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1. Introduction

In [1], we demonstrated the existence of a particular circle that passes through
the centroids of three particular triangles and the point at which their Euler lines
concur. Here, we will demonstrate further that there are some interesting lines
which are tangent to this circle.

2. Results

Theorem 2.1. Let ABC be a triangle and A′B′C ′ the orthic triangle.
Let Ab and Ac be the orthogonal projections of A′ on b and c respectively.
Define Ba, Bc, Ca, and Cb cyclically.
Let O1 be the circle passing through the centroids of AAbAc, BBaBc, CCaCb, and
the point of concurrence of the Euler lines of AAbAc, BBaBc, and CCaCb.
Then the six points of the Second Lozada Circle that intersect the sides of ABC
can be partitioned such that the midpoints of three pairs of them are the centroids
of AAbAc, BBaBc, and CCaCb and such that the segments connecting those pairs
are tangent to O1.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
The orthocenter has coordinates (xC , xC ∗ (1− xC)/yC).
A′ has coordinates
(y2C/(y

2
C + (xC − 1)2),−((xC − 1) ∗ yC)/(y2C + (xC − 1)2)).

B′ has coordinates
(x2

C/(y
2
C + x2

C), (xC ∗ yC)/(y2C + x2
C)).

C ′ has coordinates (xC , 0).
Ab has coordinates
((xC ∗ y2C)/((y2C + (xC − 1)2) ∗ (y2C + x2

C)), y
3
C/((y

2
C + (xC − 1)2) ∗ (y2C + x2

C))).
Ac has coordinates
(y2C/(y

2
C + (xC − 1)2), 0).

Ba has coordinates
((y4C+2∗x2

C∗y2C−xC∗y2C+x4
C−2∗x3

C+x2
C)/((y

2
C+(xC−1)2)∗(y2C+x2

C)), y
3
C/((y

2
C+

(xC − 1)2) ∗ (y2C + x2
C))).

Bc has coordinates
(x2

C/(y
2
C + x2

C), 0).
Ca has coordinates
((y2C + (xC − 1)2 ∗ xC)/(y

2
C + (xC − 1)2), ((xC − 1)2 ∗ yC)/(y2C + (xC − 1)2)).

Cb has coordinates
(x3

C/(y
2
C + x2

C), (x
2
C ∗ yC)/(y2C + x2

C)).
The centroid of AAbAc has coordinates
(((xC ∗ y2C)/((y2C + (xC − 1)2) ∗ (y2C + x2

C)) + y2C/(y
2
C + (xC − 1)2))/3, y3C/(3 ∗ (y2C +

(xC − 1)2) ∗ (y2C + x2
C))).

The centroid of BBaBc has coordinates
((1 + (y4C + 2 ∗ x2

C ∗ y2C − xC ∗ y2C + x4
C − 2 ∗ x3

C + x2
C)/((y

2
C + (xC − 1)2) ∗ (y2C +

x2
C)) + x2

C/(y
2
C + x2

C))/3, y
3
C/(3 ∗ (y2C + (xC − 1)2) ∗ (y2C + x2

C))).
The centroid of CCaCb has coordinates
((xC + (y2C + (xC − 1)2 ∗ xC)/(y

2
C + (xC − 1)2) + x3

C/(y
2
C + x2

C))/3, (yC + ((xC −
1)2 ∗ yC)/(y2C + (xC − 1)2) + (x2

C ∗ yC)/(y2C + x2
C))/3).

