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1. Introduction

We prove the existence of two new equilateral triangles in the plane of a triangle.

2. Results

Theorem 2.1. Let ABC be a triangle, with P either of the Napoleon points.
Let A′B′C ′ be the pedal triangle of P .
Let Ab and Ac be the orthogonal projections of A′ on b and c respectively.
Define Ba, Bc, Ca, and Cb cyclically.
Then the Euler lines of ABcCb, BAcCa, and CAbBa enclose an equilateral triangle.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
P temporarily has coordinates (xP , yP ).
The first Napoleon point has coordinates
((yC ∗(yC ∗(24∗xC+6∗31/2∗yC+21)+3∗31/2+2∗31/2∗xC ∗(3∗xC+5))+3∗xC ∗
(xC+1))/((yC ∗ (31/2 ∗yC+5)+31/2 ∗ (x2

C−xC+1))∗ (12∗yC+2∗31/2)), ((3∗yC+
31/2∗xC)∗(3∗yC−31/2∗(xC−1)))/(6∗yC ∗(31/2∗yC+5)+6∗31/2∗(x2

C−xC+1))).
The second Napoleon point has coordinates
((yC ∗(3∗31/2−yC ∗(24∗xC−6∗31/2∗yC+21)+2∗31/2∗xC ∗(3∗xC+5))−3∗xC ∗
(xC+1))/((yC ∗(31/2∗yC−5)+31/2∗(x2

C−xC+1))∗(12∗yC−2∗31/2)),−((3∗yC−
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31/2∗xC)∗(3∗yC+31/2∗(xC−1)))/(6∗yC ∗(31/2∗yC−5)+6∗31/2∗(x2
C−xC+1))).

A′ has coordinates
((yC ∗ ((xC − 1) ∗ yP + yC) + (xC − 1)2 ∗ xP )/(y

2
C + (xC − 1)2), (yC ∗ (yC ∗ yP +

(xC − 1) ∗ xP − xC + 1))/(y2C + (xC − 1)2)).
B′ has coordinates
((xC ∗ (xC ∗ xP + yC ∗ yP ))/(x2

C + y2C), (yC ∗ (xC ∗ xP + yC ∗ yP ))/(x2
C + y2C)).

C ′ has coordinates (xP , 0).
Ab has coordinates
((xC ∗ (yP ∗ (y2C ∗ (xP ∗ (xC − 1)+ 1)+ xC ∗ xP ∗ (xC − 1)2) + yC ∗ (0) ∗ (yC ∗ (xP −
1)− yP ∗ (xC − 1))+ yC ∗ y2P ∗ (y2C +xC ∗ (xC − 1))))/(yP ∗ (x2

C + y2C) ∗ ((xC − 1)2+
y2C)), (yC ∗(yP ∗(y2C ∗(xP ∗(xC−1)+1)+xC ∗xP ∗(xC−1)2)+yC ∗(0)∗(yC ∗(xP −
1)−yP ∗(xC−1))+yC ∗y2P ∗(y2C+xC ∗(xC−1))))/(yP ∗(x2

C+y2C)∗((xC−1)2+y2C))).
Ac has coordinates
((yP ∗ (xP ∗ (xC − 1)2 + y2C) + yC ∗ (0) ∗ (yC ∗ (xP − 1)− yP ∗ (xC − 1)) + yC ∗ y2P ∗
(xC − 1))/(yP ∗ ((xC − 1)2 + y2C)), 0).
Ba has coordinates
((yP ∗(y4C+xC ∗y2C ∗(xC+xP ∗(xC−1))+x2

C ∗xP ∗(xC−1)2)+yC ∗(0)∗(xC ∗yP −
xP ∗yC)∗(xC−1)+yC ∗y2P ∗(xC−1)∗(y2C+xC ∗(xC−1)))/(yP ∗(x2

C+y2C)∗((xC−
1)2+y2C)), (yC ∗(yP ∗(y2C ∗(xC ∗(xP−1)+1)+x2

C−x3
C+x2

C ∗xP ∗(xC−1))+yC ∗(0)∗
(xC∗yP−xP ∗yC)+yC∗y2P ∗(y2C+xC∗(xC−1))))/(yP ∗(x2

C+y2C)∗((xC−1)2+y2C))).
Bc has coordinates
((x2

C ∗ xP ∗ yP + xC ∗ yC ∗ y2P − yC ∗ (0) ∗ (xC ∗ yP − xP ∗ yC))/(yP ∗ (x2
C + y2C)), 0).

