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1. INTRODUCTION

We demonstrate the existence of a circle that arises in a similar context as the
construction in [1].

2. RESULTS

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.

Let w be the parabola whose focus is A and whose directriz is line BC'.

Let wy, and w, be the points on w whose tangent lines are parallel to lines AB and
AC respectively.

Let the lines tangent to w at wy and w,. intersect lines AB and AC at p. and p,
respectively.

Then wy, w., py, and p. are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (x4, y4).

B has coordinates (0, 0).

C has coordinates (1,0).

w is given by the equation y = ((z — 24)* + y4)/(2 x ya).

w has derivative % =(x—xa)/ya.

Line AB has slope y4/x 4.

Line AC has slope ya/(za —1).

wp, has coordinates (x4 + y3/xa, v5/(2 x 2%) + ya/2).

w, has coordinates (v%/(xa — 1)+ x4,y /(2% (x4 — 1)?) + ya/2).
The line tangent to w at wy is given by the equation
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Y= (ya s (24 (250 — 2) — 2))/ (25 22).
The line tangent to w at w, is given by the equation
y=(yax2x(za—)*xz—9y4—24+1)/(2% (za—1)%).
py has coordinates
(—(2% = 3*a% +aaxyh —vya)/(2xxa), —(yax (2% — 2% 24 +y3)) /(2% 224)).
p. has coordinates
((wa* (@3 + 93 —1)/(2% (x4 = 1)), (ya * (2% + 3 — 1))/(2 % (x4 — 1))).
Consider the circle whose equation is given by
(x—( ((Z*xA Dx(2d—za+1) sy +2% (24— 1) 2522 % (25w 4 — 1) 5y4 + 2527, — Txa +
Sxad +3xxh —3x2%) /(4% (2 4—1)%%2%))) 2+ (y— (%Y — 4523 +6x 2% — 42 4 +1)
Yh+2x (14— 1) 2522 % (252 — 2% T 4 +3) kY% + 2528 — 8% T+ 1225 — 8% + 252 ) / (4
(za—1)%xa%xya)))? —(atyh/za—(—((2xxa—1)x(ah —wa+1) 5y +25 (x4 — 1)
Tk (2xma— 1) *yd + 2527 — THal + 5525 +3xxh —3x23) /(4% (x4 —1)%%x2%)))* —
(v ) (2522 +ya/2— (252 — 4523 +6x0% —dxw a+1) xyy + 2% (x4 — 1) 2522 % (2524 —
2% 2 4 +3) kY4 + 2525 — 8% +12x 28 —8x a2 +2x2h) /(4% (x4 —1)* 524 xy4)))? = 0.
We verify that wy, w,, pp, and p. lie on this circle since we calculate
(wa+v4/oa—(—((2%20—1)% (xA oo+ 1) xyh +2% (x4 —1)2 524 % (2xms — 1) %
Y+ 2% x| = Txab + 525 +3xxh —3x23) /(4x (x4 —1)%%2%)))2 + (v5 /(2% 2%) +
ya/2— (((2xxY —dx 2% +6%2% — 4*xA+1)*yA+2*(xA—1)2*xA (2% 2% — 2%
TA+3)xyd +2x25 —8x 2T +12x 28 —8x 25 + 2% L) /(4dx (w4 —1)* %24 xya)))? —
(Ta+v3/oa—(—(2%za—1)* (2% —2a+ 1)y +2x (24— 1)? %24 % (2524 — 1) %
YA+ 2% x| = T2l +5x25 + 3% —3%23) /(4dx (xa—1)?%2%)))* — (v5 /(2% 2%) +
ya/2— (2% 2y — 4523+ 6524 —dsxx g+ 1)y +2% (w4 —1)2x2% % (2524 — 2% 24+
) kyd +2xa8 — 8kl +12% 25 — 8% a5 +2xah) /(4% (x4 —1)* %24 %xya)))? =0,
(V4 /(wa—1)+zs— ( (2%xq—1)x (24— xAJrl)*yA—i-Q*(xA 125z *(2%z 4 —
)xyd+2x27 — TS +5*a +3xah —3x23) /(4% (x4 —1)?x2%)))*+ (yA/(Q*(xA—
DA 4+ya/2—((2%aY —dxa3 +6x2% —dsxx g+ 1) xyh+2% (x4 —1)2 %24 * (2% 24 —
2514+ 3) kY4 + 2525 —8x 2T + 1228 —8x 25 + 2% 2Y) /(4% (w4 —1)2x 2% *xya)))? —
(Ta+v3/oa—(—(2%za—1)* (2% —2a+ 1) %y} +2% (24— 1)? %24 % (2524 — 1) %
YA+ 2xxl = T2l +5%2% + 3% —3%23) /(4dx (xa—1)?*2%)))* — (v3 /(2% 2%) +
yA/Q—(((Q*xj—4*95134+6*x?4—4*a:A+1)*y§1+2*(xA—1)2*x?4*(2*x?4—2*xA+
) kyd +2xa% — 8kl +12x 25 — 8x a5 +2xah) /(4% (x4 —1)* %24 %xya)))? =0,
(— (23 =3*x%+zaxyi—v3)/(2xxA) — (—((2%24—1) % (2% — :cA+1)*yA+2*(:cA—
1)2xa% % (2520 — 1)y + 2527 — T8 +5xa% +3xxh —3%23) /(4% (x4 —1)2%2%))) >+
(— (yA*(xA—Q*xA—i—yA))/(Z*xA) (22— 4*xA+6*xA dxx g+ 1) 5yl +2% (20—
1)2x2% % (2x2% — 2% 4 +3) Y% +2x 25 — 8+ + 12525 — 8*ZEA+2*£L‘A)/(4*(IA 1)%x
2% %ya)))’ = (va+yi/za—(—((2%xwa—1) % (2% — $A+1)*?JA+2*($A 1)?52% * (2%
Ta— 1) ky4+ 2527 —T*x +5x25 +3*ah —3x23) /(4% (xa—1)*x2%)))> — (v5 /(2%
22)+ya/2— (((2%xh —dxa® +6xx% —4dxza+ 1) *yh +2% (xa—1)2 % 2% * (2524 — 2%
Ta+3) kY4 +2x2% —8xxT +12x 28 —8xad +2x %) /(4% (x4 —1)**2% xya)))? = 0,
((IA*(xA+yA 1))/(2%(za—1))—(— ((Q*JJA 1) (xA_xA+1)*yA+2*<xA 1)?x
2% 2%z — 1) *y4+ 2527 — 7*mA+5*xA—|—3*xA S*xA)/(4*(xA 1)2%2%)))%+
((yA*(xA—i-yA 1)/(2%(xza—1))—(((2%2% — 4*xA+6>x<xA dxx 4 +1)xyh+2% (24—
1) 2z % (2x2% — 2% A +3) Y4 +2x 25 —8x | + 12528 — 8x 2% + 22 /(4% (x4 —1)*
2% %ya)))’ = (wa+yi/za—(=((2%xwa—1) % (2% — 90A+1)*?JA+2*($A 1)?52% * (2%
Ta— 1)y + 252 — Txab +5%2% + 3%t —3x23) /(4% (xa—1)*%2%)))2 = (v /(2%
22)+ya/2— (((2%xh —dxx® +6x2% —4dxx s+ 1) xyh +2% (xa—1)2 % 2%+ (2524 — 2%
TA+3) kY4 +2x25 —8x 2 +12x 25 — 825 +2x2Y) /(4% (x4 —1)?*2% xy4)))? =0
as desired. 0
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FIGUurg 1. Illustration.
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