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1. INTRODUCTION

In [1] we gave a generalization of the orthocenter. Here, we will give a generaliza-
tion of the centroid using semi-similar ideas.

2. RESuULTS

Theorem 2.1. Let ABC' be a triangle.

Let A’B'C’ be a triangle homothetic to ABC' about the incenter.

Let Ay be the reflection of A about the angle bisector of AB and the line through
B orthogonal to line BC'.

Define A., By, B, Cy, and Cy, cyclically.

Let A", B”, and C" be the circumcenters of AB,Cy, BA,Cy, and CA.B,. respec-
tively.

Then lines A’A", B'B”, and C'C" are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

A’ has coordinates

(2k, (21 ye) /(we + (@8 +y2)'?)).

B’ has coordinates

(w2 +28)" 2 + o (= (o +(xe — 1)) +ac — 1) +ac) /(e +28) +20), (21+
ve)/(zo + (x +y2)'?).
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C’ has coordinates
(— (50— 1) sz — 0 (g5 2+ wps (e (50— 1Y) 2= (o) 2
zo), —(yox((wr—1)*(ye+a) P +ape(ye+(ze—1)*)" 2 —x0)) /(Y& +at) P +x0)).
Ay has coordinates
(e (1) (22 — 25 2+ 9+ D)2+ 1, ~(1 (a2 — 25 20 + g2+ 1) 2 4 (0 — 1))
A, has coordinates
(wc +ye * (28 + ) /(28 — 2%z + y& + D)2 yo + (2 +y2) /(a2 — 2% 2c +
ye + )P —wex (08 +y2) /(a8 — 2% xc + yg +1))'72).
B, has coordinates
o * (1 (2 + 22 30 5 (1 (@ + 2)V?).
B. has coordinates
(22 —yo * (yo + zc = ((xE — 2% ot e+ 1)/ (a8 +y2)"?) +y) /v, yo + xo *
(2 — 25 w0 + g+ 1) (2 + y2)2).
C, has coordinates (0, —(z% + )1/ 3.
C}, has coordinates (1, —((z¢ — 1) + y2)Y?).
A" has coordinates
(— (2% + 42)Y 5 (0 + 1)/(2 5 o), —(a + 12)2/2).
B" has coordinates
(1 = ((ze — 1Y + 32)V % (20 — 2)/(2 5 yo), —((@e — 1 + 32)V2/2).
C" has coordinates
(wo+((ag +y2) 25 (2xwe — 1) (w0 — 1) +52) ") /(2% ye), yo + (28 +y&)"/* *
((wc —1)* +y2)'"?).
Line A’A” is given by the equation
g = (21 y0) /(wc + (@24 B2)2)) + (2 — o) * (21 y0) /w + (@B +12)2)) —
(@ + 522 12)) (i — (~((22 + 92)? * (e + 1))/ (2 % 50)).
Line B’B" is given by the equation

= (o % y0) (@0 + (7% + 42)Y2)) + (3 — (5 + 5202 + 2 % (—(9 + (20 —
1)2)1/ +ac—1) +xe)/ (e +a2)"? +x0))) * (((z *+yo) /(xe + (2 +yg)'?)) —
(—((ze = 1)? +92)2/2)) (42 + 22)'? + wp (— (Y& + (20 — 1))+ 20— 1) +

vo) /(Y2 + 28)'? + 2c)) — (1 = (((we — 1) +42)"? * (zc — 2)) /(2 * yo))).

