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1. RESuLTS

Theorem 1.1. Let ABC' be a triangle.

Let Ay be the reflection of A about the median through B.

Define A., By, B, Cy, and Cy cyclically.

Let Py be the circumcenter of A, B., and C}.

Define Pg and Pg cyclically.

Then the centroids of ABC', APgPo, BP,Pc, and CP4sPg are concyclic about
X (68325).

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0, 0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).

The median through A is given by the equation y = (yc * x)/(xc + 1).

The median through B is given by the equation y = (yo * (x — 1)) /(xzc — 2).
The median through C'is given by the equation y = (yo* (2*xx—1))/(2%zc —1).
Ay has coordinates

(2% 42) /(% + (v — 2P), —(2 5 (wc — 2) % ye) /(& + (v — 2%).

A, has coordinates

(4*yd)/(dxvi+ 2xzc— 1)), — (2% 2%z — 1) xyc)/(dxyd + (2xxc — 1)?)).
B, has coordinates

(2* (zo+1)2/(at + 2% 20 + Y2 +1) — 1, (2% (2c + 1) *yo) /(¢ + (zc + 1)%)).
B, has coordinates

(2*xzc—1)2/(4*y2 + (2*xxc—1)2), 2% (2*xzc— 1) *yc)/(Adxy2 + (2% 20— 1)%)).
C, has coordinates
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(Cg(:ilcw)*yﬁ;_ﬂ;c*<xc+1)2>/<yé+(xc+1>2), (yex(ye+at—1)/ (vt (zc+1)%)).
» has coordinates

((r0- 2« 4+ =20 + (20 =20 (=2 ) +
PAChas Coofdinates

(=2 42— 252 — 1)/6+ 30, (2470 — 1) (9 + (e — 2) ¥ (20— 1))/ (6 yc)).
Pg has coordinates

(2*xyz+2*at +2%2c+3)/6,—(2*xxc — 1) * (Y& + 28 + 20)) /(6 % yc))-

Pc has coordinates

(4xzc+1)/6,(3xy: — 22 + 20 +2)/(6*yc)).

The centroid of ABC' has coordinates ((z¢ + 1)/3,yc/3).

The centroid of APgPc has coordinates

(3 + (e + 1) * (ze +2))/9, ~((z0 — 2) # 5 + (0 — 1) % (2 + 11)/(9 % o).
The centroid of BP4Ps has coordinates

(— (0 + 32— 5 50 — 3)/9, (50 + 1) % 42 + (2 — 27 % 20)/(9 % y)),

The centroid of C'P4Pg has coordinates

(T*zc+1)/9,yc/3 — (2xxc —1)2/(9*yc)).

Consider the circle centered at X (68325) which passes through the centroid of
ABC', whose equation is given by
(x—(—((2%xc—1)xy2+2x(xc+1)**(2x20—7)) /54— ((xc —2) * (xc+1) % (2% 0 —
1) (af —wc+1))/(54xy¢)))* + (y— (— (2 (yg = (yg + 227 —2x2c —T)+ (20— 1) *
rox (2 —xc+5))—1)/(54*yc)))*— ((xc+1)/3—(—((2xxc—1)*xy2 +2% (xc+1)*
(2xxc—7)) /54— ((xc—2)x(zc+1)*(2xzc—1)* (22 —xc+1))/ (54xy2)))? — (yo /3—
(—(2x(y2*(y2a+2%22 —2xxc—T)+(xc—1)*x0* (i —20+5))—1) /(54*yc)))? = 0.
We verify that the centroids of APgPr, BP4FPc, and C P4 Ppg lie on this circle since
we calculate

(Y2 + (zo+ 1) x(zc+2))/9— (—((2xxc — 1) *y2 + 2% (xc+1)?* (2520 — 7)) /54 —
(re—2)x(ze+1)x(2xxc—1)x(x2 —xc+1)) [ (545y2))) 2+ (— ((xo —2) *y2 + (xc —
Dx(zc+1)%)/(9%yc) — (—(2x (y& * (y& + 2% 2% —2xxc —T)+ (vc — 1) * 2o * (22 —
rc+5))—1)/(54%yc)))? — ((xc+1) /3= (—((2%xc — 1) *y2 + 2% (o +1)**% (2% 20 —
7))/54=((xc—2)* (zc+1)*(2xv0 — 1)* (12 —2c+1)) /(545 y2)))* = (yo /3 — (— (2%
(Y2 % (Y2 +2x2% —2x20 —T)+ (vc — 1) *xzo* (2% — 20 +5)) — 1) /(54 *yc)))? = 0,
(—(E+2% —5%x2c—3)/9— (—((2xxc— 1) xy2 + 2% (xc+1)? % (2% 20— 7)) /54—
(re—=2)*(zo+1) % (2*%xc — 1) * (28 —2c+1))/(54xy2)))* + (o +1) *y2 + (20—
2)%x20) /(9% yc) — (— (2% (o * (Y& +2% 28 — 2% 20 = T) + (v0 — 1) ¥ w0 * (28 — w0+
5)—1)/(54xyc)))* — ((zc+1)/3— (—((2%zc — 1) *y2 + 2% (xc+1)* % (2% 20 —
7)/54—((vc—2)* (xc+1)* (2x20—1)* (23 —xc+1)) /(54%y2)))* — (Yo /3 — (— (2%
(y%*(y%+2*x2c—2*xc—7)+(xc—1)*xc*(:p%—xc+5))—1)/(54*yc)))2 =0,
(Txzc+1)/9—(—(2%zc— 1) *xy2 +2x (xc+1)? % (2x 20 —T7)) /54 — (0 — 2) *
(re+1)*(2xxc—1)* (28 — 20 +1))/(54%y2)))* + (Yo /3 — (2% v —1)* /(9% yc) —
(—(2% (& * (Y2 +2%2% —2xxc —T)+ (xc — 1) xxo* (2% — 20+ 5)) — 1) /(54 *
ye)))? — (ze+1)/3 = (—(2%2c — 1) *y2 + 2% (wc + 1)2 % 2% 20 — 7)) /54 —
(e =2)* (wc + 1) * 2% w0 — 1) * (28 — e + 1)) /(54 y2)))* — (Yo /3 — (=(2 %
(0B U2 42wt —2em0 7)o g o —ec-+5) 1)/ (540002 =0
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FiGure 1. Illustration.
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