O1 is given by the equation
(x−((y2C ∗(3∗y2C+6∗x2

C−2∗xC+1)+3∗(xC−1)2∗x2
C)/(6∗(y2C+(xC−1)2)∗(y2C+

x2
C))))

2+(y−((y6C+(5∗x2
C−5∗xC+3)∗y4C+(xC−1)∗xC ∗(7∗x2

C−7∗xC+1)∗y2C+
3∗x6

C−9∗x5
C+9∗x4

C−3∗x3
C)/(6∗yC ∗(y2C+(xC−1)2)∗(y2C+x2

C))))
2−(−((xC−1)∗

y8C+(6∗x3
C−15∗x2

C+9∗xC−1)∗y6C+xC∗(12∗x4
C−45∗x3

C+48∗x2
C−18∗xC+2)∗y4C+

(xC−1)2∗x2
C∗(10∗x3

C−29∗x2
C+13∗xC−2)∗y2C+3∗x9

C−18∗x8
C+42∗x7

C−48∗x6
C+

27∗x5
C−6∗x4

C)/((y
2
C+(xC−1)2)∗(y2C+x2

C)∗(y2C∗(y2C+10∗x2
C−10∗xC+1)+9∗(xC−

1)2∗x2
C))−((y2C ∗(3∗y2C+6∗x2

C−2∗xC+1)+3∗(xC−1)2∗x2
C)/(6∗(y2C+(xC−1)2)∗

(y2C+x2
C))))

2−(((y2C+(xC−1)∗xC)∗((3∗x2
C−3∗xC+1)∗y6C+(15∗x4

C−30∗x3
C+24∗

x2
C−9∗xC+1)∗y4C+3∗(xC−1)2∗x2

C∗(7∗x2
C−7∗xC+2)∗y2C+9∗x8

C−36∗x7
C+54∗x6

C−
36∗x5

C+9∗x4
C))/(yC∗(y2C+(xC−1)2)∗(y2C+x2

C)∗(y4C+(10∗x2
C−10∗xC+1)∗y2C+9∗

x4
C−18∗x3

C+9∗x2
C))−((y6C+(5∗x2

C−5∗xC+3)∗y4C+(xC−1)∗xC∗(7∗x2
C−7∗xC+

1)∗y2C+3∗x6
C−9∗x5

C+9∗x4
C−3∗x3

C)/(6∗yC ∗(y2C+(xC−1)2)∗(y2C+x2
C))))

2 = 0.
The orthocentroidal circle is given by the equation
(x − (((xC + 1)/3 + xC)/2))

2 + (y − (yC/3 + ((1 − xC) ∗ xC)/yC)/2)
2 − (((xC +

1)/3− (((xC + 1)/3 + xC)/2))
2 + (yC/3− (yC/3 + ((1− xC) ∗ xC)/yC)/2)

2) = 0.
Let A′B′C ′ be the orthocentroidal triangle.
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A′ has coordinates
((2∗y2C)/(3∗(x2

C−2∗xC+y2C+1)), (2∗yC−2∗xC ∗yC)/(3∗x2
C−6∗xC+3∗y2C+3)).

B′ has coordinates
((3 ∗ x2

C + y2C)/(3 ∗ (x2
C + y2C)), (2 ∗ xC ∗ yC)/(3 ∗ x2

C + 3 ∗ y2C)).
C ′ has coordinates
(xC , yC/3).
The projection of A′ on line AB (P1) has coordinates
((2 ∗ y2C)/(3 ∗ (x2

C − 2 ∗ xC + y2C + 1)), 0).
The projection of B′ on line AB (P2) has coordinates
((3 ∗ x2

C + y2C)/(3 ∗ (x2
C + y2C)), 0).

The projection of A′ on line AC (P3) has coordinates
((2 ∗ xC ∗ y2C)/(3 ∗ (x2

C + y2C) ∗ (x2
C − 2 ∗ xC + y2C + 1)), (2 ∗ y3C)/(3 ∗ (x2

C + y2C) ∗
(x2

C − 2 ∗ xC + y2C + 1))).
The projection of C ′ on line AC (P4) has coordinates
((xC ∗ (3 ∗ x2

C + y2C))/(3 ∗ (x2
C + y2C)), (yC ∗ (3 ∗ x2

C + y2C))/(3 ∗ (x2
C + y2C))).