Lme C'C" is given by the equation
y = (yo+ (@ +y¢)"? x (v = 1)* +2) %) + (x (IC+((~’U%+Z/%)1/2*(2*$C—
1) ((ze —1)* + yc)1/2)/(2 xyc))) * ((ye + (28 + y2) /2 * ((ve = 1)° +y2)'/?) -
(= (yo * ((wr = 1) = (v + 22) + 2% (y + (e = 1) )1/2 —x0)) /(Y2 +2)"* +
ve)))/ (o + (28 +y2)" 2 * (2520 — 1) * (v —1)*+ )1/2)/(2*110)) (—=(((zc -
D)y —xc)* (yg +38)"* +acxapx(yg+(wc—1)° )1/2 &)/ (e +a2)' +ac))).
Consider the point whose coordinates are given by
(y2*((2—dxzo)* 13+ (2% 20 +2) * 1) — T8k (T8 — 0l — mc—i-xc) Y2 (—4Axzoxai+
(2xxd —zo+1)*zp) — (2 +12) V25 (2522 % y2 —yox (—2% 2% + 6% 00— 4) %22 + (2%
124 2xx0) % xp) F Ytk (wpx (124 10) —d*27) — (w0 — 1) +y2) V2 % (22 + 28 — 21 %
(—2*xc+xc)+4*xc*xk*yc)+xk*(x‘é—x%—x%—kxc))—i—yc*((—4*x%+6*x%—2*
we)*aj+ (2xad+2xaf ) xwy) + (20— 1) +y2) 25 (yex (20 w0+ 2% 02—k (2, — 4%
wo+1))—apk (26— 4*$c+$c)+yc*($k (2*$c+2*$0)+4*$c*xk)+yc * (242} +2%
)+ 2+ 250 8) + (13 +y2 )PP x (we = 1) +yg) 2 x (o —ax(ve —2)+1) —axylx
(r-+ 1)) (42 st (22432025 (b gl (3502 + oyt (brg+4)) (e —
D)2 4+y2) V24 dxzorzp*yc) +3% (05 +92)3 25 (xe —1)2+y2) V2 +dxap xyd 4+ (e —
1)2 4 y2) V2% (Y2 % (A5 22 +6% 20 ) Ay +65 08 +ap v yox (A2 +4xx0) ) +axad
Texye), —(Yox (Yix(—dxxi + (2xx2 — 2510+ 1)) +apk (8 —2xxd+22) — (w0 —
D24y2) Y 25 (Y2 % (25 20— 1 (10 —2) )+ (— 2+ 2538 +yo* (2522 + 2% 2 0% T8 ) +
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2xxd,)+yox(ri* (4*x0—4*mc—|—2) 2xx2xxy,) —yex (—dxai + 2%y ) +oprylt— (23 +
Y2 2% (w0 —1)2+y2) Y 2 (224 2% 2k 0o+ 2% Tp kYo ) — Tk (T8 — 2% 2% +30) +yo*
(252} + 25w xay) —wo Ry ryl) + (08 +yg) >+ (we — 1) +y8) 2+ (1p 1)) /(4%
Tikye+ (0 +ye) P (dxaxyt 4 (3xag +apryo (dxre+4)) + (ve— 1) +y8) /2 +
dxxo*rp*yc)+3% (22 +y2 )3 2% (20 —1)2+y2) V2 +Hds a3+ ((vo—1)2+y2 ) V2%
(Y& * (4523 +6%x0) +4dxTp*ys + 6528 +xp*yo* (4528 +4d%x0)) +A* 2 % T8 %YC)).
We verify that this point lies on lines A’A”, B’B”, and C'C"” since we calculate

