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1. INTRODUCTION

We demonstrate the existence of a certain circle that passes through nine partic-
ular points.

2. RESULTS

Theorem 2.1. Let ABC be a triangle and A'B'C" the medial triangle.

Let Ay and A, be the orthogonal projections of A" on b and ¢ respectively.

Define B, B., C,, and Cy, cyclically.

Then the nine points consisting of the midpoints of the circumcenter and the ver-
tices of A'B'C’, the circumcenters of circles A’B'AyB,, A/C' A.C,, and B'C'B.C},
and the three points at which these circles intersect are all concyclic about X(140).

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

A’ has coordinates ((zc +1)/2,y¢/2).

B’ has coordinates (z¢/2,yc/2).

C" has coordinates (1/2,0).

The circumcenter of ABC has coordinates (1/2, (y2 + (zc — 1) * 2¢)/(2 x yc)).
The nine-point center of ABC' has coordinates (zc/2+1/4, (—x% +xc +y3) /(4%
Yyo))-

X (140) has coordinates (((2 x z¢ + 3)/8), ((xc — 1) x2c + 3x y2) /(8 * yc))).
Ay has coordinates
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(xox (Yo +azox(ve+1)))/(2x (Ye +22)), (Yo (Yo +aox(ve+1))) /(2 (ye +a2)))-
A, has coordinates

((xc +1)/2,0).

B, has coordinates

(e + 1) *y2 + (xe = 1)* x2c) /(2% (Y& + (x0 — 1)), (Yo * (Y& + (vc = 2) * (vc —
1))/ (2 (g2 + (zc — 1)))).

B, has coordinates

(vc/2,0).

C, has coordinates

(W& + (xe = 1)2/2) /(¥ + (zc — 1)%), (1 — z0) * yo) /(2% (¢ + (zc — 1))

C}, has coordinates

(2/(2 % (Y2 + 22)), (zc * ye) /(2 * (& + 22)))-

The midpoint of the circumcenter and A’ has coordinates

(ve/4+1/2, (Y2 + (vc = 1) x20) /(2 * yo) + yc/2)/2).

The midpoint of the circumcenter and B’ has coordinates

(1/4 + 20 /4, (& + (z0 — 1) * 2¢) /(2 * yo) + yc/2) /2).

The midpoint of the circumcenter and C” has coordinates

(1/2, (¥ + (zc — 1) x zc) /(4 * yc)).-

Circle A’B’A,B, is given by the equation

(v = 2xxc+1)/4)? + (y —yc/2)* — (1/4)* =

Circle A'C"A.C, is given by the equation

(= (A +2c/2)/2)* + (y —yo/4)? = (1/2 = (L + 2¢/2)/2)* = (yo /4)* =

Circle B'C'B.C}, is given by the equation

(z = (L+2c)/9)* + (y —yc/4)® = (1/2 = (1 + 2¢)/4)* — (yo /4)? =

Circles A’B’' Ay B, and A'C'A.C, intersect at the point whose coordinates are given
by

(¢ — 2t + vo*yt —2c +1) /(2% (38 — 2% 20 +y2 + 1)), (Yo * (Y& + (o — 1)
20))/(2* (Y& + (zc — 1)%))).

Circles A’ B’ Ay B, and B'C’ B.C}, intersect at the point whose coordinates are given
by

(@8 +me* Yt +y2) /(2 (28 +92)), (2 * yo — o * Yo + y&) /(2 x aE + 2% y2)).
Circles A’C'A.C, and B'C'B.C}, intersect at the point whose coordinates are given
by (1/2,yc/2).

