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1. INTRODUCTION

We demonstrate here the existence of a circle which is concentric with the second
Lozada circle [1].

2. RESULTS

Theorem 2.1. Let ABC be a triangle and A’B'C" the orthic triangle.

Let A, and A, be the orthogonal projections of A" on b and ¢ respectively.

Define B,, B.,C,, and Cy, cyclically.

Then the FEuler lines of AAyA., BB,B,., and CC,C} are concurrent at a point
which is concyclic with the centroids of AAyA., BB,B., and CC,Cy, about X (9730).

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

The orthocenter has coordinates (z¢,xzc * (1 — x¢)/yc).
A’ has coordinates

(4. (52 + (20 — 1), — (w0 — 1) # 40) /(% + (20 — 1)),
B’ has coordinates

(52, (42 + 32, (e * yo) | (48 + 72)).

(" has coordinates (z¢, 0).

Ay has coordinates

((we*y2) /(e + (o = 1)) = (& + 22)), ve /(W& + (x0 = 1)) = (v + 22)))-
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A, has coordinates

W&/ (Y& + (zo — 1)%),0).

B, has coordinates

(vot2xat*xys—wexyg+ae—2xat+a8) /(Y2 + (v — 1)) x (Y2 +22)), v&/ (v +

(re — 1)) * (y& + 22))).

B, has coordinates

(22/(y2 + %), 0).

C, has coordinates

(& + (v — 1)*x 20) /(¥ + (2o = 1)?), (vc — 1)* x yo)/ (y& + (zc — 1)?)).

C}, has coordinates

(/e +22), (32 *ye) /(e + 22))-

The centroid of AAyA. has coordinates

(e *y2)/((ye + (xe = 1)%) * (y& +22)) +ye/ (Y& + (xe — 1)) /3, y8/ (3 (y& +

(re — 1)) * (y& + 22))).

The circumcenter of AA,A. has coordinates

e/ (2 (& + (ve = 1)%)), =((vc — 1) xyo) /(2 * (y& + (v — 1)?))).

The Euler line of AA, A, is given by the equation

y=(e/B* (e + (vc —1)%) * (yc +22)) + (x = (((xe *y2) /(e + (v — 1)%)

(W& +a2) +y&/ (e + (we —1)%))/3)) * ((y& /(B3 (v& + (vc — 1)%) * (v& + 22))) —

(=((we = 1) *ye) /(2 (y2 + (xe = 1)*))/(((zo *y2) /(Y2 + (vc = 1)%) * (y& +

18)) +ye/ (Y& + (xe = 1)%))/3) = (¥2/(2 * (¥ + (zc — 1)%))))-

The centroid of BB, B, has coordinates

((L+ (5 + 25 8 % o — wo x g + w6 — 2 ag + 2¢) /(g + (ve — 1)) * (96 +
18)) + 2t/ (e +32)) /3, y¢ /(3 % (Y& + (vc = 1)%) * (& + 22)))-

The circumcenter of BB, B, has coordlnates

(2 + 25 22) /(2% (% + 22)), (e * o)/ (2 (42 + 7).

The Euler line of BB, B, is given by the equation

y=((zc*yc)/ (2% (Y& + 22))) + (& — (W& + 2+ 22)/ (2 * (y& + 22)))) * (((zc *

50 /(2% (5 + 22))) — (v (3% (% + (e — 1)) % (95 + 22) (0 + 2 +a2) (25

(ve +22)) — (1 + (yé+2*a%*y%—xc*yc+xo—2*x%+x%)/<<yé+(xc—

1)2) x (2 + a2)) + 2/ (4 + 22))/3)).

The centroid of C'C,C} has coordinates

(zc + (42 + (w0 — 17 20) (4 + (e — 1)) + ab/ (4 + 22))/3, (v + ((wc —

12 % yo) /(42 + (@e — V?) + (2 * yo) /(42 + 72))/3).

The circumcenter of C'C,C has coordinates

(zc, yc/2).

The Euler line of C'C,Cj, is given by the equation

y = yo/2+(@—2c)*(yc/2— ((yot+((xe—1)**yc) /(y2 +(xc—1)) +(at*yc) /(v +

22))/3))/ (e = ((xe + (Y& + (vo = 1)**xc) /(e + (xe — 1)) + 28/ (e + 1)) /3)).