Ca has coordinates
((yC ∗ ((xC − 1) ∗ (0) + yC) + (xC − 1)2 ∗ xP )/(y

2
C + (xC − 1)2), (yC ∗ (yC ∗ (0) +

(xC − 1) ∗ xP − xC + 1))/(y2C + (xC − 1)2)).
Cb has coordinates
((xC ∗ (xC ∗ xP + yC ∗ (0)))/(x2

C + y2C), ((0) ∗ y2C + xC ∗ xP ∗ yC)/(x2
C + y2C)).

The Euler line of ABcCb is given by the equation
y = −((y2C + x2

C) ∗ (3 ∗ xC ∗ yP − xP ∗ yC) ∗ x− x2
C ∗ yC ∗ y2P − 2 ∗ x3

C ∗ xP ∗ yP +
x2
C ∗ x2

P ∗ yC)/((y2C + x2
C) ∗ (yC ∗ yP − xC ∗ xP )).

The Euler line of BAcCa is given by the equation
y = −((y2C + (xC − 1)2) ∗ (3 ∗ (xC − 1) ∗ yP − (xP − 1) ∗ yC) ∗ x− (xC − 1)2 ∗ yC ∗
y2P − (xC − 1) ∗ (3 ∗ y2C + (xC − 1)2 ∗ (2 ∗ xP +1)) ∗ yP + (xP − 1) ∗ y3C + (xC − 1)2 ∗
(xP − 1) ∗ xP ∗ yC)/((y2C + (xC − 1)2) ∗ (yC ∗ yP − (xC − 1) ∗ xP + xC − 1)).
The Euler line of CAbBa is given by the equation
y = −((y2C+(xC−1)2)∗(y2C+x2

C)∗(y2C ∗yP +3∗x2
C ∗yP −3∗xC ∗yP −y3C−2∗xC ∗

xP ∗yC+xP ∗yC−x2
C ∗yC+2∗xC ∗yC)∗x−(2∗xC−1)∗yC ∗(y2C+(xC−1)∗xC)

2∗
y2P +((2∗xP −xC−1)∗y6C+(xC ∗(2∗(xC−1)∗xP −3∗x2

C+xC−1)+1)∗y4C−(xC−
1)∗x2

C ∗(2∗(xC−1)∗xP +3∗x2
C−2∗xC+2)∗y2C−2∗(xC−1)3 ∗x3

C ∗xP −x7
C+3∗

x6
C −3∗x5

C +x4
C)∗yP +xP ∗y7C +(xP ∗ ((2∗xC −1)∗xP +3∗x2

C −4∗xC +3)−1)∗
y5C+xC ∗(xP ∗(2∗(xC−1)∗(2∗xC−1)∗xP +3∗x3

C−8∗x2
C+8∗xC−2)−xC)∗y3C+

(xC−1)2 ∗x2
C ∗xP ∗ ((2∗xC−1)∗xP +(xC−2)∗xC)∗yC)/((y2C+(xC−1)2)∗ (y2C+

x2
C)∗ ((2∗xC −1)∗yC ∗yP − (3∗xP −xC −1)∗y2C − (xC −1)∗xC ∗xP +x3

C −x2
C)).

