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1. INTRODUCTION

In [1], we demonstrated the existence of a particular circle that passes through
the centroids of three particular triangles and the point at which their Euler lines
concur. Here, we will demonstrate further that there are some interesting lines
which are tangent to this circle.

2. RESULTS

Theorem 2.1. Let ABC be a triangle and A'B'C" the orthic triangle.

Let Ay, and A, be the orthogonal projections of A’ on b and ¢ respectively.

Define B, B..,C,, and Cy, cyclically.

Let Oq be the circle passing through the centroids of AAyA., BB,B., CC,Cy, and
the point of concurrence of the Euler lines of AAyA., BB,B., and CC,Cy.

Then the six points of the Second Lozada Circle that intersect the sides of ABC
can be partitioned such that the midpoints of three pairs of them are the centroids
of AALA., BB,B., and CC,Cy and such that the segments connecting those pairs
are tangent to O.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).

The orthocenter has coordinates (z¢,zc * (1 — z¢)/yc).

A’ has coordinates

(ye/ (e + (xe = 1)), =((wc = 1) * ye) /(v + (vc — 1)%)).

B’ has coordinates

(@& (e + at), (xe *yo) | (e + at))-

(" has coordinates (z¢,0).

Ay has coordinates

((wo = ye) /(W + (we = 1)) * (W& + 28)), 9/ (W + (we — 1)*) = (4 + 22))).
A, has coordinates

(42, (5% + (zc — 1)?),0).

B, has coordinates

(gt 2502y — gl +ak— 2504 22) (2 4+ (w0 — 1)) (2 +22), 8/ (st
(vc — 1) * (2 + 22))

B, has coordinates

(a2 (y2 + 2),0).

C,, has coordinates

(% + (v — 12 = 20) /(52 + (20 — 1), ((2c — 1 % 40) /(52 + (20 — 1),

C}, has coordinates

(8. (42 + 2., (2, 5 o) (42 + 2).

The centroid of AAyA. has coordinates

(w0 g2 /(5 + (v — 1) (. +02)) 92 G+ (0 — 1))/3.02/ 3 (s +
(rc —1)%) = (y& + 23))).

The centroid of BB, B, has coordinates

(L + (ye + 2% 22 * y& — o * Yo + wg — 2x 28+ 38) /(Y2 + (ve = 1)%) * (y& +
02)) + 2/ (0 + 12)) /3,58 (3 (4 + (e — 1)) * (42 + 7).

The centroid of C'C,C} has coordinates

(wo + (Wé + (wo = 1)* x 20) /(Y& + (w0 — 1)) + 28/ (yé + &) /3, (yo + ((zo -
12 ye) /(e + (we = 1)%) + (a2 * ye) /(e + 22))/3)-

O is given by the equation

(0~ (2 (30 + 6502 — 2w+ 1)+ 3 (m0— 12 4a3) (6 (42 + (w0 — 1) (gt
22+ (y— (W + (5xaxt —bxxo+3)xyd+(ve— 1) xxo* (Txxs —Txxc+1)*xy2 +
B0l —0xrd+0xrt—3a) (e (v -+ (20— 1)) (v +32)))2— (— (wo— 1)+
Y+ (6x2d —15%22 4+ 9x w0 — 1) *yS+ro* (1250 —45% 08, +48% 22 — 18% w0 +2) %yl +
(w0 —1)2%x2 % (10x 28, —29% 22 +13% w0 —2) vy + 3% xd — 18xaf, +42x 2], — 4828, +
2752y —6xx8) /(Y2 +(xe—1)2)x (Y2 +22) * (v * (yE+ 1023 —10x 20 +1)+9% (20—
12502)) — (4 * (342 + 6xa2 — 250+ 1)+ 3% (ro—1)? €02) /(65 (4 + (a0 —1)2)
(y&+22))))* = (V2 + (zo—1)*xc) * ((3xx2 — 3% w0+ 1) xyS+ (15528 — 302, 424 %
12 —9xxo+1)xys+3x(vo—1) 25l * (Txxt — Txro+2) xy2+9x2l, — 36 x ]l +5dxxl, —
3625+ 97)) (ot (et (ve—1)2) (4 +a2 )+ (g + (10523~ 10520+ 1) 249
rh—18%xd+9%2%)) — (Y& + (5x 2l —5*xwc+3)*yb+ (ve — 1) *xo* (Txaxl — T*xxo+
1)y Bl — O ads+ O — 32 28)/(6 5y (2 + (w0 — 1)2) (42 +22)))? = 0.
The orthocentroidal circle is given by the equation

