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1. INTRODUCTION

The Euler line of a triangle [1] is the line found by Euler which passes through the
centroid, circumcenter, and orthocenter. Several generalizations of it exist, such
as in |2]. Here, we will give another generalization of the Euler line.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let P be a point in the plane.

Let A’B'C" be the pedal triangle of P.

Let Ay be the projection of A" on line AC and define A, B,, B., C,, Cyy cyclically.
Let the orthogonal lines through A, and B, meet at P, and define P, and Pj
cyclically.

Then the point P, the center of the conic passing through A'B'C' P, P,P3, and the
centroids of A'B'C" and P, P> P3 are collinear.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
P has coordinates (zp,yp).
A’ has coordinates

((ye * ((zo = 1) *yp +yo) + (xc — 1)? x2p)/(y2 + (zc — 1)?), (yo * (ye * yp +
(20 — 1) * 2p — wc + 1))/ (4 + (20 — 1)?)).

B’ has coordinates
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(e * (e * xp +yo * yp)) /(28 + ¥2), (yo * (xc * xp +yo * yp))/(xE + y2)).

(" has coordinates (zp,0).

Line AB is given by the equation y = 0.

Line AC' is given by the equation y = x * yo/zc.

Line BC'is given by the equation y = (z — 1) x yo/(zc — 1).

Ay has coordinates

(zo* (yo* (Y& +(xe— 1) xxc) * Yo+ (((xe — 1) xxp+ 1) xy2 + (xc — 1) *xx0* Tp) *
yp)) /(Y& + (xo—1)%)* (Y& +ad) *yp), (yo * (yo* (Y& + (xo — 1) xxc) *yp+ (((vc —
Dxxp+1)xyz + (zc — 1)? xzcxxp) * yp)) /(Y2 + (zc — 1)*) * (¥ + 22) * yp)).
A, has coordinates

(5o * (e — 1) * yp + yo) + (0 — 1)? +29) /(42 + (0 — 1)?),0).

B, has coordinates

((xe—1)xycx (Y2 +(zo—1)*xc)*xyp+(yo+ae*((xe—1) xxptac) *yd+(xc—1)**
agxap)xyp) [ ((Ve+(xe—1)?)*(ye+at)xyp), (o (yox (yg +yp+atxyp—zc*yp+
rorapyo— ek Yot yo)+ (@ — 1) sador (@ — 1)/ (4 + (w0 —1)2) k(B +a2)).
B, has coordinates

((zc * (yo * yp + 20 * xp)) /(2 + 23), 0).

C, has coordinates

(2. + (w0 — 12 52p) (4 + (20— 1), (w0 — 1) = (2p — 1) £ ye) /(93 + (20— 1)?).
C}, has coordinates

(a2 % ) /(% + a2), (e * 2p * yo) (v + 7).

P, has coordinates
(2xxc— 1) *yo* (Y2 + (xc — 1) xxc) x yp —
1?2 x 2z xxp)/((ye + (ve = 1)%) * (Y& + 22)): ((
Dxxe)xyp+ (2xxc — 1) *2p — 20 + 1) * Y2,
zp —xc) *ye) /(& + (v — 1)) * (Y& + 23))).
P, has coordinates

(g * (e — 1)+ g + o) + (w0 — 12 £ p) /(5% + (30 — 1)), — (e — 1)+ ((ze —
1) 5 yp — (0 — 1)+ yo)) /(42 + (2 — 1))

P5 has coordinates

(v * (wc * ap + yo o))/ (@h + 1), —(vo * (w0 * yp — p % ye)) /(4 + 22))
The centroid of A’B’C’ has coordinates

(((ye * (xe = 1) *yp +yo) + (xc = 1)?x2p) [ (ye + (vc = 1)%) + (vo * (20 * 2p +
yoxyp))/(xE+y2) +xp)/3, (yo * (Yo xyp + (v — 1) xxp — 20 +1)) /(y& + (20 —
1)?) 4+ (yo * (xe * xp +yo x yp))/ (vE + &) /3).

The centroid of P, P, P; has coordinates

((2xxc =) *yox* (Y& + (vc — 1) xxc) *yp — (vp — 1) Y& + 2t *y2 + (zo — 1)°
agxwp) /(e + (ve = 1)%) * (v& + 22)) + (yo * ((z¢ — 1) * yp + yc) (v —1)?
zp)/(ye + (xc = 1)%) + (xc * (ve * xp +yo *yp)) /(28 +y2)) /3, (¥E — (v — 1)
o) * (Yo + (wo— 1) xxe) *xyp+ ((2%xzc—1)*2p — xc+1)*yc+(xc—1)*xc*((2
ro—1)xxp —xc)*yc) /(Y& + (e = 1)%) * (v& + 22)) + (= ((vc — 1) * ((wc — 1)
yp—(xp—1)*yc))/ (Yo + (vc —1)%)) + (= (xc* (v *yp —xp*yc)) /(Y& +22)))/3).
Consider the midpoint of P; and C’, ), whose coordinates are given by

((2* 20— 1) *yo * (Y& + (z¢ — 1) xx0) *yp — (xp — 1) % y¢& + 28 %yt + (20 —
1)?xa xxp) /(Y2 + (ve = 1)%) * (v& +22)) +2p) /2, (Y2 — (vc — 1) x20) * (Y2 +
(re — 1) xxc)*xyp+ (2%xc— V) xxp—zc+ 1) xyd + (xc — 1) x 2o * (2% 20 —
1) xxp —xc) xyo) /(2 (& + (xc — 1)%) * (y& + 22))))-

