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1. INTRODUCTION

We pick a point on the circumcircle and demonstrate that three emergent points
lie on the nine point circle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let P be a point on the circumcircle of ABC'.

Let Py be the reflection of P about line BC'.

Define Pg and Pg cyclically.

Let P! be the midpoint of A and Pj.

Define Py and Py, cyclically.

Then P, Py, and P[. lie on the nine point circle of ABC.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

P temporarily has coordinates (zp,yp).

P4 has coordinates

(2% (ye * ((xe = 1) *yp +ye) + (xc — 1)?x2p) /(Y2 + (o — 1)?) — xp, 2% (yo *
(Yo *yp + (xc — 1) *zp —zc + 1)) /(2 + (xc — 1)%) — yp).

Pp has coordinates

(2«(zcx(zoxptyoxyp)) [ (vt +ye) —p, 2x(yox (zoxzptycxyp)) /(2L +yE) —yp)-
P¢ has coordinates
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(xP7_yP)‘

P/, has coordinates

(2 (yo x ((zc — 1) xyp +yc) + (zc — 1) x 2p) /(2 + (xc — 1)*) —2p) /2, (2
(Yo * (yo *yp + (zc — 1) xxp — 20 + 1)) /(Y& + (xc — 1)°) —yp)/2).

Py, has coordinates

(14+2* (xe* (e *xxp +yc *xyp))/(x2 + y2) —xp)/2, (2% (yo * (xc * xp + Yo *
yp))/ (% + 42) — yp),2)

P/, has coordinates

((zc +2p)/2, (yo —yp)/2).

The circumcircle of ABC' is given by the equation

(2= 1/2+ (y—(g2+ (20— 1)) | (25y0) P~ 1/A— (gt (o—1)£20)/ (2yc)? =
0.

The nine point circle of ABC' is given by the equation

(2 — (/2 14+ (g — (=% +20+42)/ (45 ye))? — (1/2— (5e/2+1/4)) -
(=22 + e + 42/ (42 yo))? = 0.

If P lies on the circumcircle, we can express its coordinates as either

(zp, (22 —zo+y2 + (—4x b xy2 +dxxpxyd + a5 — 2% xd + 2% 22 x y2 + 22 —
2% o x Yt +y&)?) /(2% ye))

or

(xp, —(xc — 2% —yi + (—dx b syl +dxwpxyd + ol — 2% 22 + 2x 22 x y2 +
72— 2530 % 4+ yo)V2) /(2 % yc)).

In the first case, we verify that P}, P, and P/ lie on the nine point circle since
we calculate

(2% (yo* ((we = 1) * (22 —zc + Y& + (—4*ah wyg +dxap*yg + a8 — 2% 78 + 2%
TG * Y&+ 1% — 2%k 20 * yp +y&)' ) /(2% yo)) +ye) + (xe — 1) x xp) /(Y2 + (20 —
1) = 2p)/2 — (202 + 1/4)) + (2 (g * (yo * (5% — 20+ % + (42 5 42+
dxxpryt+al —2xad + 25t xyi + g — 2xxoxyg+ye)' ) /(20 yo)) + (v —
1)+ 2p — a0+ 1)/ + (20 — 1)) = (a2 — 30+ 9%+ (—4 523 4y + s ap 4
Y+ ok — 2w a4 2 %0t eyt ad — 2420 5y + YAV /(25 yo))) 2 — (—ah +
ro+ ) /(o)) — (/2 (2024 1/4)7 — (=22 + 30 +42),/(1yc)))? = 0,
(1+2% (zo*x(zoxxptyc* (22 —xo+yd+ (—4xrb*yl +dxwpxy2+ ot — 251l +
2Ryt 25Ty ) V)| (2yo))) (2 gB) — ) 2~ (w0 /24 1/4)) P+
(2% (yox(zoxrp+ycx (22 —ro+yd+(—dxabryi +4xxpryd +uh — 2% w0 + 2% 1% *
o — 2 g4y U2) [ (2eye)) ) () — (02— o+ gt (—Asad el
drapryt+ g =25l +2xalxyt+ag —2xxoxyt+yi)'?) [ (2+ye))) /2~ (2t +
ze+ye)/(A*yc)))® — (1/2— (2c/2+1/4))* = (((=2Z +zc +y2) /(4 *yc)))* =0,
((we+2p)/2 = (xc/2+1/4)* + ((yo — (22 — T +y¢ + (4 xahxye +4*zp*
Yo+ al — 2% xd + 2%l Yyt + ag — 2% xc xyg +yi)' ) /(2% ye))) /2 = ((—ad +
ze+ye)/(Axyc)))’ — (1/2 = (2¢/2+1/4))* = (((=2Z +zc +y2) /(4 *yc)))* =0,
and in the second case we verify that P, Py, and P/ lie on the nine point circle
since we calculate

(2* (o ((zc — 1) x (—(ve — g — Y&+ (—4xpxyg + 4% rp x Y2 + 26 — 2% 2% +
2% ag kY + 18— 2% 20 * Yo +y&) ) (2% ye)) +ye) + (xo = 1) xxp) /(& + (z0 —
1)?)=xp) /2= (2c/2+1/4))? + (2 (ye * (yo * (—(vc — 28 —y& + (—4xab*y2 +
4*xp*y%—i—xé—Z*x%—i—Z*x%*y%—l—x%—2*xc*y%—|—yé)1/2)/(2*yo))—i—(J:c—
Dxap—xc+1)/(y2 + (vc —1)%) = (=(vc — 2¢ — yo + (4 xap* yg + 4 xxp *
Ve + 35 — 25 xd + 2028w yG + g — 2xxe + Y+ o)) /(2% y0))) /2 - (Cad +
ve+ye)/(A*xyc)))® — (1/2 = (zc/2+1/4))* = (((=2% + zc +y2) /(4 *yc)))* =0,
(1+2x(ze*(zoxrptyox(—(ve—xi —y2 + (—d* byt +4xxpryl +xd — 2% s+
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25l xyd4ah —2xxoxyE+yt) ) ) (2%yc)))) /(aE+yE) —ap) [2— (vc/2+1/4))* +
(2% (yex(wexzptycx(— (2o —rE—ye+(—4xapryg+Axx pryg+rh—2krE+ 2533
ye+ad—2xxexydtye)?) ) (2xye)))) /(aE+yE) — (—(xo—ak —yi+(—dxabryd+
4*wp*2y%+wé—2*§%+2*m%*%H%—2*;70*y%+y;c)”2)/(2»;yc)))/2—((z—x%+
ro+ye)/(4xye)))® — (1/2— (zc/2+1/4))* = ((—2& +zc +y&) /(4% yc)))? = 0,
(zoc+zp)/2—(xc/2+ 1/ + ((yo — (—(vc — 22 —y2 + (—d* b xy} +4dxzp*
Yo + o — 2% ah + 2% xf x yg + g — 2x xo* yg +ye) %) /(2% ye))) /2 — (—2E +
zo+yg)/(A*ye)))? — (1/2 = (vc/2+1/4))* — (=22 + zc + &)/ (4 *yc)))* =0
as desired. 0

FIGUurg 1. Illustration.
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