The Euler lines of ABcCb and BAcCa intersect at the point q1 whose coordinates
are given by
(((2∗xC−1)∗y4C∗y3P−yC∗(y2C∗(3∗(xC−1)∗y2C−(5∗x2

C−5∗xC+2)∗xP+(xC−1)∗
(3∗x2

C−2∗xC+1))−3∗(xC−1)2∗x2
C ∗xP )∗y2P +((xP −1)∗y6C−(xP ∗((2∗xC−1)∗

xP −3∗x2
C+xC+1)+x2

C)∗y4C−(xC−1)∗xC ∗xP ∗(2∗(2∗xC−1)∗xP −5∗x2
C+xC−

1)∗y2C+3∗(xC−1)3∗x3
C ∗xP )∗yP−xC ∗(xP−1)∗xP ∗y5C+xC ∗(xP−1)∗xP ∗((xC−
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1)∗xP−x2
C)∗y3C−(xC−1)2∗x2

C∗(xP−1)∗x2
P ∗yC)/((y2C+(xC−1)2)∗(y2C+x2

C)∗(3∗
yC ∗y2P −(y2C−3∗(xC−1)∗xC)∗yP −(xP −1)∗xP ∗yC)),−(((3∗x2

C−3∗xC)∗y3C+
(−3∗x4

C+6∗x3
C−3∗x2

C)∗yC)∗y3P +(((1−2∗xC)∗xP −8∗x2
C+9∗xC)∗y4C+((12∗

x3
C−18∗x2

C+6∗xC)∗xP −11∗x4
C+16∗x3

C−8∗x2
C+3∗xC)∗y2C−3∗x6

C+9∗x5
C−9∗

x4
C+3∗x3

C)∗y2P +(((6∗xC−3)∗xP −3∗xC)∗y5C+((−9∗x2
C+9∗xC−2)∗x2

P +(6∗
x3
C−1)∗xP −3∗x3

C)∗y3C+((x4
C−2∗x3

C+x2
C)∗x2

P +(−x4
C+2∗x3

C−x2
C)∗xP )∗yC)∗

yP +(xP −x2
P )∗y6C+((2∗xC−1)∗x3

P +(−x2
C−2∗xC+1)∗x2

P +x2
C ∗xP )∗y4C)/((y2C+

x2
C)∗(y2C+x2

C−2∗xC+1)∗(3∗yC∗y2P+(−y2C+3∗x2
C−3∗xC)∗yP+(xP−x2

P )∗yC))).
The Euler lines of ABcCb and CAbBa intersect at the point q2 whose coordinates
are given by
((((2∗xC−1)∗y6C+(2∗x3