The projection of B′ on line BC (P5) has coordinates
((y2C ∗ (3 ∗ y2C + 6 ∗ x2

C − 4 ∗ xC + 1) + 3 ∗ (xC − 1)2 ∗ x2
C)/(3 ∗ (y2C + (xC − 1)2) ∗

(y2C + x2
C)), (2 ∗ y3C)/(3 ∗ (x2

C + y2C) ∗ (x2
C − 2 ∗ xC + y2C + 1))).

The projection of C ′ on line BC (P6) has coordinates
(((xC + 2) ∗ y2C + 3 ∗ (xC − 1)2 ∗ xC)/(3 ∗ (y2C + (xC − 1)2)), (yC ∗ (y2C + 3 ∗ (xC −
1)2))/(3 ∗ (y2C + (xC − 1)2))).
We verify that the midpoint of P1 and P3 is the centroid of AAbAc since we
calculate
((2∗y2C)/(3∗(x2

C−2∗xC+y2C+1))+(2∗xC ∗y2C)/(3∗(x2
C+y2C)∗(x2

C−2∗xC+y2C+
1)))/2− (((xC ∗ y2C)/((y2C + (xC − 1)2) ∗ (y2C + x2

C)) + y2C/(y
2
C + (xC − 1)2))/3) = 0

and
(0 + (2 ∗ y3C)/(3 ∗ (x2

C + y2C) ∗ (x2
C − 2 ∗ xC + y2C + 1)))/2− (y3C/(3 ∗ (y2C + (xC −

1)2) ∗ (y2C + x2
C))) = 0.

We verify that the midpoint of P2 and P5 is the centroid of BBaBc since we
calculate
((3 ∗ x2

C + y2C)/(3 ∗ (x2
C + y2C)) + (y2C ∗ (3 ∗ y2C + 6 ∗ x2

C − 4 ∗ xC + 1) + 3 ∗ (xC −
1)2 ∗ x2

C)/(3 ∗ (y2C + (xC − 1)2) ∗ (y2C + x2
C)))/2 − ((1 + (y4C + 2 ∗ x2

C ∗ y2C − xC ∗
y2C + x4

C − 2 ∗ x3
C + x2

C)/((y
2
C + (xC − 1)2) ∗ (y2C + x2

C)) + x2
C/(y

2
C + x2

C))/3) = 0
and
(0 + (2 ∗ y3C)/(3 ∗ (x2

C + y2C) ∗ (x2
C − 2 ∗ xC + y2C + 1)))/2− (y3C/(3 ∗ (y2C + (xC −

1)2) ∗ (y2C + x2
C))) = 0.

We verify that the midpoint of P4 and P6 is the centroid of CCaCb since we
calculate
((xC ∗ (3∗x2

C +y2C))/(3∗ (x2
C +y2C))+((xC +2)∗y2C +3∗ (xC −1)2 ∗xC)/(3∗ (y2C +

(xC−1)2)))/2−((xC+(y2C+(xC−1)2∗xC)/(y
2
C+(xC−1)2)+x3

C/(y
2
C+x2

C))/3) = 0
and
((yC ∗ (3 ∗ x2

C + y2C))/(3 ∗ (x2
C + y2C)) + (yC ∗ (y2C +3 ∗ (xC − 1)2))/(3 ∗ (y2C + (xC −

1)2)))/2− ((yC +((xC − 1)2 ∗ yC)/(y2C +(xC − 1)2)+ (x2
C ∗ yC)/(y2C +x2

C))/3) = 0.
We verify that line P1P3 is tangent so O1 since we calculate
(((0)−((2∗y3C)/(3∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1))))/(((2∗y2C)/(3∗(x2

C−2∗xC+
y2C+1)))−((2∗xC∗y2C)/(3∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)))))∗(((y3C/(3∗(y2C+(xC−