Consider the point whose coordinates are given by

(—((xc—1)*yg—|—(6*x%—15*xc+9*xc—1)*yg+xc*(12*xé—45*x3c+48*

x%—lS*xc+2)*yé+(xc—1) *xc (10% 2}, —29% 22 + 13 %20 —2) * Y2 + 3% 2l —

18 a8, +42% 2l — 48 x 28, + 27 22 — 6% 2) (V& + (o — 1)?) * (Y& + 22) * (y2 *

(y0+10*xc—10*xc—|—1)+9*(xc—l) x22)), (Y& + (xc— 1) *xc) * (3% % — 3%

ro+1)xyd+ (15xxh =30z + 24 %22 — 9k wo+ 1) xyb+ 3% (xo — 1) xxd x (T
—Txxc+2)*y2+9x 28 — 36 x 25 + 5428, — 3622 +9x 1))/ (yo * (Y2 + (vo —

1)?)x (y& +ad) * (b + (10 %23 — 10 %20 + 1) x y2 + 9 2t — 18 x 2, + 9« 22))).

We verify that this point lies on the Euler lines of AA,A., BB,B., and CC,C,

since we calculate
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(&) Bx(ye+(we—1)%)*(ye +ae))) + (= ((vo =) *ye+ (6xwe—15%aE 4 9o — 1) *
Yot ro*(12xxl —45xxd+-48% 22 —18x w0 +2) %yt + (xc—1)* 522 (10x 28, — 29% 22 +
13%20—2)*%y2 + 352l —18% a8, +42x 2], — 48% 28, + 2T+ a%, — 6% xL) /(Y2 + (wc—1)?) *
(Y& +28) * (ye = (g +10xag, —10xzc+1) +9x (w0 —1)2xa3,)) = (((woxyd) /(v +
(e = 1)) (& +28)) +ye/ (e + (xe —1)%)) /3)) = ((ye /(3 (y¢ + (xc = 1)%) + (y5 +
28,))) = (=((xe—1)*yc) /(2 (y¢ + (xe—1D)*))) /((zcxye) / ((ye +(xe— 1))+ (ye+
v))+ye/ e+ (we—1)%))/3) = (&) (2% (Y& + (ve —1)*) = (Y& + (ve — 1) xac) *
((Bxx% —3*xxc+1)xyd+ (15xas, —30%ad +24x 2% — 9kxo+1) %yt 4+ 3% (e — 1) %
wg (Txag, = Two +2) g+ 9xag =36 %2+ 54k 1 — 3628 +9%2¢)) / (Yo (Y& +
(wo=1))*(ye+ae)* (Yo +(10x0e—10%xc +1)*ye + Ixa g — 18+ +9%at))) = 0,
((Ic*yc)/@*(y%+$20)))+(—(($0—1)*y%+(6*9€?é—15*$%+9*5E0—1)*yg+
rox (12xxd —45* x}, + 48«12 — 18*$o+2)*y0+(:vc 1) *xo*(lO*:E%—QQ*:EQCjL
13%xc—2)*y2 +3xxl — 18xad + 42« ], — 48«2l + 2T, — 6 xxt) /(Y2 + (xc —
1)?)# (y¢ +at) = (ye = (v + 10523 — 10520 + 1) + 9 (20 — 1) x22,)) — (& + 2
2g) /(2% (W + 1)) * (o xye) /(2 (ye +28))) — (e /(3 (yg + (xe = 1)%) + (g +
)/ (We+2x22,) /(2 (yg +22) = (L+ (Yo +2xag 5yt — wo*yg + a0 — 258 +
1) /(e + (w0 —1)°) (e +2)) +a6/ (o +26))/3) = (Yo + (w0 — 1) xag) +((3+
1% —3xxc+1)*yS + (152} — 3028, +24% 2% — 9x w0+ 1) xyt + 3% (xc — 1)? x 2% *
(T, —Teg+2) -+ Oxarh, — 36xf+ 5iral — 36w+ 9xb)) (v * 4+ (e —
1)?) % (y& +a2) * (yh + (10% 2 — 10xzc + 1) y2 +9x a2, — 18*af, + 9xx2))) = 0,
and
yc/2+(—((xc—1)*yg+(6*x3c—15*x20+9*xc—1)*yg—|—xc*(12*w4c—45*x3c+
48*:cc—18*mc+2)*yc—|—(mc—1) *:I;C * (1022, — 29 % 22 + 13 %20 — 2) % y2 +
3kl —18%ad, +42xx], — 48 % 8, + 2T x 22, — 6*xc)/((yé+(xc—1)2)*(y%+x20)>|<
(yc (yc—l-lO*xc—10*xc+1)+9*(azc—1) x22)) —20) * (Yo /2 — (yo + ((xe —
1)?xyc) /(Y2 + (zc — 1)) + (22 *+yo) /(e +22))/3)) / (we — (zo+ (Y& + (zc — 1) *
vo) (4 + (e — 1) + 2/ (e + 720)/3)) — (5% + (20— 1) 20) # (3 2% — 3
ro+1)xyd+ (15%xh — 30z + 24 %22 — 9k wo+ 1) xyb+ 3% (xo — 1) xxd + (T
22 —Txxc+2)xy2+ 928 — 36 %2l + 5428, — 36 %22 +9x 1))/ (yo * (Y2 + (vc —
D)?)* (v +22)« (yh + (10% 22 —10xxc+ 1) xy2 + 92t — 182l +9x122))) = 0
as desired.