((zrrye) /(o + (28 +y3) )+ (e (2—4xzo) i + (2520 +2) xay) —xpok (23—
Tt — 13+ 1L) — g2 x (—dxzox i+ (253 — o+ 1) *my) — (25 +y2) Y2 % (2502 5 yd —
Yo ((=2%22+6%x0—4) %22+ (2% 22 + 2% 30 ) % 1) + Y2 * (T x (22 +10) — 4% 22) —
(ro—1)2+y2) /%% (SCC+SCC xk*( 2512 +x0) Hd*xoxTpxyc) +apx (Th— 1l —
12 +30)) tyox ((—4xxd+6x2L — 2% xc) %22+ (2% 28+ 2% 28 x 1) + (e — 1)2 +
Y2 2% (Y2 ok (2% w0+ 2% 2% —mpk (22 —dx o+ 1)) —apx (vh —dxd + 1) +yox (2%
(25224 2%w0) +dxadxmy) FySx (2502 4+ 25wy )+ 2528+ 25 38) + (22 +92)3 25 (20—
12 +y2)' 25 (w0 —mpk (w0 —2) +1) —zpxyé k(o +1)) [ (Axaxyg 4 (ag+yg) 2+ (4
2 xy 4 (3x 2+ apxyox (dxzo+4))* ((vo—1)2+y2) 2 Fdxao*mpryc) +3% (02 +
&) x (xe = 1) +y2)" P+ dxapxyd+ (2o — 1) +y2) P (yg+ (4 af +6xwe) +4x
TpxyS+0xxd +xpxyox (dxad +4xwe) ) Hxrd s rpxyc) — ) * (((xrxye) (ot (2% +
ye)'?) = (= (g +y2)'2/2)) /(@ — (= (23 +y2)? x (x0+ 1))/ (2%y0))) — (= (yo
(Y2 % (—4x 22+ (2% 2L — 2%z + 1) ) +apx (8 — 2528 +22) — (wo—1)2+y2) /2%
(y&* (2% xo—xpx (20 —2))+apx (=2 42525 ) +yc* (2512 + 2% Tk ) )+ 2% 18, ) + Yo *
(225 (4522 —dxwo+2) = 2502 %) —yd * (—4* 22 + 2% 13) +ap Yyl — (25 +y2) V2 %
((wo—1)2+y2) V2% (22425 T 00+ 25T ¥ Yo ) — Tk (08 — 2505 +20) +yo* (2% 22 +
2xx0xay) —ror TR yYe) + (2 +Ye) P x (we =12 +y2) P+ (2, —1))) /(4 raf xyd +
(22 +y2) 2% (42 xy2 + (3% 22+ ok yo* (dxxe+4)) * (2o —1)2+y2) V2 +dxac*
wpxye) + 3% (2E+y3) Y+ (v0 = 1) +y2) " +dxapryd + (10— 1) +y2) V2 + (ye +
(4% 22 +6%20) +dxapxyd +6xad +apvycx (dxaZ +d%x0)) FdxaZxrpxyc)) = 0,
((mk*yc)/(l’ch($20+y?;)1/2))+((y%*((2—4*370)*$i+(2*l’c+2)*ﬂfk)—ﬂﬂk*(ﬂﬁ%—
TH— a:c—i—azc) Y2 x (—d*woxa?+ (2% 28 — o+ 1) xay) — (02 +y2) 2% (2% 22 5 y3 —
yox((— 2*1’0—|—6*1’C 4)*xk (2522 +2%x0) 1) Y2k (v (22 +20) — 4% 17) —
(xe—1)24+y2) 2% (2% —i—xc Tpx (—2x 25 +20) +4*To* TR YC) F TRk (T — 1 —
x%—i—xc))—l—yc*(( drrd +6x2% —2%x0)xxi+ (2% x5+ 2% ) *xp) + (20— 1)+
Y2 2% (Y2 x (2% w0+ 2% 2% —mpk (22— dx o+ 1)) —ap % (vh — A5 P+ 1) Fyox (23 *
(25224 2%10) +dxw x ) Fyx (2502 4+ 251 )+ 2528+ 2578 )+ (224923 25 (20—
12 G2 2 (g (7 —2) +1)— ngoe(mo-+ 1)) (g (et )2 (e
2xyd 4 (3x a2+ apxyox (dxxe+4))x (o —1)2+y2) V2 Fdxao*rmpryc) +3% (02 +
Y& )P+ (o =12 +y2) 2 +dxapxyd + ((we — 1) +y3) 2+ (Y& * (4x 2 + 6% 20) +
dx kY + 6% % g ryo* (dxad +dxxe)) H4xaZx vy xyo) — ((vE +22)Y2 4y *
(= (W& + (e =1 +re—1)+x0) /(Y& +22) > +20)) * (((zrxye) /(o + (8 +
&)%) = (—((ze = 1> +92)"2/2)) /(42 +22) "+ zp % (—(y& + (e —1)*) 1 +
zo—1)+xe)/(Y&+x2) P +xc) = (1= (((we = 1) +y2)* * (xc — 2))/(2*110)))—
(—(yc*(y%*(—él*xk + (2% 2% — 2% xo+ 1) *xp) tapx (v — 2% xd +22) — (zo— 1)+
Y2 2% (y2x 2k w0 —apx (10 —2)) +ap % (— xC—I—Q*xC)—i—yC*(Q*xk 2% xo*x))+2%
x%)—l—yc*(a:k k(4xxl —dxro+2) —2xxi*xy) —yd ok (—4xai+ 2%z )t oyl — (2h+
Y2 2% (w0 —1)2 4 y2) 2 (224 25 2k w0+ 2% Tp Yo ) — Tk (T8 — 2% 0% +30) +yo*
(2 + 2og) — % 0y )+ (U2 ( — 1)+ ) P2 x (o — 1)) (4
PR eyt (52 1 y2) n (et wyfrt (3w ayeyeon (e + ) (w0 )42 )2t
dxxo*rp*yc)+3% (22 +y2 )3 2% (20 —1)2+y2) V2 +Hdsap*xyd + ((vo—1)2+y2 ) /2%
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(Y2 * (422 4+-6%x0)HAx Tyt +6kxd - xpxyok (dxad +4xxo) ) +Hxaixzpxyc)) = 0,
and

