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1. INTRODUCTION

We prove the existence of two new equilateral triangles in the plane of a triangle.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle, with P either of the Napoleon points.
Let A’B'C" be the pedal triangle of P.

Let Ay and A, be the orthogonal projections of A’ on b and c respectively.

Define B, B., C,, and Cy, cyclically.

Then the Fuler lines of AB.Cy, BA.C,, and C AyB, enclose an equilateral triangle.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

P temporarily has coordinates (zp,yp).

The first Napoleon point has coordinates

(yox* (yo* (24% 20 +6%3Y 2% yc+21) +3%3Y2 4+ 2532510 % (3% 10 +5)) + 3% 20 *
(zc+1))/((yo * (32 % ye +5) +32 % (22 —xo+1)) % (125 ye +2%32)), (B yo +
325 20) % (3xyc — 3V %% (xc—1)))/(6xyc* (32 xyo+5) +6%3Y2 % (22, —zc+1))).
The second Napoleon point has coordinates

(yo* (35312 —yo* (24x w0 —6%3Y2xyc +21) + 232520 % (3% 10 +5)) — 3% 10 *
(zc+1))/((yo* (32 xyc —5)+3Y2x (28 —wc +1)) * (12xyc —2%3'/2)), —((3*yc —
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3V2x20)* (3xyc+3Y2x (1o —1))) /(6% yc* (32 xyc —5) + 6% 312 % (12, — 20 +1))).
A’ has coordinates

((ye * ((zc = 1) *yp +yo) + (xe — 1)? * 2p)/(y2 + (zc — 1)), (yo * (ye * yp +
(zc — 1) xxp —zc + 1))/ (Y2 + (zc — 1))

B’ has coordinates

(e * (e * xp +yo * yp)) /(28 + ¥2), (yo * (xc * xp +yo * yp))/(xE + y&)).

(" has coordinates (xp,0).

Ay has coordinates

(zo* (yp* (Y2 x (xp* (xc— 1)+ 1) +xe*xp* (xe — 1)?) +ye * (0) * (yo * (zp —
1) — yp 5 (e — 1)) + o » 45 (2. + 205 (30 — D))/ (g (2 + 42 * (2 — 12 +
Ye))s e * (yp (ye  (xp x (zc — 1)+ 1) +ac*xp* (e — 1)) +yo = (0) = (yo * (xp —
D)~ g (w0—1) ok A (8 4+ (o — 1) (yp (242 (20— 17 +173).
A, has coordinates

((yp* (xp* (e —1)* +y2) +yo * (0) * (yo * (zp — 1) —yp * (o — 1)) + yo * yp *
(rc — 1))/ (gp * (30 — 17 + 1)), 0).

B, has coordinates

(yp* (Yo +xe*yd*(xo+ap*x(xo—1))+ai*xzpx(vc—1)*) +yo*(0)* (zo*yp —
zp*yc)*(ve—1)+yc xyp*(vc—1)* (y& +xc*(zc— 1))/ (yp * (28 +y2) * ((xc —
D2 49&)), (Yox (yp s (yéx (wox (ep— 1)+ 1) +ag —xg+agxep s (o —1))+yox (0)
(zexyp—xpxyc) tyoxyp* (Y& +rox(xe—1))))/ (yp+(ag+ye)* (xe—1)*+13))).
B. has coordinates

(22 * zp*yp + x0*yo *yp — yo * (0) * (we xyp — xp xyc))/(yp * (28 + ¥2)), 0).
C, has coordinates

((ye * ((zc = 1) % (0) + yo) + (zc — 1) x xp) /(Y2 + (xc — 1)?), (yo * (yo = (0) +
(zc — 1) *2p —xc +1))/(y¢ + (zc — 1)%)).

C}, has coordinates

(¢ * (s *0p + yo * (0)/(ah + 42, (0) * ¥4 + ¢ % 0p % yo) /(& + 42.).
The Euler line of AB.C}, is given by the equation

y=—((y2 +a2)x Bxzc*yp —Tp*yc) *T — T2 % Yo * yb — 2% XY * Tp * Yyp +
g+ xp * yo) /((Ye + at) * (Yo * yp — xc * xp)).

The Euler line of BA.C, is given by the equation

g = —((g% + (e — 1)) (35 (e — 1) % yp — (p — 1) ye) # 2 — (0 — 12 5 yo &
i — (20 — 1) % (355 + (e — 12 (2xp+ 1)) p + (25 — 1)+ (20 — 1) &
(zp — 1) xzpxyo) /(Y& + (o — 1)?) * (yo * yp — (zc — 1) xxp + 20 — 1)).