Now, consider the circle whose equation is given by

(r—((2*2c+3)/8))* +(y—((e—1)*zc+3%y2) /(8*yc)))* = (ve /4+1/2—((2xxc+
3)/8))* = (et (zo—1)xxc)/ (2xyc) +yc/2) /2= (e —1)*xo+3+y2) /(8xyc)))? =
0

We verify that the nine referenced points lie on this circle since we calculate
ro/4+1/2 = ((2xxc +3)/8))* + (y& + (o — 1) * 2¢) /(2 * yc) + yc/2)/2 -
((ve = 1) *2c +3%y2)/(8xyc)))* — (xc/4+1/2 = (2 xxc +3)/8))* — (& +
e —1)*x20)/(2*%ye) +yc/2)/2 — (((x Te — 1) xze+3%y2)/(8*xyc)))? =0,
1/4+zc/4 = (2% zc +3)/8))* + (((y& + (vc — 1) * 20) /(2 * ye) + yc/2)/2 —
((ve = 1) * e+ 3% y2) /(8 xyc)))* — (fvc/4 +1/2—((2% 3¢ +3)/8))° - (((y% +
zo— 1) x2c)/(2xyc) +yc/2)/2 — ((ve — 1) x 20 + 3% y2) /(8 * yc)))* =
1/2 —((2* 20 +3)/8))* + (& + (vc = 1) x20) /(4 *yc) — (((xc — 1) * 2c + 3%
ye) /(8% yc)))? — (vc/4+1/2 = (2 x¢ +3)/8))* — (2 + (v — 1) x 20) /(2 *
yc) +90/2)/2 — ((vc — 1) xxc +3 % y2) /(8 * yc)))* = 0,
((2*x0+1)/4—((2*x0+3)/8))2+(y0/2—(((wc—1)*xc+3*yé)/(8*yc)))2—
(re/4+1/2 = (2% 20 +3)/8))* = (((y& + (vc — 1) * 20) /(2 * ye) + yc/2)/2 —
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((we = 1) xzc+3*xy2) /(8 xyc)))* =0,

(1+2c/2)/2=(2%2c+3)/8))* + (Yo /4 — (((xe — 1) x xc +3%y2) /(8% yc)))* —
(zo/4+1/2 = (2% 20 +3)/8))* — (W& + (e — 1) *20) /(2 x ye) + ye/2)/2 —
(((ze = 1) x 2o + 3% y2)/(8*yc)))* =0,

(I4zc) /4= (2% 20 +3)/8))* + (yo/4 — (zc — 1) x 20 + 3% y2) /(8 * yc)))? —
(To/4+1/2 = (2% 2c +3)/8))* — (¥ + (v — 1) x 20) /(2 * yo) + yc/2)/2 —
(((ze = 1) x 2 + 3% y2)/(8*yc)))* =0,

((z& =2t +aoxyd —zo+1)/(2% (a8 —2x 20+ Y2 +1)) = (2% 20 +3) /8))* + ((yo *
(e + (we = 1) x20)) /(2% (Y& + (xe = 1)) = (e = 1) ¥z + 3% y2) /(8% yc)))* —
(zo/4+1/2 = (2% 20 +3)/8))* — (W& + (xe — 1) x20) /(2 x ye) +ye/2)/2 —
(((ze = 1) xwo + 3% y2)/(8*yc)))* =0,

((xd+roryd+ya)/ (2% (22 +y2)) — ((2x20+3) /8))* + (28 *yo —ro*yc +y&) /(2%
18 +2xy2) = (((ze =) *x0+3%y2)/ (8*y0c)))* — (20 /441/2— ((2* 20 +3)/8))* —
(((géﬂxc— D)xze)/(2%ye) +ye/2)/2— (((ze — 1) *zo+3*xyg)/(8*yc)))* = 0,
(1/2= (2% 2c+3)/8))* + (ye /2 — (v — 1) xxe + 3% y2) /(8 *yc)))® — (zc/4+
1/2=((2x2c+3)/8))* = (W2 + (zo — 1) xx0) /(2 ye) +yc/2) /2 = (((zc — 1) *
o+ 3xy2)/(8*yc)))? = 0 as desired. O

FIGURE 1. Illustration.
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