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1. Introduction

We prove a result about a parabola whose focus and directrix are a vertex and
opposite side of a given triangle.

2. Results

Theorem 2.1. Let ABC be a triangle.
Let w be the parabola whose focus is A and whose directrix is line BC.
Let wb and wc be the points on w whose tangent lines are parallel to lines AC and
AB respectively.
Let P be the midpoint of wb and wc.
Let the lines tangent to w at wb and wc intersect at Q.
Then the midpoint of P and Q is the point on w whose tangent line is parallel to
line wbwc.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (xA, yA).
B has coordinates (0, 0).
C has coordinates (1, 0).
w is given by the equation y = ((x− xA)

2 + y2A)/(2 ∗ yA).
w has derivative dy

dx
= (x− xA)/yA.

Line AB has slope yA/xA.
Line AC has slope yA/(xA − 1).
wb has coordinates (xA + y2A/xA, y

3
A/(2 ∗ x2

A) + yA/2).
wc has coordinates (y2A/(xA − 1) + xA, y

3
A/(2 ∗ (xA − 1)2) + yA/2).
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The line tangent to w at wb is given by the equation
y = (yA ∗ (xA ∗ (2 ∗ x− xA)− y2A))/(2 ∗ x2

A).
The line tangent to w at wc is given by the equation
y = (yA ∗ (2 ∗ (xA − 1) ∗ x− y2A − x2

A + 1))/(2 ∗ (xA − 1)2).
P has coordinates
((2 ∗ xA + y2A/xA + y2A/(xA − 1))/2, (y3A/(2 ∗ x2

A) + yA + y3A/(2 ∗ (xA − 1)2))/2).
Q has coordinates
(((2 ∗ xA − 1) ∗ y2A)/(2 ∗ (xA − 1) ∗ xA) + xA, y

3
A/(2 ∗ (xA − 1) ∗ xA) + yA/2).

Let R be the midpoint of P and Q, which has coordinates
(((2∗xA−1)∗y2A)/(2∗(xA−1)∗xA)+xA, ((2∗xA−1)2∗y3A)/(8∗(xA−1)2∗x2

A)+yA/2).
We verify that R lies on w since we calculate ((xR − xA)

2 + y2A)/(2 ∗ yA)− yR
= ((((2 ∗ xA − 1) ∗ y2A)/(2 ∗ (xA − 1) ∗ xA) + xA − xA)

2 + y2A)/(2 ∗ yA)− (((2 ∗ xA −
1)2 ∗ y3A)/(8 ∗ (xA − 1)2 ∗ x2

A) + yA/2) = 0.
We then verify that the tangent line at R is parallel to line wbwc since we calculate
(ywb

− ywc)/(xwb
− xwc)− dy

dx
|x=xR

= ((y3A/(2∗x2
A)+ yA/2)− (y3A/(2∗ (xA−1)2)+ yA/2))/((xA+ y2A/xA)− (y2A/(xA−

1)+xA))− (((2∗xA−1)∗y2A)/(2∗ (xA−1)∗xA)+xA−xA)/yA = 0 as desired. □

Figure 1. Illustration.
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