C−5∗x2
C+2∗xC)∗y4C)∗y3P +((−2∗xP +xC+1)∗y7C+((3∗

xC−x2
C)∗xP +2∗x3

C−2∗x2
C+xC−1)∗y5C+((−2∗x4

C−3∗x3
C+3∗x2

C)∗xP +x5
C−3∗

x4
C+5∗x3

C−3∗x2
C)∗y3C+(−3∗x6

C+6∗x5
C−3∗x4

C)∗xP ∗yC)∗y2P +(−xP ∗y8C+(x2
P +

(−4∗x2
C+3∗xC−3)∗xP+1)∗y6C+((6∗x3

C+3∗x2
C−2∗xC)∗x2

P+(−8∗x4
C+7∗x3

C−9∗
x2
C+3∗xC)∗xP+x2

C)∗y4C+((6∗x5
C−10∗x4

C+4∗x3
C)∗x2

P+(−8∗x6
C+13∗x5

C−7∗x4
C+

2∗x3
C)∗xP )∗y2C+(−3∗x8

C+9∗x7
C−9∗x6

C+3∗x5
C)∗xP )∗yP+xC ∗x2

P ∗y7C+((−x2
C−

xC)∗x3
P +(4∗x3

C−3∗x2
C+3∗xC)∗x2

P −xC ∗xP )∗y5C+((x3
C−x2

C)∗x3
P +(5∗x5

C−10∗
x4
C+7∗x3

C−x2
C)∗x2

P−x3
C∗xP )∗y3C+((x6

C−2∗x5
C+x4

C)∗x3
P+(2∗x7

C−7∗x6
C+8∗x5

C−
3∗x4

C)∗x2
P )∗yC)/((y2C+x2

C)∗(y2C+x2
C−2∗xC+1)∗((y3C−3∗x2

C ∗yC)∗y2P +(−y4C+
(8∗xC∗xP−4∗x2

C−xC)∗y2C−3∗x4
C+3∗x3

C)∗yP+((2∗xC+1)∗xP−3∗x2
P )∗y3C+(x2

C∗
x2
P +(2∗x3

C−3∗x2
C)∗xP )∗yC)),−(((5∗x2

C−3∗xC)∗y5C+(8∗x4
C−13∗x3

C+5∗x2
C)∗

y3C+(3∗x6
C−6∗x5

C+3∗x4
C)∗yC)∗y3P+(((1−8∗xC)∗xP+4∗x2

C+3∗xC)∗y6C+((−10∗
x3
C+11∗x2

C−2∗xC)∗xP+11∗x4
C−7∗x3

C+4∗x2
C−3∗xC)∗y4C+((−2∗x5

C−2∗x4
C+4∗

x3
C)∗xP+10∗x6

C−19∗x5
C+17∗x4

C−8∗x3
C)∗y2C+3∗x8

C−9∗x7
C+9∗x6

C−3∗x5
C)∗y2P+

((2∗x2
P+(−4∗xC−1)∗xP )∗y7C+((xC−3∗x2

C)∗x2
P+(−10∗x3

C+13∗x2
C−10∗xC+1)∗

xP+3∗xC)∗y5C+((−6∗x4
C+15∗x3

C−7∗x2
C)∗x2

P+(−8∗x5
C+21∗x4

C−26∗x3
C+8∗x2

C)∗
xP +3∗x3

C)∗y3C+((−x6
C+2∗x5

C−x4
C)∗x2

P +(−2∗x7
C+7∗x6

C−8∗x5
C+3∗x4

C)∗xP )∗
yC)∗yP+x2

P ∗y8C+((2∗xC−1)∗x3
P+(2∗x2

C−4∗xC+3)∗x2
P−xP )∗y6C+((2∗x3

C−5∗
x2
C+2∗xC)∗x3

P+(x4
C−4∗x3

C+7∗x2
C−2∗xC)∗x2

P−x2
C ∗xP )∗y4C)/((y2C+x2

C)∗(y2C+
x2
C−2∗xC+1)∗((y3C−3∗x2

C∗yC)∗y2P+(−y4C+(8∗xC∗xP−4∗x2
C−xC)∗y2C−3∗x4

C+
3∗x3

C)∗yP +((2∗xC+1)∗xP −3∗x2
P )∗y3C+(x2

C ∗x2
P +(2∗x3

C−3∗x2
C)∗xP )∗yC))).

The Euler lines of BAcCa and CAbBa intersect at the point q3 whose coordinates
are given by
((((2∗xC−1)∗y6C+(2∗x3