Now, consider the circle whose equation is given by

(6 (g 5 (352 + 6503 — 2o 1)+ (mg— 12226 (g + (20— 1)) * (2 +
PRI+ (y— (58t (s 5x5-+3) b (50— 1) 00 % (Tl Trzig-+1) eyl
et~ 0w+ Ovat—3wh) (Gryoe (4 +(wo— 1) o (42 +a2))) — (~((wo—1)»
y%+(6>x<a70 15%224+9xxc—1)xyS+aox (125} — 4552, +48x 22, — 18*xc+2)*yc—|—
(wo—1)2 %22+ (10x 23, —29% 22 +13% 00 —2) % y2 +3x 22 — 18x a8, + 42 ], — 48 2, +
27Tkt —6x20) /(Y2 +(ve—1)%)* (Y& +a2) = (ye* (yg +10x2g — 10520 +1)+9% (20—
1)?x22)) — (2 * (3xy2+6%2% — 25 w0+ 1)+ 3% (xo—1)*x22) /(6% (y& + (xc—1)%)
(y&+22))))* = (V2 +(zo—1)*xc) * ((3xxt —3%xc+1) xyS+ (15x 28 — 302, 424 %
22 —9xxo+1)xyb+3x (w0 — 1) xad* (Txrl — Trro+2) xy2+9x2, — 36 x ]l +5dxxl, —
36503+ 9%0%)) (g (% + (20— 1)) 5 (4 22 (ot (10522~ 108+ 1) 547+ 0
o —18%xd+9%2%)) — (Y& + (5x i —5*xwc+3)*yt+ (ve — 1) ko (Txal — T*xxo+
1+ 35— Ok + Ot 32 (6ye s (2 + (20— 1)) 5 (e 22))))P = .
We verify that this point and the centroids of AA,A., BB,B., and CC,C} lie on
this circle since we calculate