The Euler line of C'A,B,, is given by the equation
y=—((a+(xc—1)})*(vi+22)x (Y2 *xyp+3%2% *yp — 3xTc*xyp — Yo — 2% T *
TpxYc+Tp*yc —rL*yc+2%xo*yc)*x— (2% xc— 1) *yc* (Y& + (xo— 1) *xc)?*
yo+((2xzp—zo—1) %y + (xex (2% (v — 1) *xp—3x2i+ 20 —1)+1)*yd — (zc—
DxzZx (2% (xo—1)*xxp+3x12 —2%x0+2) % y2 — 2% (xc— 13 %2l *xp — 2l + 3%
28 —3xad+al)xyp+apryl+ (zpx ((2%xc—1)*xp+3%2: —4d*xxc+3)—1)*
yot+rox(rp* (2% (re—1)x(2xxc—1)*xp+3*xp, — 8% 1%+ 8*x0—2) — ) * Y+
(e —1)*xaixxpx((2xxc— 1) *zp+(xc—2)xx0) *yc) /(Y& + (xc — 1)) * (y& +
22) % ((2xxc— V) *yoxyp — 3*xxp—x0c — 1) %y — (xc — 1) xxo*xp + 2% — 24)).
The Euler lines of AB.C}, and BA.C, intersect at the point ¢; whose coordinates
are given by
(2%zc—1)*ybxyd—yox (Y2 (3% (xc—1)xy2 — (5*xxZ —Hxxc+2)*xxp+(xc—1)*
(3%x% —2%xxc+1))—3%(xc—1)?*xi*xxp)*xyb+((xp—1)*xyS — (xp*x ((2xzc—1) *
rp—3*xri+ro+1)+ai)xyd—(vo—1)*zo*xxp* (2% (2xxc—1)*xp -3 1i+ 20—
D)xy2+3%(xo—1)?*xdxxp)xyp—xox(xp—1)*xpxyd+ro*(xp—1)*xp*((Tc—
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sz — )y — (g — 1) ww (o — 1) honger) (- (0 — 1)) (g 22 » (3
yorys— (Y2 —3x(vc—1)xxc)xyp— (xp— 1) xxpxyc)), — (((3* x4 — 3% xc) *yd +
(=3xxd +6x23 —3x2L)xyc) xyp+ (1 —2%xc) *xp — 8% 22 + 9% x0) xyh + (12 %
13— 18%x% +6xxc)*xp—11x2+16% 28 — 8% x% +3xwc) *y2 — 328, + 9% 22, — 9%
T8 +3%23) x5+ (620 —3)*2p — 3% 20) *y2 + ((=9% 12 + 9% 10 — 2) x 1%+ (6%
d—1)kxp—3xxd )k yd + (v — 2% +22) * 2%+ (—xh + 2528 —22) x2p) *yc) *
yp+(zp—ap)xye+ (2520 —1)*2p+(—¢ —2xxc+ 1) b+t xap)xys) /(Y2 +
22 (05— 220 4 1) (B (ot Bt — Brzcyvyp b+ (op—20)5c)).
The Euler lines of AB.C}, and CA,B, intersect at the point ¢g» whose coordinates
are given by
(((2%mc—1)xyS+ (2% 28, —5xal +2xx0) xyd ) xys+ ((—2xxp+ 10+ 1) * YL+ ((3%
ro—aL)*xp+2xxp — 2% % + 10— 1) xyd+ (=22l — 3% ad, + 3% 2L ) xxp+ 22 — 3%
rh+5xwd = 3%k ) xyd + (=328 +6 %28 — 3% ) xwpryc) kyb+ (—rpryp+ (zH+
(—4x22+3%xc—3)xxp+1)xyd+ ((6%xd +3%2d —2xxc) * 2%+ (—8xxf+ Tl —9x
12 43%x0) % p+ L) xys+ (6523 — 10k xh + 45zl )k xh 4 (—8% 2l +13%xd, — T*wf +
2528 ) xxp)xyp+ (—3%xd + 9% 2l — 9x 28 4+ 3xxd ) kxp) *yp+ ok H R YL+ ((—2% —
xc)*xp+(4*xc 3xxi+3xx0)xrh—ro*xrp)*ys+ ((z8 — xc)*xp+(5*xc 10
T+ Txad —ad)xxh—aixxp)xyd+ (2 — 2*x0+xc)*xp+(2*xc 7*x0+8*xc
3xag)xap)xyc) [ ((Ye +38)* (Y2 + 38— 2x e+ 1) x (Y —3*xa*yc) *yp+ (—yc +
(S*xc*arp—4*x%—xc)*y%—3*xé+3*x%)*yp+((2*x0—|—1)*xp—?)*x%)*yg—l—(x%*
Pt (2~ 330 )t p) o)), — (5508 —Bxrc) iy + (S — 13wt )
y%—{—(3*1’60—6*335c+3*:1:‘é)*yc)*y%—l—(((1—8*3:0)*xp+4*x2c+3*xc)*yc+(( 10
T4 11x2 —2%x0)kwp+ 115t — Tl +4x 1l —3xxo) v ys+ ((—2xad — 2%l +4%
x%)*xp—l—lO*x%—19*:6%4—17*1:40—8*1%)*yé+3*x80—9*x7c+9*xc 3kl ) xyb+
(2525 +(—dxzc—1)xxp)xyl+ (o —3%2)* 1%+ (— 10*x0+13*xc 10%zc+1)*
Tp+3xxc)*yS+((—6%xh+ 15528, — Txxd ) x 0%+ (— 8%+ 21 %2}, — 265 12, + 8% 12 ) *
rp+3x2d )2y + ((—28 4+ 2% — 28 x1bh+ (—2x 25+ T2l — 8% a2 + 3% x} ) *xp) *
yo)xyp+ ooy +((2xxo—1)xxh+ (2% x% —dxxo+3) %1% —xp) %y + (2528, — 5