C−x2
C−2∗xC+1)∗y4C)∗y3P+((−2∗xP+xC+1)∗y7C+((−x2

C−
xC+2)∗xP+2∗x3

C−4∗x2
C+8∗xC−4)∗y5C+((−2∗x4

C+11∗x3
C−18∗x2

C+11∗xC−2)∗
xP+x5

C−5∗x4
C+8∗x3

C−6∗x2
C+3∗xC−1)∗y3C+(−3∗x6

C+12∗x5
C−18∗x4

C+12∗x3
C−

3∗x2
C)∗xP ∗yC)∗y2P+(−xP ∗y8C+(−x2

P+(−4∗x2
C+13∗xC−10)∗xP−2∗x2

C−2∗xC+
4)∗y6C+((6∗x3

C−21∗x2
C+22∗xC−7)∗x2

P+(−8∗x4
C+29∗x3

C−26∗x2
C+6∗xC−1)∗xP−

4∗x4
C+2∗x3

C+4∗x2
C−4∗xC+2)∗y4C+((6∗x5

C−20∗x4
C+24∗x3

C−12∗x2
C+2∗xC)∗x2

P+
(−8∗x6

C+31∗x5
C−46∗x4

C+32∗x3
C−10∗x2

C+xC)∗xP−2∗x6
C+4∗x5

C−4∗x3
C+2∗x2

C)∗
y2C+(−3∗x8

C+15∗x7
C−30∗x6

C+30∗x5
C−15∗x4

C+3∗x3
C)∗xP )∗yP+((xC−4)∗x2

P+5∗
xP−xC−1)∗y7C+((−x2

C+3∗xC−2)∗x3
P+(4∗x3

C−11∗x2
C+4∗xC)∗x2

P+(−2∗x3
C+12∗

x2
C−8∗xC+3)∗xP−2∗x3

C+xC−1)∗y5C+((−x3
C+2∗x2

C−xC)∗x3
P+(5∗x5

C−16∗x4
C+

20∗x3
C−12∗x2

C+3∗xC)∗x2
P+(−4∗x5

C+15∗x4
C−20∗x3

C+11∗x2
C−2∗xC)∗xP−x5

C+
x4
C+x3

C−x2
C)∗y3C+((x6

C−4∗x5
C+6∗x4

C−4∗x3
C+x2

C)∗x3
P+(2∗x7

C−9∗x6
C+16∗x5

C−
14∗x4

C+6∗x3
C−x2

C)∗x2
P+(−2∗x7

C+8∗x6
C−12∗x5

C+8∗x4
C−2∗x3

C)∗xP )∗yC)/((y2C+
x2
C)∗(y2C+x2

C−2∗xC+1)∗((y3C+(−3∗x2
C+6∗xC−3)∗yC)∗y2P+(−y4C+((8∗xC−8)∗

xP−4∗x2
C+xC+3)∗y2C−3∗x4

C+9∗x3
C−9∗x2

C+3∗xC)∗yP+(−3∗x2
P+(2∗xC+3)∗

xP −2∗xC)∗y3C+((x2
C−2∗xC+1)∗x2

P +(2∗x3
C−5∗x2

C+4∗xC−1)∗xP −2∗x3
C+4∗
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x2
C−2∗xC)∗yC)),−(((5∗x2