(—((zo—1)*y2+ (652 — 15522+ 9% 10— 1) *yS +rox (1252 — 4% xd, + 48+ %, — 18
ro+2)*xydt(vo—1)*xadx(10xa}, —29% 22 +13%x 0 —2) xy2 +3x 2l — 18 +42x 2] —
18w Tk G (42t (= 1) (g 22 (g (g 10522~ 10+ 1)
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9 (x0—1)**32)) = (Ye* (3*ye+6%1¢ — 2510+ 1) +3% (v —1)**28) / (6% (v + (20—
D?)* (v +23))) 2+ (v +(zo—1)xx0)* ((3xad —3xwo+1)*yg+ (15%2¢ —30%a+
24%22, —9xxc+1)*ys+3% (w0 —1) 2522 # (Trad — Trro+2) *y2 + 9528, — 365 2% +54%
— 3652 +9%28)) / (yox (ve+ (2o —1)%) % (ye +a2) * (Yo + (10% 2% — 10% 20 +1) *
yE+9xxh—18xx3+9%22)) — (v&+ (5xaZ —bxxo+3)*xyt+(xo—1) xxo* (Trri —Tx
ro+1)*yd 43528 —9xad + 95t — 3xad) /(6% ycx (vi+(xc— 1)) x (yi +22))))* —
(—((zo—1)*y2+ (6522, — 15522+ 9% 10— 1) *yS +rox (1252 —45%xE, +48x 1%, — 18
xc+2)*yé+(xc—1)2*x20*(10*x%—29*x%+13*xc—2)*y%+3*x%—18*x%+42*xé—
48*Ic+27*fvc 6x25)/ (Y&t (ve—1)%)* (Y +a2)* (ye* (Y& + 1022 — 105z 0+1) +
9 (x0—1)**32)) = (ye* (3*yg+6%12 — 2510+ 1) +3% (v —1)**28) / (6% (v + (20—
D?)* (v +23)))* = (((ve+(xo—1)xae)* (%8 —3xxo+1)*yg+(15%2¢ —30%a+
24x22, —9xxc+1)*ys+3% (w0 —1) 2522 # (Trad — Trro+2) *y2 + 9528, — 365 2% +54*
—36%2¢+9%28)) [ (yox (ye+ (2o —1)%) % (Y& +22 ) * (Yo +(10% 22 — 10% 20 +1) *
yE+9xxh—18xxd+9%22)) — (v&+ (5xa2 —bxro+3)*xyt+(xo— 1) xxo* (Trrd —T*
ro+1)*xyd 43528, —9xad +9xxd —3x2d) [ (6xyc* (vi+(zo—1)H)x(y2+22))))? = 0,
((xoxye) /(e +(xe—1)*)* (y2+a2)) +y2 /(Yo + (2o —1)%)) /3= ((ye* (3% yg +6x
vt —2x20+1)+3% (v0—1)*%23) /(6% (y2 +(vc— 1)) * (Y& +22.))))* + (ye / (3* (y2 +
(xe—1)H)*(y2+22))— (Y& +(5xxi —5xxc+3)*ys+(vo—1)xxo* (Trrt —Txxrc+1)*
Yo+ 3xad—9x g +9xag —3xxd) [ (6xyo* (y2+(vo—1)%) x(yg+23))))* = (—((zc —
1)*yS+ (6523, — 15522+ 9% w0 — 1)*yc+xc>x<(12*$C—45*xc—|—48*$0—18*xc—|—2)
Yot (wo—1)2 %22 x (10523, —29% 22 + 135 w0 — 2) xy2 + 3k xd — 18% 28, + 42 x ], — 48%
w& 2751 —6x28) [ ((ve (20 —1)*)* (2 +ad) * (ye* (Y& +10%2 — 10% 20 +1) +9%
(ro—1)%*22)) — (e * (3%yg+6xa8 — 2% w0+ 1) +3% (o —1)* %22 / (6% (y& + (20—
1)) (g2 +28))))? = (Y& +(ve—1)xx0) *((3x2E —3xxo+1) %y + (1552 s —30%a¢ +
24x2%, —9xxc+1)*xyd+3% (w0 — 1) xaZx (Txad — Trro+2) *y2 + 9528, — 36 x 2L+ 54
—36%23,+9%248)) / (yox (2 + (20 —1)%) * (y& +a2 ) * (Yo + (10 %22 — 10% 20 +1) *
Y& +9xxh—18xxd,+9%22)) — (y&+ (5xx% —b5*xxo+3)*xyd+(xo— 1) xxo* (Txrd —T*
ro+1) %yt 43w — 9%t +-9x g —3xat,) [ (6xyo* (ye+(ro—1)*)* (ye+22,))))* = 0,
(L4 (ye + 252+ ye — e *yt +ag = 2x g +a3) (e + (ve = 1)%) « (v +22)) +
18/ (Y& +32)) /3= (e * (3 Y2 +6%a% — 2%+ 1) + 3% (v¢ — 1)* % 22,) /(6% (y2 +
(wo—1)%) % (2 +a))))> + (Y& /(3% (Y& + (v —1)*) * (& +22)) — ((y& + (5*ag — 5%
xc+3)*yé+(xc—1)*1‘0*(7*:1320—7*xc+1)*yé+3*x60—9*:650—1—9*:6%—3*:630)/(6*
yox (Yo + (ze —1)%) * (Z/c+$c)))) —( (e —1)*ye+ (6*953(’;—15*560+9*IC—
1)*y0+xc*(12*xc 45% 1l +48% 1 — 18*xc+2)*yc (rc—1)? %22 (10% 23, —
2922 + 135 w0 —2) kY2 + 3kl — 18528, + 42 2], — 48% 28, + 27+ xd, — 6% x}) /(& +
(ro—1)%)* (Y& +28) * (Y& * (v& +10% 22 — 10520 +1) + 9% (vc — 1)* *33)) — (42 *
(Bxy2+6%af —2%xc+1)+3% (vc —1)**23) /(6% (v& + (o — 1)) * (Y& +22.))))* —
(Y2 + (ro—1)*xc)* ((3%x% —3xxo+ 1) xyS + (15%2f — 30* a, + 24 2% — 9x o+
D)xyt+3%(xo—1)?xa2 x Tzl —Txrc+2) % y2 + 9%l — 36kl +5d*xxl, — 36 %2l +
9x2¢))/ (e* (e + (we—1)%)* (Y +ad) * (o + (10528 — 0%z + 1) sy + 9%, —
18z +9x22)) — ((yc (5*:60 S5xxc+3)xyb+ (vo— 1) *xo* (Txxl —Txxo+
D) xyg+3xag —9x w8 +9%x¢ —3xat) /(6 xyc* (Y2 + (xo—1)*) * (y& +12))))* = 0,
and
((we + (e + (we = 1) *x0) /(ye + (we — 1)%) + a8/ (ye + 28)) /3 — (Y& = (B y& +
Gwat— 2wzt 1) +3x (ao— 1 inad) /(6 (2 + (o~ 1) e (2422 + (v +
(20— 1050/ (42 + (w0 1)+ (o) (5t 78)) /3 (4 + (5 x2S+
3)*yé—|—(a:c—1)*:Uc>k(7*3:20—7*xc+1)*y%+3*$6c—9*x5c+9*x40—3*3330)/(6*
orr (24 (e~ 1)) (4 2)) (w0~ 1)yl (6% 1522 + O v —
Dsxyd4azo*x (1252t — 45 xd, +48% a2 — 1810 +2) *yb+ (xo— 1)*x 22 * (10x 23, —