T +2xa0) *p+ (2 —dxag + Trag, — 2xxo) xwp—agxrp) «yo) /(Yo +ad) « (o +
—2xxo+1)*((y2 — 3% % xyc) xyb+ (—yb+ (8% wo*xp— 4% 2% —10) *YE — 3% T+
323 )xyp+ ((2xxo+1)*xp — 3% %) %y + (22 x 1%+ (2% 28 — 3% 22) *x2p) *yo))).
The Euler lines of BA.C, and C'A,B,, intersect at the point g3 whose coordinates
are given by
(((2xzo—1)*yS+(2xxd —22 —2xx0+1)xyd ) xys+((—2xxpt+xc+1)*yS+((—
To+2)xxp+2%x8 — 4kt +8x 1o —4)*yd+ ((—2x b+ 1152}, — 18% 23 + 11%x0—2)*
Tp+ad—5*rh+8%1d —6xx% +3%ro—1)*xyd + (—3%2l +12x 2% — 18xx} +12% 23, —
3xx2 ) xxp*yc)* Y+ (—rprys+(—rh 4 (—4xxd +13%xxc—10) %2 p— 2% 2% — 2% T+
4)yS+ (652 —21xa2 +22% 00— T7) k0 b+ (—8% x5+ 29, —26% 2%, +-6xx0— 1) xxp—
drxp+2xxd +4xat —dkwo+2) xyb+ ((6%22 — 2050t + 24523, — 125224 2% 20 ) x 2%+
(—8%xl+31xad — 4651 +32%28, — 105k 2i + o) *xp— 2528+ 45 ad — 4%l +2x 22 ) x
yi+(—3%28 +15% 2l —30%2% +30%2d, — 15xxt +-3%2d ) *xp ) kyp+ ((xc—4) %25+ 5%
xp—gcc—1)*yé+((—x20+3*xc—2)*I:;’D—i—(él*a:?é—11*x%+4*xc)*x%—l—(—Q*x%—l—lQ*
—8%xo+3)*Tp—24T+ 10— 1)*y0—|—(( xc—|—2*xc xC)*xP—i—(5*xC 16*xc+
20*x%—12*x%+3*xc)*xp+( 4*xc—|—15*xc 20k 3+ 11 %22, — Z*xc)*xp xc—i—
rhtad—ak)xyd 4+ (28 —dxad 4+ 6% xf — dxad + 22 ) b+ (252l — 928 + 16522, —
14*x40+6*a7%—:v2c)*$13—|—( 2*:vc+8*xc—12>|<xc+8>|<xc—2*xc)*a:p)*yc)/((yc+
we) (e ue—2xact 1) ((ygt (=3a +6xac—3)xyc) xypt(—yot ((8xzc—8)x
rp—4xxt+ro+3)*yl —3xrt+ 9%k — 9*xc+3*xo)*yp—|—( 3x1%+ (2% 10 +3)
rp—2xz0)xys+ (22 —2xx0+1)* 2%+ (2% ad, —b*xd +4xxc—1)*xp— 2528 + 4%
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—2x20)%yc)), —((5*xE —Txxc+2)*ye+ (8x 2 —19% 23+ 14x 2% — 3xx0) x Y2 +
(B, —12x22 + 1852, — 12523+ 3% 22 ) xyc ) xyp+ (((T—8*w o ) 1 p+4* 1% — %20 ) *
Y&+ ((—10%2d +19%22 — 10 xo+1) )z p+ 115 d — 272, +30% 22, — 18xxc+4) *y L+
((—2%2d+ 12528, — 24522, +20% 2%, —6x 20 )k p+ 10528, — 39522, +60x 28, — 46 %, +
18«22 — 3%z *ys+3xxs — 1552 430528, —30% 2 + 155wt — 3xad, ) xybh+ (25 2%H+
(1—dxzc)*xp+d*xre—3)*yL+((—3%2E +5xx0—2) x 2%+ (—10%xd + 23522 — 24 %
re+10)*2p+ 10528 —20% 2% +16 %20 —5) *y2 + ((—6*%xh + 9% 23, + 2% 22 — Txx o+
2)k 1%+ (—8*xl +31kxt —40%xd, +20% 22 —dxwo+1)* T p+8% 1l —25% T +28% 13, —
13522 +2xx0)xyd+((—al +4xad —6xal +4xad, — 1l ) xa%h+ (—2x 2l + 928, — 16
o2+ 14xxl —6xxd+ 2% ) xxp+ 2% 0L — 8% 8 +12% 2, —8xx} + 2523 ) *yc ) xyp+ (1% —
2*xp+1)*y%+((2*:vc—1)*x?g+(2*x%—6*xc+4)*x%+(—4*x%+6*x0—4)*xp+
2% 12, — 2*$0—|—1)*yc+((2*xo 12 —2xro+1)*xxh+ (28 — 652 +4xas+2%rc—1)*
2L+ (=25 28+ 6% xy, —d*xd ) xxp+ah— 2% a8+ 22 ) *yd) [ (Vi +1%) * (Y2 + a5 — 2%
ro+1)*((y2+(—3%2246x10—3)xyc) xyp+(—yo+ ((8*xxc—8)*x p—dxri +10+3)*
Y& —3xx b+ 9xxd — 9%t +3%x0)*yp+(—3kxh+ (2% 10+3) xxp— 2570 * YL+ (72—
2xxc+1)xxh+ (2xxd —5xat +dxxo— 1) xxp— 2% 28+ 4522 — 2% 20) *Yc))).
We verify that the line segments ¢;q2 and ¢q3 are the same length when P is
the first or second Napoleon point since we substitute the coordinates for P and
calculate
((2xxc—1)*ytxyd—yox (y2* (3% (xo—1)xy2 — (5xaZ —5xxc+2)*xp+ (10 —1)* (3%