C−7∗xC+2)∗y5C+(8∗x4
C−19∗x3

C+14∗x2
C−3∗xC)∗y3C+

(3∗x6
C−12∗x5

C+18∗x4
C−12∗x3

C+3∗x2
C)∗yC)∗y3P+(((7−8∗xC)∗xP+4∗x2

C−3∗xC)∗
y6C+((−10∗x3

C+19∗x2
C−10∗xC+1)∗xP+11∗x4

C−27∗x3
C+30∗x2

C−18∗xC+4)∗y4C+
((−2∗x5

C+12∗x4
C−24∗x3

C+20∗x2
C−6∗xC)∗xP+10∗x6

C−39∗x5
C+60∗x4

C−46∗x3
C+

18∗x2
C−3∗xC)∗y2C+3∗x8

C−15∗x7
C+30∗x6

C−30∗x5
C+15∗x4

C−3∗x3
C)∗y2P+((2∗x2

P+
(1−4∗xC)∗xP+4∗xC−3)∗y7C+((−3∗x2

C+5∗xC−2)∗x2
P+(−10∗x3

C+23∗x2
C−24∗

xC+10)∗xP+10∗x3
C−20∗x2

C+16∗xC−5)∗y5C+((−6∗x4
C+9∗x3

C+2∗x2
C−7∗xC+

2)∗x2
P+(−8∗x5

C+31∗x4
C−40∗x3

C+20∗x2
C−4∗xC+1)∗xP+8∗x5

C−25∗x4
C+28∗x3

C−
13∗x2

C+2∗xC)∗y3C+((−x6
C+4∗x5

C−6∗x4
C+4∗x3

C−x2
C)∗x2

P+(−2∗x7
C+9∗x6

C−16∗
x5
C+14∗x4

C−6∗x3
C+x2

C)∗xP+2∗x7
C−8∗x6

C+12∗x5
C−8∗x4

C+2∗x3
C)∗yC)∗yP+(x2

P−
2∗xP+1)∗y8C+((2∗xC−1)∗x3

P+(2∗x2
C−6∗xC+4)∗x2

P+(−4∗x2
C+6∗xC−4)∗xP+

2∗x2
C−2∗xC+1)∗y6C+((2∗x3

C−x2
C−2∗xC+1)∗x3

P+(x4
C−6∗x3

C+4∗x2
C+2∗xC−1)∗

x2
P+(−2∗x4

C+6∗x3
C−4∗x2

C)∗xP+x4
C−2∗x3

C+x2
C)∗y4C)/((y2C+x2

C)∗(y2C+x2
C−2∗

xC+1)∗((y3C+(−3∗x2
C+6∗xC−3)∗yC)∗y2P+(−y4C+((8∗xC−8)∗xP−4∗x2

C+xC+3)∗
y2C−3∗x4

C+9∗x3
C−9∗x2

C+3∗xC)∗yP+(−3∗x2
P+(2∗xC+3)∗xP−2∗xC)∗y3C+((x2

C−
2∗xC +1)∗x2

P +(2∗x3
C −5∗x2

C +4∗xC −1)∗xP −2∗x3
C +4∗x2

C −2∗xC)∗yC))).
We verify that the line segments q1q2 and q1q3 are the same length when P is
the first or second Napoleon point since we substitute the coordinates for P and
calculate
(((2∗xC−1)∗y4C∗y3P−yC∗(y2C∗(3∗(xC−1)∗y2C−(5∗x2