MQMQ‘\’
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2922 + 135 w0 —2) Y2+ 3k xp — 18528, + 42 2L, — 48% 28, + 27+ a2, — 6xx}) /(& +
(e —1)?) x (y2 +22) * (Y2 * (Y2 +10x 2% —10*x 20+ 1)+ 9% (vc — 1)*x22)) — ((y& *
(Bxy2 +6x2E —2xxc+1)+3* (v —1)*x22) /(6% (y2 + (xc— 1)) * (Y& +124))))* —
(Y& + (zo—1)xz0) * ((3xx% —3*xxo+1) %y + (15%xd — 30k 8, +24% 2% — 9% w0+
Dxyt43%(xo—1)?xal x (Txt —Txxrc+2)*yé +9xad, — 36kl +5dxxl, — 36 %l +
9%x¢)) /(Yo (Y& + (20 —1)%) % (Y@ +a8) * (v + (10%2% — 105 w0 +1) % y2 + 9% 28 —
18+x +9x32)) — (Y& + (5*32 —5xwc +3)xys+(vo — 1)k xo* (Tag — T o+
D) yg +3% g —9xag+9xxg —3xad) /(6 yo x (v + (o — 1)) x (y& +12))))* = 0
as desired. O

That the particular Euler lines here are concurrent was first mentioned two weeks
ago in Euclid #8078 by Antreas Hatzipolakis, who generalized this notion by
remarking that it holds when the orthic triangle is replaced with a triangle which
is homothetic with the orthic triangle about the orthocenter.

L i N

FiGurg 1. Illustration.
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