(z = (((zc +1)/3 4+ 2¢)/2))* + (y = (yo/3 + (1 — xc) * 2c) /yc)/2)* — (((xc +
1)/3 = (((zc + /34 2¢)/2))* + (ye /3 — (yo /3 + (1 — zc) * xc) /yc) /2)?) = 0.
Let A’B’C’" be the orthocentroidal triangle.
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A’ has coordinates

(2x92)/ (3% (22 —2%xxc+y2+1)), 2xyc —2xxc*yc)/ (3% 18 — 6% 10+ 3% Y2 +3)).
B’ has coordinates

(3 32+ y2) /(3 % (22 + 42), (2 30 * o) /(3 3 + 3 5 42)).

C' has coordinates

(zc,ye/3).

The projection of A’ on line AB (P;) has coordinates

(2% y2)/(3* (2% — 2 xxc +y% +1)),0).

The projection of B’ on line AB (P,) has coordinates

(3% a2+ 42) /(3 + (22 + 32)),0).

The projection of A’ on line AC' (P;) has coordinates

(2 20 % 42)/(3 * (% + 42) (B — 2 % 50+ ys + 1), (2 52)/ (3 * (a2 + ) »
(02— 2 20 + g + 1),

The projection of C’ on line AC' (Py) has coordinates

(w0 % (3% 2%+ y3)) /(3 * (5 + 42 (v (3 % 22+ 42))/(3 * (a2 + 42).

The projection of B’ on line BC' (Ps) has coordinates

(9 * (B xye + 6 xag —dxac+ 1) +3x (20 — 1)+ 22) /(3 * (y& + (20 = 1)%) *
(?Jc+xc)) (2xye)/(3* (x& +yg) * (x& — 2x 20 + Y& + 1))

The projection of C” on line BC' (Fg) has coordinates

(e +2) £ 3% +3 % (20 — 1Y+ 20) /(3 % (8% + (0 — 1)), (ye * (4 + 3 (s —
1)/ + (% + (20 - 1)),

We verify that the midpoint of P; and P; is the centroid of AA,A. since we
calculate

(2402 /(34 (22— 202+ 1) + (e s 42) /(34 (22 (08— 200+ gt
0))/2 = (e < 2) /(0 + o = 1))+ 02 +02) 4480+ re = 19)/3) =0
an

(04 (2% y3)/ (3% (a3 + 42) % (e — 2wty + 1))/2 — (4 (3= (43 + (ac —
12) + (42 + 22.)) = 0.

We verify that the midpoint of P, and P; is the centroid of BB,B,. since we
calculate

(Bxad +y2)/(3* (xt +y2)) + (yg * B*yt +6 a8 —dxxc+1) +3* (20 —
)/ (85 (g + e = 1) (8 22)))/2 — (1 g + 2025 g2 —
Va2t a0 (e D) 2 020) + 20+ 52/ =0
an

(04 (25 42)/(3 % (e 1 42) * (e — 2 % 2+ 4+ 1))/2 — (/3% (4 + (e —
12) # (42 + 22.))) = 0.