(yo+ (23 + &)+ (e =12 +y2) %) + ((yE + (2 —4xxo) xaf + (2% w0 +2) % 13) —
Tk (22 —rh — 2+ 0d) — 2 x (—dxwoxa? + (2% 23 — o+ 1) xay) — (02 +y2) V2 (2%
iy —yox ((—2xx2+6xx0 —4)x 27 + (2% 22 +2x 20 ) * 21 ) + Y2 * (Tpx (25 +10) — 4%
22)— (2o —1)2+y2) V2% (22 + 2f —zp* (—2% 22 +20) Fdxxo* T % ye) + o8 (Th —
rh—2t+x0))tyc*((—4xxd +6x2s —2%x0)*xi+ (2xxd,+ 2522 ) kg )+ (xo— 1)+
Y2 2% (Y2 ok (2% w0+ 2% 2% —apk (22 —dx o+ 1)) —apx (vh —dxxd + 1) Fyox (22 *
(25224 2%w0) +dradxmy )ty (2502 + 25wy )+ 2508+ 25 28) + (22442 )3 25 (20—
12 +y2)' 25 (w0 —mp (w0 —2) +1) —zpryé k(o +1)) [ (Axaxyd 4 (ag+yd) 2+ (4
2xy 4 (3x 2+ xyox (dxzo+4))x ((vo—1)2+y2) V2 Fdxao*mpxyc) +3% (02 +
&) (e — 1) +y2) P+ dxapxyd+ ((we — 1) +y2) P (g2 x (A af +6x o) +4x
TpHy 652 Fapryor (dxrd +Hdxae)) Haxad ko xyo) — (o + (22 4y2) YV 2% (25 w0 —
x((ze=1)°+y2)"?) ) (2xye) * (o + (28 +ye) 7 * (20 = 1) +y3) %) — (= (yo*
(k= D)* (Y@ +a2) Pt apx (Yo + (o —1)*) 2 —2e)) /(Y& +22)*+20))) [ ((zo+
(@2 +y2) P (2520 —1)x (2o —1)*+42)*) /(25 ye)) = (= (((zc = 1) * 2 —20) *
(Y& +x2) P +roxapk (Y + (xo—1)°)? —23) /(Y& +23) " +10))) = (= (Yo x (Y& *
(—dx22+ (2522 — 2% 00+ 1) x2p) + % (v — 2% 2% +22) — (e — 1) +92) V2% (y& *
(250 —ap* (10 —2)) +ap* (—28+2%2%) tyc* (2% 22 + 2% 2o *28) + 2515 ) + Yo *
(225 (4%2% —dxmo+2) = 2532 %) —yd * (— 4522 + 2% 13) + 2yl — (05 +y2) V2 %
((wo—1)2+y2) V2% (22 + 2% T 00+ 25T %Yo ) — Tk (T8 — 2505 +20) +yo* (2% 22 +
2xacxay) —roxrikye) F (@ +ye )P (2o =17 +y8) P+ (1p—1))) /(Axaf*ye +
(22 +y2) 2% (422 xy2 + (3% 22+ apryo* (dxxe+4)) (2o —1)2+y2) V2 +dxac*
riyc) b3 (a2 422 (e 1) g2) V24 ey (zo— 1)1 52 2 (i
(4523 +6%x0) +4*mp xYe + 06523+ 1p kYo (dxxd +4x30)) +4* i x T % Yyc)) = 0
as desired. O

This point becomes the centroid when we take A'B'C’ = ABC.
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FiGure 1. Illustration.
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