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗ (R∗x2

C −Q∗xC ∗yC +P ∗y2C)))1/2)/(6∗yC ∗ (−Q2+4∗P ∗R))))2 = 0,
and
((xC+(−(Q∗T−2∗R∗S−Q∗T ∗xC+2∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U∗Q2−Q∗
S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗
xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗
T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+
R)))1/2)/((−Q2+4∗P ∗R)∗(xC−1)))+(Q∗T−2∗R∗S+Q2∗yC∗((U∗Q2−Q∗S∗T+
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R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2−4∗

P∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+4∗P∗R)∗(R∗x2
C−

Q∗xC∗yC+P ∗y2C)))1/2)/(−Q2+4∗P ∗R))/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗
xC−Q2+2∗Q2∗x2

C+4∗P∗R∗xC−2∗Q∗T∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U∗
Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−
2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U)/((−Q2+4∗P∗R)∗(R∗x2

C−Q∗xC∗yC+P∗y2C)))1/2−8∗P∗R∗x2
C−Q2∗xC∗yC∗

((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗

yC+P ∗y2C)))1/2+4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗
R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−
4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC+P ∗y2C)))1/2+4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗

P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗

(xC−1))))2+(yC/3−(−(Q2∗xC−Q2∗x2
C+Q2∗y2C−Q2∗yC∗((U∗Q2−Q∗S∗T+R∗

S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗
S∗yC+Q2∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2
C−4∗

P ∗R∗y2C+Q2∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗
P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗
T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+
P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗
U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−
4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2)/(6∗yC∗(−Q2+4∗
P ∗R))))2−((xC+1)/3−(−(4∗P ∗R+2∗Q∗T−4∗R∗S−Q2∗xC−Q2+2∗Q2∗x2

C+
4∗P ∗R∗xC−2∗Q∗T ∗xC+4∗R∗S∗xC−Q2∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗
S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+
Q∗yC+R)))1/2+Q2∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗
P ∗R)∗(R∗x2

C−Q∗xC∗yC+P ∗y2C)))1/2−8∗P ∗R∗x2
C−Q2∗xC∗yC∗((U∗Q2−Q∗S∗

T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC+P ∗y2C)))1/2+

4∗P ∗R∗yC∗(((xC−1)2∗(U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2−4∗P ∗R∗yC∗((U∗
Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+4∗P∗R)∗(R∗x2

C−Q∗xC∗yC+P∗
y2C)))

1/2+4∗P ∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+
4∗P ∗R)∗(R∗x2

C−Q∗xC ∗yC+P ∗y2C)))1/2)/(6∗(−Q2+4∗P ∗R)∗(xC−1))))2−
(yC/3−(−(Q2∗xC−Q2∗x2

C+Q2∗y2C−Q2∗yC∗((U ∗Q2−Q∗S∗T+R∗S2+P ∗T 2−
4∗P ∗R∗U)/(R∗(−Q2+4∗P ∗R)))1/2−4∗P ∗R∗xC+4∗P ∗T ∗yC−2∗Q∗S∗yC+Q2∗
yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗
(R∗x2

C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+R)))1/2+4∗P ∗R∗x2
C−4∗P ∗R∗y2C+

Q2∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/((−Q2+4∗P ∗R)∗(R∗
x2
C−Q∗xC∗yC+P ∗y2C)))1/2−4∗P ∗R∗yC∗(((xC−1)2∗(U∗Q2−Q∗S∗T+R∗S2+P ∗

T 2−4∗P ∗R∗U))/((−Q2+4∗P ∗R)∗(R∗x2
C−Q∗xC∗yC−2∗R∗xC+P ∗y2C+Q∗yC+

R)))1/2+4∗P ∗R∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P ∗T 2−4∗P ∗R∗U)/(R∗(−Q2+4∗
P∗R)))1/2−4∗P∗R∗xC∗yC∗((U∗Q2−Q∗S∗T+R∗S2+P∗T 2−4∗P∗R∗U)/((−Q2+
4∗P ∗R)∗ (R ∗x2

C −Q∗xC ∗ yC +P ∗ y2C)))1/2)/(6∗ yC ∗ (−Q2+4∗P ∗R))))2 = 0
as desired.

□
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Figure 1. Illustration.
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