C−5∗xC+2)∗xP+(xC−1)∗(3∗
x2
C−2∗xC+1))−3∗(xC−1)2∗x2

C∗xP )∗y2P+((xP−1)∗y6C−(xP ∗((2∗xC−1)∗xP−3∗
x2
C+xC+1)+x2

C)∗y4C−(xC−1)∗xC∗xP ∗(2∗(2∗xC−1)∗xP−5∗x2
C+xC−1)∗y2C+3∗

(xC−1)3∗x3
C∗xP )∗yP−xC∗(xP−1)∗xP ∗y5C+xC∗(xP−1)∗xP ∗((xC−1)∗xP−x2

C)∗
y3C−(xC−1)2∗x2

C∗(xP−1)∗x2
P ∗yC)/((y2C+(xC−1)2)∗(y2C+x2

C)∗(3∗yC∗y2P−(y2C−3∗
(xC−1)∗xC)∗yP−(xP−1)∗xP∗yC))−((((2∗xC−1)∗y6C+(2∗x3

C−5∗x2
C+2∗xC)∗y4C)∗

y3P+((−2∗xP+xC+1)∗y7C+((3∗xC−x2
C)∗xP+2∗x3

C−2∗x2
C+xC−1)∗y5C+((−2∗x4

C−
3∗x3

C+3∗x2
C)∗xP+x5

C−3∗x4
C+5∗x3

C−3∗x2
C)∗y3C+(−3∗x6

C+6∗x5
C−3∗x4

C)∗xP ∗yC)∗
y2P+(−xP ∗y8C+(x2

P+(−4∗x2
C+3∗xC−3)∗xP+1)∗y6C+((6∗x3

C+3∗x2
C−2∗xC)∗x2

P+
(−8∗x4

C+7∗x3
C−9∗x2

C+3∗xC)∗xP+x2
C)∗y4C+((6∗x5

C−10∗x4
C+4∗x3

C)∗x2
P+(−8∗

x6
C+13∗x5

C−7∗x4
C+2∗x3

C)∗xP )∗y2C+(−3∗x8
C+9∗x7

C−9∗x6
C+3∗x5

C)∗xP )∗yP+xC∗
x2
P ∗y7C+((−x2

C−xC)∗x3
P+(4∗x3

C−3∗x2
C+3∗xC)∗x2

P−xC∗xP )∗y5C+((x3
C−x2

C)∗x3
P+

(5∗x5
C−10∗x4

C+7∗x3
C−x2

C)∗x2
P−x3

C∗xP )∗y3C+((x6
C−2∗x5

C+x4
C)∗x3

P+(2∗x7
C−7∗

x6
C+8∗x5

C−3∗x4
C)∗x2

P )∗yC)/((y2C+x2
C)∗(y2C+x2

C−2∗xC+1)∗((y3C−3∗x2
C∗yC)∗y2P+

(−y4C+(8∗xC∗xP−4∗x2
C−xC)∗y2C−3∗x4

C+3∗x3
C)∗yP+((2∗xC+1)∗xP−3∗x2

P )∗y3C+
(x2

C∗x2
P+(2∗x3

C−3∗x2
C)∗xP )∗yC))))2+(−(((3∗x2

C−3∗xC)∗y3C+(−3∗x4
C+6∗x3

C−3∗
x2
C)∗yC)∗y3P+(((1−2∗xC)∗xP−8∗x2

C+9∗xC)∗y4C+((12∗x3
C−18∗x2

C+6∗xC)∗xP−
11∗x4

C+16∗x3
C−8∗x2

C+3∗xC)∗y2C−3∗x6
C+9∗x5

C−9∗x4
C+3∗x3

C)∗y2P+(((6∗xC−3)∗
xP−3∗xC)∗y5C+((−9∗x2

C+9∗xC−2)∗x2
P+(6∗x3

C−1)∗xP−3∗x3
C)∗y3C+((x4

C−2∗x3
C+

x2
C)∗x2

P+(−x4
C+2∗x3

C−x2
C)∗xP )∗yC)∗yP+(xP−x2

P )∗y6C+((2∗xC−1)∗x3
P+(−x2

C−
2∗xC+1)∗x2

P+x2
C∗xP )∗y4C)/((y2C+x2

C)∗(y2C+x2
C−2∗xC+1)∗(3∗yC∗y2P+(−y2C+3∗

x2
C−3∗xC)∗yP+(xP−x2

P )∗yC))−(−(((5∗x2
C−3∗xC)∗y5C+(8∗x4

C−13∗x3
C+5∗x2

C)∗
y3C+(3∗x6

C−6∗x5
C+3∗x4

C)∗yC)∗y3P+(((1−8∗xC)∗xP+4∗x2
C+3∗xC)∗y6C+((−10∗

x3
C+11∗x2

C−2∗xC)∗xP+11∗x4
C−7∗x3

C+4∗x2
C−3∗xC)∗y4C+((−2∗x5

C−2∗x4
C+4∗

x3
C)∗xP+10∗x6

C−19∗x5
C+17∗x4

C−8∗x3
C)∗y2C+3∗x8

C−9∗x7
C+9∗x6

C−3∗x5
C)∗y2P+((2∗

x2
P+(−4∗xC−1)∗xP )∗y7C+((xC−3∗x2

C)∗x2
P+(−10∗x3

C+13∗x2
C−10∗xC+1)∗xP+

3∗xC)∗y5C+((−6∗x4
C+15∗x3

C−7∗x2
C)∗x2

P+(−8∗x5
C+21∗x4

C−26∗x3
C+8∗x2

C)∗xP+
3∗x3

C)∗y3C+((−x6
C+2∗x5

C−x4
C)∗x2

P+(−2∗x7
C+7∗x6

C−8∗x5
C+3∗x4

C)∗xP )∗yC)∗yP+
x2
P ∗y8C+((2∗xC−1)∗x3

P+(2∗x2
C−4∗xC+3)∗x2

P−xP )∗y6C+((2∗x3
C−5∗x2

C+2∗xC)∗
x3
P+(x4

C−4∗x3
C+7∗x2

C−2∗xC)∗x2
P−x2

C∗xP )∗y4C)/((y2C+x2
C)∗(y2C+x2

C−2∗xC+1)∗
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((y3C−3∗x2
C∗yC)∗y2P+(−y4C+(8∗xC∗xP−4∗x2