We verify that @) is the midpoint of { P, B’} and {Ps, A’} since we calculate
((ye * ((xzc — 1) *yp +yc) + (xc —1)* x2p) /(Y& + (xc — 1)?) + (vc * (vc * zp +

(wp = 1) yg + 2t * yg + (zc —
&= (wo = 1) xxo) * (Y& + (xc —
+(zc—1)*xxex((2xxc—1) %
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yoxyp))/ (@t +y2))/2— ((2xxc — 1) * yo x (y¢ + (o — 1) *xc) * yp — (xp — 1) *
Yo tag*xyt+ (ve — 1% xa xxp) [((ye + (xc — 1)%) = (¢ + 22)) + 2p) /2 =0,
(—((zc = 1) * ((zo — 1) xyp — (zp — 1) *yc)) /(¥ + (xc — 1)%) + (ye * (zc * 2p +
yo+yp))/(@E +ye)) /2 — (((ye — (xe — 1) @) * (Y& + (xo — 1) x ) * yp + (2
ro— 1) xazp—zc+ 1) xyd+ (xc— 1) xxc* ((2xxc — 1) *2p — 20) * yo)/ (2 *
(w2 + (wc = 1)%) * (y& + 22)))) =0,

(e * (xexxp +yo*xyp)) /(2% + v2) + (yo * (xe — 1) * yp + yo) + (xc — 1)* %
zp) /(Y2 + (zc — 1)) /2 = (2 *zc — 1) * ye * (y& + (vc — 1) xxc) *yp — (zp —
1) (’;?Jé +atxye+ (we —1)?xag xxp) /(Y& + (xc — 1)%) = (y& +22)) +2p) /2 = 0,
(—(zo*(wexyp—apxyc))/ (Yo +18) + (yox (yexyp+ (v —1)xzp—wc+1)) /(Y& +
(we—1))/2— (42— (vc— 1) rac) (g2 + (20— 1)520) kyp-+ (2530 — 1) kzp—ze+
st (ro1)swce((2ero= Vs =ac)eue)/ (o8 ro 1)) el 42)) =
This verifies that A’, B, C’, Py, P,, and P3 lie on a conic section centered at ().
We verify that @) is the midpoint of the centroids of A’B’'C" and P, P, P; since we
calculate

(((yo * ((zc = 1) xyp +yo) + (zc — 1)? x2p) /(Y2 + (2 — 1)%) + (20 * (20 * 2P +
yo *yp))/(at + y&) +xp)/3 + ((2* zc — 1) * yo * (Y& + (vc — 1) x 2c) * yp —
(zp = 1) xyotag xye+ (xo —1)? xag x2p) /(e + (xc — 1)°) * (y& +22)) + (yo *
(e =D *yp +yc) + (vc = 1)* xxp) /(Y& + (vc — 1)?) + (zc * (z0 * TP + Yo *
yp)) /(2 +ye))/3)/2 — (2xxc — 1) *xyo* (Y& + (xc — 1) xxc) * yp — (xp — 1) *
yédJr v * Yo+ (o — 1)? = ag = xp) /(e + (e — 1)%) = (Y& + 22)) + p)/2) = 0
(e * (e x yp + (zc = 1) x xp — xc + 1)) /(Y2 + (zc — 1)%) + (yo * (vc * xp +
yo+yp))/ (@8 +y2))/3+ ((ye — (xc — 1) x2c) * (Y2 + (xo — 1) xc) * yp + (2
re—1)xzp—xc+1)xyd+ (¢ — 1) xzo* (2*xxc — 1) x2p —x0) *yc) /(Y2 +
(zc — 1)) * (y2 + 22)) + (—((zc — 1) * ((zc — 1) x yp — (xp — 1) x yo)) /(& +
(zc = 1)%)) + (= (zc * (o *x yp — 2P * y0))/ (Y& + 22)))/3)/2 — (¢ — (zc — 1) *
ze) * (Yo + (o — 1) x wo) xyp + (2% 20 — 1) ¥ xp — 20 + 1) ¥ yd + (2¢ — 1) *
re (2% 30— 1) kap —20) +yo) /(2% (4 + (ve — 1) (5% + 72)))) = 0. Now,
we verify that P is the reflection of the centroid of P; P,P3; about the centroid of
A'B'C" since we calculate

(zp+(((2xzc—1)*yox(y2+(vo—1)*xxc)*yp— (xp—1)*xyt+ai*xy2+(vc—1)**xi*
zp) /(e +(xe—1)%)* (y&+28)) + (yox ((vc — ) *yp+yc) + (e — 1) xxp) /(e +
(ve— 1))+ (w0 + (2o wptycryp)) /(@2 12))/3)/2— (yos (w0 — 1) syp+yo) +
(re = 1)) (0 (re = 1))+ (reraeoran o sye)) (e ) +a0)/3) =0
(yp+ (& — (wc — 1) * zc) * (Y& + (xc — 1) x2c) *yp + (2* 20 — 1) *xp — 20 +
Do#ye+ (we = 1) xzc* (2xxc — 1) xxp — x0) * yo) /(Y& + (xc — 1)%) * (yE +
2g)) + (=((xzc = 1) * ((zc = 1) xyp — (xp — 1) * yc)) /(y2 + (xc — 1)) + (—(2c *
(o *yp —xp *yc)) /(e +22)))/3)/2 — (((ye * (yo * yp + (vc — 1) * 2p — 2 +
1))/(?{% +(xc = 1)%) + (yo * (wc * vp +yo *yp)) /(% +y2))/3) = 0 which proves

g

This line becomes the Euler line when we take P to be the circumcenter.
Other properties of this line given by Elias Hagos are discussed at Euclid #8275.
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FiGure 1. Illustration.
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