—2*:vc+1))—3*(:vc—1)2*:v20*a:p)*y123+((a:p—1)*yg—(xp*((2>kasc—1)*;513—3*
wc+xo+1)+wc)*yc (zc—1)kzoxxpx(2%(2%x0—1) %2 p—bxas+x0—1)* Y2 +3%
(xc 1)3 *xc*xp)*yp rox(xp—1)xxp*ryp+rc*k(xp—1)xxpx((xo—1)xxp—22)*
Yo~ (ze—1)*agx(zp—1)xapryc) /(Y2 +(xe—1)*)x(ye+ad ) (3xycryp—(y&—3*
(xo—1)xxc)*xyp—(xp—1)*xp*yc))— (((2%xc—1)*yS+ (2% 22, —5xx2 +2% 20 )yl ) *
Yo+ ((—2%xpt+ro+1)*yl+((3xxc—22 ) *xx p+ 2508 — 2% 2% +w0— 1) xye+((— 252} —
3kxd+3x2% ) v p+ a2 — 3% xh+5xwd — 3kl ) kY A+ (— 3528, +-6x1% — 3% d ) kT pRyc ) *
ybht+(—zpxyl+(vh+(—4xad+3%x0—3)xxp+1)xyd+ ((6xxd 4+ 3% 2% —2%x0 ) x 2%+
(—8xxlh+ T+l —9%x2+3xx0)*xp+ad)xyb+ (6523 — 10kl +4xx) k0% + (—8%
:E6C+13*x%—7*x‘é+2*3:3é)*:Ep)*y%+(—3*x%+9*xé—9*$60+3*;1:50)*a:p)*yp+;cc*
rhxylt ((—ri—zo)*xb+ (4l —3xa24-3xx o) * 1 —xo*rp ) *yd+ (28— a2 ) xah+
(5*:1:0—10*1:0+7*:1:C w2 )xxh—xdxrp)kyd+ (28 — 2% 2l +al ) *ad + (2%l — Tx
wg+8xat—3xxg)xah)xyc) /(e +a2)*(ye+ag —2xxc+1)*((y¢ —3*at xyc ) xyp+
(—ye+(8xrokrp—dxat —xo)*y2 —3xxh+3x2d ) xyp+((25x0+1)* 0 p— 3% 2% ) * Y+
(2o b (2o B2 v i) P+ (2B ey (— e 63— 3
2)*xyc)xys+(((1—2xz0)*xp— 8% 12+ 9%z ) *ys+((12% 2}, — 18% 24 + 6520 ) kT p—
11xzd +16x28 —8xx i +3x w0 ) vyt — 3x a8 +9xxd — Oxx b +3% 28 ) xybh+ (((6x20 —3) *
wp=3xwc)xytt((—=9xag+9xao—2)xwp+(6xwg—1)xwp—3sxad ) sye+ (w6 — 22+
2V, 2 (A 3 _ 2 20 6 Va3 (2
xh)xxp+(—xd+2xxl—al)xxp)xyc)xyp+(xp—ap ) *yS+ ((2xxc—1)*ah+ (—af,
2xxo+1)saptagxrp)wys) [ (Yg+ad) (v +og—2xr0+1)* (3xyoxyp+(—ye+3x