1)2)∗(y2C+x2
C)))−(((y6C+(5∗x2

C−5∗xC+3)∗y4C+(xC−1)∗xC∗(7∗x2
C−7∗xC+1)∗

y2C+3∗x6
C−9∗x5

C+9∗x4
C−3∗x3

C)/(6∗yC ∗(y2C+(xC−1)2)∗(y2C+x2
C)))))/((((xC ∗

y2C)/((y
2
C +(xC − 1)2) ∗ (y2C +x2

C))+ y2C/(y
2
C +(xC − 1)2))/3)− (((y2C ∗ (3 ∗ y2C +6 ∗
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x2
C − 2 ∗ xC + 1)+ 3 ∗ (xC − 1)2 ∗ x2

C)/(6 ∗ (y2C + (xC − 1)2) ∗ (y2C + x2
C)))))) = −1.

We verify that line P2P5 is tangent to O1 since we calculate
(((0)− ((2∗y3C)/(3∗ (x2

C +y2C)∗ (x2
C −2∗xC +y2C +1))))/(((3∗x2

C +y2C)/(3∗ (x2
C +

y2C)))− ((y2C ∗ (3 ∗ y2C + 6 ∗ x2
C − 4 ∗ xC + 1) + 3 ∗ (xC − 1)2 ∗ x2

C)/(3 ∗ (y2C + (xC −
1)2)∗ (y2C +x2

C)))))∗ (((y3C/(3∗ (y2C +(xC −1)2)∗ (y2C +x2
C)))− (((y6C +(5∗x2

C −5∗
xC +3)∗y4C +(xC −1)∗xC ∗ (7∗x2

C −7∗xC +1)∗y2C +3∗x6
C −9∗x5

C +9∗x4
C −3∗

x3
C)/(6∗yC ∗(y2C+(xC−1)2)∗(y2C+x2

C)))))/(((1+(y4C+2∗x2
C ∗y2C−xC ∗y2C+x4

C−
2 ∗ x3

C + x2
C)/((y

2
C +(xC − 1)2) ∗ (y2C + x2

C))+ x2
C/(y

2
C + x2

C))/3)− (((y2C ∗ (3 ∗ y2C +
6∗x2

C −2∗xC +1)+3∗ (xC −1)2 ∗x2
C)/(6∗ (y2C +(xC −1)2)∗ (y2C +x2

C)))))) = −1.
We verify that line P4P6 is tangent to O1 since we calculate
((((yC ∗ (3∗x2

C +y2C))/(3∗ (x2
C +y2C)))− ((yC ∗ (y2C +3∗ (xC −1)2))/(3∗ (y2C +(xC −

1)2))))/(((xC ∗(3∗x2
C+y2C))/(3∗(x2

C+y2C)))−(((xC+2)∗y2C+3∗(xC−1)2∗xC)/(3∗
(y2C +(xC − 1)2))))) ∗ ((((yC +((xC − 1)2 ∗ yC)/(y2C +(xC − 1)2)+ (x2

C ∗ yC)/(y2C +
x2
C))/3)−(((y6C+(5∗x2

C−5∗xC+3)∗y4C+(xC−1)∗xC ∗(7∗x2
C−7∗xC+1)∗y2C+

3 ∗x6
C − 9 ∗x5

C +9 ∗x4
C − 3 ∗x3

C)/(6 ∗ yC ∗ (y2C +(xC − 1)2) ∗ (y2C +x2
C)))))/(((xC +

(y2C + (xC − 1)2 ∗ xC)/(y
2
C + (xC − 1)2) + x3

C/(y
2
C + x2

C))/3)− (((y2C ∗ (3 ∗ y2C + 6 ∗
x2
C − 2 ∗ xC + 1)+ 3 ∗ (xC − 1)2 ∗ x2

C)/(6 ∗ (y2C + (xC − 1)2) ∗ (y2C + x2
C)))))) = −1.

□

Figure 1. Illustration.
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