We verify that the midpoint of P, and FPs is the centroid of CC,C) since we
calculate

(e + (3 22+ 52)) /(3 (22, + 52) & (50 +2) # g2+ 35 (20— 1) 20) /(3 (s +
(7~ 1)/2 ({2 0z o)+ o= 1))t (o 22)/3) = 0
an

(o (3 22+ 42))/ (3 % (% +42) + (e (5 + 3 % (2 — 1))/ (3% (4 + (e —
12)))/2— (e + (20 — 1% ye) /(g + (20 — 1) + (22 5y ) (47 + 52)/3) = 0.
We verify that line P, P5 is tangent so O; since we calculate

(((0) = ((2*y2) /(3% (xt +y2) * (x& —2xx0+yg+1))))/ (2%y2) /(3% (28 — 20 +
yet1)) = (2xzexy) /(3 (g +yg )+ (28— 2xxc+y +1)))))* (((yé/ (3% (e + (xo—
DA x(y2+22))) — (Y& + (5*a% —b*xxc+3)*ys+ (vc— 1) xxo* (Txas —Txxc+1)*
Yo+ 3xg — 9% ag+9xag = 3xx8) /(6 xyc* (Y& +(xe — 1)) * (yé +22))))) / ((((we
&) /(e + (we = 1)%) * (y& + 2)) + v&/ e + (xe — 1)%)) /3) — (& * (3 Y2 + 6 %
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22— 25 m0 1)+ 34 (w0 — 12 a2 /(6% (42 + (20 — 1)%) (5 + 22)))))) = —1.
We verify that line P, Ps is tangent to O; since we calculate

(((0) = ((2%y&)/B* (2 +y2) * (28 —2x w0 +y2 + 1))/ ((B*aE +y2) /(3% (v +
YE)) — (2 Bxyd +6xai —dxxc+ 1)+ 3% (xc — 1) x22)/(3* (y& + (xc —
1)) (y2& +22))) * (&) (3% (y& + (xe — 1)) * (y& +22))) — (y& + (5*a — 5
ro+3)xyh+ (wo— 1) *wo* (Txas —Txxo+1)*y2 + 3% 28 — 9xxd + 9% 2f, — 3%
2$) [ (6xyc* (Y2 + (v —1)%) * (& +22)))) [ (L+ (Yo + 2% a8 xy2 — xo*y2 + a6 —
2xxg+a2) /(Y2 + (we —1)%) * (& +a2)) + 28/ (ve + 28))/3) — ((ye * (3*y2 +
6% a8 — 2k w0+ 1) +3% (v0 = 1)?%23) /(6% (Y2 + (vc — 1)*) * (y& +22)))))) = — 1.
We verify that line P, Fj is tangent to O; since we calculate

(o * B*xz+y2)) /B (22 +y2))) — (o * (v& +3* (vc—1))) /(3 (Y& + (vc —
DN/ ((wex(Bxag+y2)) /(B (23+y2)) — ((ze+2)xyg +3% (xo —1)**w¢) /(3%
(W& + (xe = D)) * (((ye + ((zo = 1)* *ye) /(Y& + (o —1)*) + (2 * ye) [ (y¢ +
12))/3) — (((y&+ (5x 22 —5xxc+3) xyt + (v — 1) xxox (T*ad — Txxo+ 1) xyd +
3x a8 —9xal +9xxd — 3% 23) /(6% yo * (Y2 + (wc — 1)?) * (y& +22)))))/((zc +
(Y& + (v = 1) x20)/(ye + (ve — 1)?) + 2/ (yE +32))/3) — (& * (3 y2 + 6%
18— 2% 10+ 1)+ 3% (xo — 1) % 23) /(6 % (y& + (v — 1)) * (y& + 23)))))) = _llj

FiGure 1. Illustration.



BENJAMIN LEE WARREN 192

REFERENCES

[1] Warren, B.L., "Euler Lines that Concur at a Point on a Circle", International Journal of
Computer Discovered Mathematics, under review.



	1. Introduction
	2. Results
	References