—3xxc)*xyp+(xp—15)*yc))— (—((5h*x2 —3xxc) *yS+ (8% 2 — 1352, +5*xl )
yc+(3*xc 6*xc+3*xc)*yc)*yp—i—(((l—S*xc)*xp+4*x20+3*xc)*yc+(( 10
T 11x2 —2%x0)kwp+ 115zl — THrd +4xxl —3xx0) xys+ ((—2% 23 — 2% 0} +4%
23 ) k2 p+ 10528, — 19522, + 1Tl —8xxd, ) xy2 + 3% a5, — 9xx L+ 928, — 3%, ) sy b+ ( (2%
54 (—dxxe—1)*xp)xyb+ ((xo—3%xd) *xh+(— 10522, +13%2% —10%z0+1)*xp+
3xxc)*yS+((—6xat+15%ad —Txal ) x a4 (—8xxd +21xaf, — 26 %2l +8*aZ ) *r p+
3kxd ) xyd 4 ((—2l+2xxd —al )k xb+ (= 2% x4+ Txal, — 8% 22 +3xxl ) xx p) *yc ) xyp+
oyl +((2xxe—1) b4 (2x2i —dxxo+3) xah—xp) *yS+ ((2xad, — 5 x i+ 2% 10 ) *
rh+(rh —4xad +Txal —2xxo)xab—atxrp)xyl) /(Y2412 ) (Y2 + 12 —2xxc+1)*
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(y2 —3xxZxyc)*yb+(—yb+ (8xxo*xwp—dxxs —10) *yd — 3% TE +3xxd ) xyp+ (2%
ro+1)xxp—3x2%)xyd + (2% xxh+ (252, —3xxL ) xxp)*xyc))) )2 — (((2xxc— 1) xyd*
yb—yo*(yix(3x(xo—1)xyt — (5xx2 —bxxc+2)xxp+ (v —1)*(3x2% —2%x0+1)) —
3x(zo—1)?xxixxp)xyp+((xp—1)*xys — (xp*x((2xxc—1)*xp—352%+1c+1)+24)*
yo—(ro—1)xwoxrp*(2%(2xxc—1)kxp—bxxi+rc—1)*yé+3x(xc—1)3*a}xxp) *
yp—xc*(a:p—l)*xp*yg+:cc*(xp—1)*:1:p>|<((xc—1)*xp—x2c)*y%—(xc—1)2*x20*
(zp—1)xabxyc) /((Yet(xo—1)%)*(yg+a2)* (S*yc*yp (Y2 —3*(zc—1)*zc)*yp—
(zp—1)xxp*yc))—(((2%zc—1)*yS+ (2xxd — i —2x 20+ 1) xyd ) *yp+((—2xxp+
ro+1)*xyl+ (=22 —wo+2)*xp+2% 1 — 4% 02 +8xx0—4) %y + ((— 2%t + 1123, —
18%x2 4 11xx 0 —2)*x p+ad —5xrt+8%d, — 6% +3xr0— 1) xyd+(—3xxd +12%2, —
18z +12%xd, —3x 22 ) *xpxyc) *yb+ (—xp*yd + (—r%h+ (—4d*xi +13%x 20— 10) *
rp—2xxt—2xxc+4)*yS + ((6xxd, —21x 22 +22% 10 —T)*xH+ (—8% 2 +29x 2}, — 26:%
246510 —1)xxp—4*xrh+ 258 +4x1h —dxxo+2) xyb+ (6523 —20% 2 + 2423, —
12522+ 2x30 ) %15+ (=828 + 31kl — 46x 2t + 3223, — 10x22 +20) x 0 p— 2% 28, +-4*
2l —Axxd 4 2x2L ) xy2 4 (—3xaf 4+ 1552l —30x08 +- 305y — 15xxd + 3%l )k p) xyp+
(zo—4)*xb+bxxp—rc—1)xyl+((—22+3% 10 —2)*Th+ (4% s, — 11522 +4*x10) *
Th+ (=223 + 12522 —8xxc+3)*x p— 2%+ o — 1) *y2+((—2d+ 2% 2% — o) *2h+
(5xx — 16528 +20% 28, — 12522+ 3% 10 ) x 0%+ (—dxxd + 1552, — 20528, + 11 %22 — 2%
o) xxp—ri+Th+rd—ad) xyd+ (28 — 4% 2l +6x 0} —4xxd + 22 ) xxh+ (252, — 9%
281652y, — 1dxxd +6%28, — 12 )% xH+ (=250 +-8% 28, — 12522+ 8%, — 2%, ) x p ) *
yo) /(Y& +ad) * (ye+at —2xxo+1) % ((yé + (=322 +6% 10 —3)*yc) *yp+(—yc +
((8*xe—8)*wp—Ad*ri+xc+3)*yd —3xxEH+9%xxd —9xx2 +3xx0)*yp+(—3%ax%H+
(2xx0+3)*xxp—25x0)*yd+ (22 —2xxo+1)x 0%+ (2%, —bxrd +4xxc—1)xxp— 2%
o+ 4%t —2x20)xyc))) )2+ (= (((3xxE —3%xo) %y + (—3%xh +-6x 23 — 3% 22 ) %y ) *
Yo+ (((1=2%zc )%z p— 8*x0+9*xc)*yc+((12*xc 18xx2+6xxc)*xwp—11xxl+16%
xC—S*xC+3*xC)*y0 328+ 9%l —9xxd + 3% ) k% + (%10 —3) %2 p— 3% 20 ) *
Y2+ ((—9x2%+9%xxc—2) %25+ (6% 28, — 1) xxp— 3523 ) xyd + (2 — 2% 2 + 22 ) x 2%+
(—xq+2xxd, —x2)xxp)*yc) *yp+(rp—25)*yS+ (2% x0— 1) x5+ (=22 — 2% 20+
it s p) ) /(g %) 5 (a2 o+ L) (B mhet (—yt 3oa—3
20)$p-+ (25— 5 10)) — (— (5352~ T+ 2yt (Sxzt— 19xrh + 14525~
zo) kY (3xad —12x23 + 18wt — 1 2%+ 3x22 ) xyc ) xyb+(((T—8*x ) xx p+4xa,—
3xxe)xyS+((—10x2d+19x22 —10xxc+ 1),z p+11x0t — 272 +30% 22 — 18* w0+
)yt 4 ((—2xad+12% a8, — 245 +20% 2% — 6% 20 ) xx p+ 10528, — 3923, +60% ¢, —
46528 +18%x% — 3% o) *y2 +3xaf — 15x x4+ 3052, — 30522+ 15%xf — 3% ad ) *y% +
(2x2%+(1—4xxo)*xp+dxrc—3)*ys—+((—=3xx%+5*xc—2) %1%+ (—10% 2 423 %
12 —24%x0+10) %2 p+10%28, — 20522 +16% 20 —5) ¥ Y2+ ((—6x 2+ 9% 28, + 2% 2% — T
To+2)xah+(—8xxd+31krt —40x 2l +20%0E —dxxo+1) k1 p+8% 1l — 25 %1l +28%
1} —13x2%+2%x0) *y+ (=2l +-4x a2, —6x b +dxad, — 1l ) xx%+ (=252 L+ 9x b, —
16x22 +14xal —6xxd + a2 ) xxp+2xxl, — 8+l +12xxd — 8+ +2x2 ) *yc) *yp+
(2% —2xxp+1)*yS+((2%x0— 1) *2H+ (2%2L — 6% 10 +4) %25+ (— 4522 +6x 00 —4) *
rp+2+2% —2xxo+1)*yS+ (23, — 22 —2xx o+ 1) * x5+ (18 — 6% 08, +-4* 1+ 2500 —
Dsap+(—25a¢+652¢ —dxal ) xrptag—2xxt+a7) +ye) [ (Ve +ag)*(yg+ag—2%
xc—i—l)*((yé+(—3*x%+6*xc—3)*yc)*y%+(—yé+((8*xc—8)*xp—él*x%—kxc—i—?))*

3*x0+9*x0—9*xc+3*xc)*yp—i—( 3xxh4(2xx0+3)*xxp—2%10 ) *yS+ (22—
2*$C+1)*xp+(2*mc Sxxi+dxxre—1)xrp—2%xp+4%x1s —2%10)*yc))))?) = 0
and we verify that the line segments ¢1¢2 and ¢2q3 are the same length when P is
either the first or second Napoleon point since we substitute the coordinates for
P and calculate

((2xxe—1)*ytxyd—yox (y2+(3x(zc—1)xy2 — (bxxt —bxxc+2)*xp+(rc—1)* (3%
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12 —2xxc+1))—3x(xc—1)*sxixxp)*xyb+((xp—1)*yS — (xpx((2xxc—1)* 2 p— 3%
v 4rc+1)+ad)xyt—(wo—1)*xro*xxpx (2% (2% w0 — 1) %2 p—5x 2%+ 20— 1) * Y2 +3%
(re—1)3xadxxp)xyp—zo*(xp—1)*xp*ry+rox(rp—1)*xxpx((xc—1)*xp—1%)*
yo—(ze—1)*agx(zp—1)xapryc) /(Y2 +(xe—1)?)x(ye+ad )« (3xycryp—(y&—3*
(zo—1)*z0)xyp—(xp—1)xxp*yc)) — ((((2*x0—1)*yS+ (2% 23, —5rri+2%10) *yl ) *
Yo+ ((—25xpt+ro+1)xyl+((3xxc—ad ) *xw p+2x0d — 2522 +w0— 1) xyp+((— 252t —
3xad 3%l ) xx p+ad —3xxd +5xad, —3xad ) kyd 4+ (— 3%l + 6522, — 3kl ) xx pryc) *
Yo+ (—zprys+ (254 (—4xxi+3xxc—3)xxp+1) %y + (6528, +3x 2L — 2510 ¥ 2%+
(—8*xé+7*x%—9*x%+3*xc)*xp+xc)*yc+((G*xc 10xx +4xxd)*xh+(—8x%
$6C+13*x5c—7*x‘é+2*x%)*xp)*y%—i—( 3kl +9xxl,—9xal 4+ 3%l )k xp)*yp+To*
rhxyl+((— ZL‘C x(;)*a:P+(4>|<$C—3*xc+3*xc)*xp—xc*a:p)*yc+((xc T2 ) xxh+
(5*350 10*17c+7*35c o) —wlHkrp) Ryl + (28— 2528+ 38 kap+ (262l —Tx
agA8xxg —3xa)xah)xyc) [ (Yo +28) * (Yo +at —2xzc+1)*((ye —3*xg*yc) yp+
(—yd+(8xrokrp—dxat —xo)xy2 —3xxh+3xd ) xyp+((25xo+1)xx p— 3% ) * Y+
B Aol N A 3 R W Y M P e
22 ) xyc)*ys+(((1—2%xc)xxp— 8%+ 9% xo ) *yh+ (12528, — 185 2L + 6% 10 ) k1 p—
1141652l —8%a% + 3%z ) xyd — 3%l + 9% ad — 9kt 43kl ) xy b+ (((6x 0 —3) *
1p—3%x0)xye+((—9%22+9xx0—2)xxH+ (6518 — 1)1 p— 3528 ) sy + (v — 2%+
22 o (_d 32 2 a6 Ve (2
ve)*rp+(—xot2kas —ag ) xwp)*yc) xyp+(xp—ap)xye+((2xzc—1)xrp+ (-2
2xxo+1)xrbh+rixap)xys) ) (Ya+ai)* (Y2 +ai —2xxc+1)* (3xyoxyb+(—y2 +3*

—3xzc)xyp+(xp—1%)*xyc)) — (—(((5xx —3xxc) %y + (8% — 13%xd,+ 5kl ) x
y%—{—(3*1’60—6*335c+3*xé)*yc)*y%—i-(((1—8*330)*xp+4*x2c+3*xc)*yc+(( 10%
T+ 11x2 —2%x0)kwp+ 115t — Tl +4xxl —3xx0) xys+ ((—2%ad — 2%l +4%
x%)*xp—i—10*a:6c—19*x%+17*x‘é—8*x%)*yé+3*x80—9*xé+9*xc—3*xc)*yp+((2*
5+ (—4xro—1)xxp)xyl+((re—3xaL ) xa%+(— 10*xc+13*xc 10%zc+1)*xp+
3xx0)xya+ ((—6xxd+15xxd — T2 ) xxh+(—8xxl +21 %1l — 26 %1l +8%a ) xxp+
3kl ) kyd+ ((—al+2%xd —al ) ) xH 4 (=252l + Tl — 81l + 3% 28 ) %2 p ) *yc ) %y p+
rhxyS 4+ ((2xxo—1)* 2%+ (2% 28 —4xxc+3) %1% — 2 p ) xyS+ (2% 2, —Hx s +2%20) *
Tpt(wo—dead +Txag,—2xxc) srp—rixrp)xyo) [ (Ye+oe) (o +ug —2xxo+1)
(y2—3xxZxyc)xyb+(—ys+ (Bxxo*xwp—Axxs — o) *yd — 3% xt+3xxd ) xyp+((2x
ro+1)xxp—3kxh ) kYt +(xdxxh4 (2% — 3522 ) xxp)*yc))) )2 — ((((2xzc—1)xyl+
(228 —Bxa2 4 2xx0 ) xyl ) xyb+((—2%x p+ro+1)xyl+ ((Bxxo—2d ) x 2 p+ 2523, — 2%
v +ro—1)xyd+((—2xxd —3%xd +3%2L ) kx p+ a3 — 3k xl +5*kad, — 3% 12 ) )y + (— 3%
28 +6%2y, —3xad ) kxpryc) xys+ (—zprys+ (254 (—dxai +3%x0—3)*xp+1)*yS +
((6%x3+3x2% —2xx0 ) ¥ 0%+ (— 8wt +T* s — 9% a2+ 3520 ) xx p+15 ),y + ((6x2% —
1O*x‘é—|—4*x3c)*x%+(—8*x60+13*x%—7*xé+2*a%)*mp)*yé+(—3*m%+9*xé—9*
28 +3%22 )% p)xyptroxrbrys+((— :L"C xc)*xp+(4*xc—3*xc+3*xo)*xp—xc*
zp)*y+((zd— xc)*xp+(5*:vc 10xal+ Tl —ad ) xath—adxxp)*yd + (2 — 2%
wgHT ) xpt (252l — Trag+8xag —3xa i)+ xh)xyc) [ (ye+ad)* (Y +18—2xxc+
D)« ((y2 —3%x2xyc) xyb+(—yo+ (8% xo*rp—4%1h —x0) %Yz — 3% 2t + 3528 ) *xyp+
((2*x0+1)*xp 3xa%) kY + (22 xah 4 (2523, — 3xa2 ) xxp)*xyc)) — (((2xzc—1) %
Yot (2xag—ag —2xre+1)xyc)wyp+ (=2kap tao+1)xyi+((—2g—rot2)kap+
Q*xc 4*xc+8*xc 4)xy2+ ((—2%xd + 11523, —18% 22 + 1130 —2) %1 p+ 3% —5*
rh+8%xd —6x1E +3xxc—1)*yd + (=3x8 + 12522, — 18xx}, + 12523, — 3% 2L ) xx p*
yo)*ys+(—zpxyd+ (—xH+(—4xxs+13%xc—10) xxp— 2% 1% — 2% w0 +4) xy + (6%
1} —21% 2% +22% 30 —T) 0%+ (—8%wE +29% 8, — 26512 +6x 10— 1) * T p—A* TH+ 2%
Ty AAxad —4xro+2)*ylh+ (652 —20%xE + 24528, — 12x 2% 4 2510 ) * 15+ (— 8%+
31kl —46kxt +32xxd —10xa2 +x0) %2 p— 2% +4xad, — Akl + 2% 22 ) xy2 +(—3%
28 4+15xxl — 30528+ 30k 2 — 15%x 43528 ) *xp) xyp+((xc—4) x 2% +-5%xp— 10—
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Dxyl+ (2243520 —2) xxh+ (45, — 11 %22 +4xxc) x 15+ (— 2% 28, +12% 0% — 8%
To+3)xxp—2%rd+ro—1)*xyd+((—xd 42522 —x0) xxh+ (5xxd — 16% 3¢ +20% 13, —
12522 +3%x0) *x0H+ (—4dxad+ 155 xh — 20523, + 11 %22 — 2% 20 ) % p— T2+ T+ T8 —
22y 4 (28 — s ad +-65 2 —dsxd 4+ 22 )k rdh + (252l — 9%l +16% 2], — 14% w0 +6%
rh—al) kb4 (—2xxl+8% 2l — 12523, +8x 18, — 25 a2 ) xxp) xyc) /(Y2 +x2) * (Y2 +
2 —2xxo+1)*((ye+(—3xx2+6xx0—3)*yc ) *yp+(—yo+ ((8%xc—8)xx p—4xat +
To+3)xyd—3xrt 495l —9xx i+ 3520 ) xyp+(—3krbh+(2%10+3) kT p— 2520 ) ¥ Y+
(22 —2%xc+1)*ah+ (2528, —bxat +4*xwo—1)xxp— 2528, +4x 22 —2%20 ) *yc))) ) >+
(—(((5xaE —3%wc)*yd+ (8% —13xxd 4+5xad ) xyd 4 (3xa, — 6%l + 3% 1) *yc ) *
yb+((1—8*xc)xxp+4*rt+3xxc)*yS+ ((—10xxg+ 11523 —2xx0)*wp+11%Tl —
Txxd 4wt —3%x0)xyst (=222 — 2% x +4% 22 ) %2 p+10%28, — 19522, + 1 Tl — 8%
23 ) xyd+3xal — 9kl +9xal —3xxl ) vy + ((2xa%h+ (—4dxxo—1)*zp)xyl+ ((xo—3*
2 )krh+(—10x2d +13x22 —10xxc+1)xx p+3%x0) *yd+ ((— 6k xE+15%ad, — Txx ) *
44 (—8%xd 4+ 21 %2, — 2622, +8x a2 )k p+ 3kl ) xyd + ((— 2l + 2% —xl ) % 2%+
(= 2%l + T2l — 8% +3xxd ) xxp)xyc) xyp+rhxyS+((2%xx0—1) %05+ (2% 0% — 4%
ro+3)*k1%—1p)*yS+ (25l — 5528+ 2520 xxh+ (0f — 4k ad + Tral — 2% 10 ) x 0% —
agxxp)xye) /(Y2 +a2)x (e +at —2xzo+1)x((yo—3xaZxyc) xyp+(—yo +(8*zc*
Tp—Adxxt—xc)*yd—3xrE+3% 18 ) *yp+((2xxo+1)kwp— 3% 2% ) *yd 4 (w2 x 2%+ (2%
xd—3xx%)xxp)*yc)) — (— (((5xad —Txxc+2) xyd+(8xxl —19xxd,+ 14xx8, — 3% 10 ) *
Y+ (3xal — 12523, +18x 2t — 12x 28, +-3x 22 ) xyc ) x Y+ (((T—8xxc) xx p+ 4512 — 3%
o) *yS+ (10523 +19% 2% — 10k xc+ 1) *xp+ 11x 2l — 27523, +30% 2% — 18% 10+
D rys+ (=25 23 +12x 2 — 24523, +20% 2% —6xxc) *x p+ 10528, — 39x 22, +60% 1 —
46234 18xx%, — 3k xc ) * Y2 +3xas — 1552  +30%28, — 30x 22 + 15528 — 3xxd ) *y%h+
(2%2% 4+ (1—dxxc)*xrp+a*zc—3) xyl+ ((—3% 2% +5x 00 —2) %25+ (—10% 2L+ 23 *
12 —24%20+10) %z p+10%28, — 20522 +16% 20 —5) *yd+((—6x 2L+ 9% 28+ 2% 22 — T
xgc+2)*x§3+(—8*x%+31*xé—40*&%—#20*3%—4*xc+1)*xp+8*x%—25*xé+28*
o3 =135l 425 x0)*yd + ((—al +4xad —6xat +4xad — 22 ) xah+ (—2xx 5+ 9%l —
16522+ 14xxl, — 6% 28, +12 ) xxp+ 2% 2L — 8%l +12x 22, — 8x 18 + 2% 22 ) *yc ) *yp+
(2% —2xxp+1)xy2+ ((2xxo—1)*2h+ (2522 —6x w0 +4) % 0%+ (—4* 2%+ 6% 00— 4) *
Tp+2xx% —2%xo+1)*yS + (2522 — 22 — 2% w0+ 1) xxh+ (0l — 6% 3, +4xrt + 2% 00—
1)kad+(—2xxf+6x0d, —dxxl ) xxp+ad —2xxd +12 ) xyl) [ (YE+2%) * (v + 22 — 2%
ro+1)*((y2+(—3xx2+6x10—3)*yc ) *ys+(—ys+((8xxc—8)*x p— 4% % +10+3)*
Y2 —3xxt 49528, —9x 2% +3%10)*yp+(—3x0%+ (25 xc+3)* 1 p— 2% 10 ) ¥y + (w2 —
2xxo+ 1)k + (2% xd —5xad +4dxro—1)krp—2xx8 +4x 1L — 2% x0)xyc))))?) = 0
which confirms that ¢;q2¢3 is an equilateral triangle. O

A similar result exists when Ay, A., B,, B.,C,, and C} are replaced with their
respective angle bisectors.
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F1GURE 1. [Illustration for the first Napoleon point.
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