C−xC)∗y2C−3∗x4
C+3∗x3

C)∗yP+((2∗
xC+1)∗xP−3∗x2

P )∗y3C+(x2
C∗x2

P+(2∗x3
C−3∗x2

C)∗xP )∗yC))))2−((((2∗xC−1)∗y4C∗
y3P−yC∗(y2C∗(3∗(xC−1)∗y2C−(5∗x2

C−5∗xC+2)∗xP+(xC−1)∗(3∗x2
C−2∗xC+1))−

3∗(xC−1)2∗x2
C∗xP )∗y2P+((xP−1)∗y6C−(xP ∗((2∗xC−1)∗xP−3∗x2

C+xC+1)+x2
C)∗

y4C−(xC−1)∗xC∗xP ∗(2∗(2∗xC−1)∗xP−5∗x2
C+xC−1)∗y2C+3∗(xC−1)3∗x3

C∗xP )∗
yP−xC∗(xP−1)∗xP ∗y5C+xC∗(xP−1)∗xP ∗((xC−1)∗xP−x2

C)∗y3C−(xC−1)2∗x2
C∗

(xP−1)∗x2
P ∗yC)/((y2C+(xC−1)2)∗(y2C+x2

C)∗(3∗yC∗y2P−(y2C−3∗(xC−1)∗xC)∗yP−
(xP−1)∗xP ∗yC))−((((2∗xC−1)∗y6C+(2∗x3

C−x2
C−2∗xC+1)∗y4C)∗y3P+((−2∗xP+

xC+1)∗y7C+((−x2
C−xC+2)∗xP+2∗x3

C−4∗x2
C+8∗xC−4)∗y5C+((−2∗x4

C+11∗x3
C−

18∗x2
C+11∗xC−2)∗xP+x5

C−5∗x4
C+8∗x3

C−6∗x2
C+3∗xC−1)∗y3C+(−3∗x6

C+12∗x5
C−

18∗x4
C+12∗x3

C−3∗x2
C)∗xP ∗yC)∗y2P +(−xP ∗y8C+(−x2

P +(−4∗x2
C+13∗xC−10)∗

xP−2∗x2
C−2∗xC+4)∗y6C+((6∗x3

C−21∗x2
C+22∗xC−7)∗x2

P+(−8∗x4
C+29∗x3

C−26∗
x2
C+6∗xC−1)∗xP−4∗x4

C+2∗x3
C+4∗x2

C−4∗xC+2)∗y4C+((6∗x5
C−20∗x4

C+24∗x3
C−

12∗x2
C+2∗xC)∗x2

P+(−8∗x6
C+31∗x5

C−46∗x4
C+32∗x3

C−10∗x2
C+xC)∗xP−2∗x6

C+4∗
x5
C−4∗x3

C+2∗x2
C)∗y2C+(−3∗x8

C+15∗x7
C−30∗x6

C+30∗x5
C−15∗x4

C+3∗x3
C)∗xP )∗yP+

((xC−4)∗x2
P+5∗xP−xC−1)∗y7C+((−x2

C+3∗xC−2)∗x3
P+(4∗x3

C−11∗x2
C+4∗xC)∗

x2
P+(−2∗x3

C+12∗x2
C−8∗xC+3)∗xP−2∗x3

C+xC−1)∗y5C+((−x3
C+2∗x2

C−xC)∗x3
P+

(5∗x5
C−16∗x4

C+20∗x3
C−12∗x2

C+3∗xC)∗x2
P+(−4∗x5

C+15∗x4
C−20∗x3

C+11∗x2
C−2∗

xC)∗xP−x5
C+x4

C+x3
C−x2

C)∗y3C+((x6
C−4∗x5

C+6∗x4
C−4∗x3

C+x2
C)∗x3

P+(2∗x7
C−9∗

x6
C+16∗x5

C−14∗x4
C+6∗x3

C−x2
C)∗x2

P+(−2∗x7
C+8∗x6

C−12∗x5
C+8∗x4

C−2∗x3
C)∗xP )∗

yC)/((y
2
C+x2

C)∗(y2C+x2
C−2∗xC+1)∗((y3C+(−3∗x2

C+6∗xC−3)∗yC)∗y2P+(−y4C+
((8∗xC−8)∗xP−4∗x2

C+xC+3)∗y2C−3∗x4
C+9∗x3

C−9∗x2
C+3∗xC)∗yP+(−3∗x2

P+
(2∗xC+3)∗xP−2∗xC)∗y3C+((x2

C−2∗xC+1)∗x2
P+(2∗x3

C−5∗x2
C+4∗xC−1)∗xP−2∗

x3
C+4∗x2

C−2∗xC)∗yC))))2+(−(((3∗x2
C−3∗xC)∗y3C+(−3∗x4

C+6∗x3
C−3∗x2

C)∗yC)∗
y3P+(((1−2∗xC)∗xP−8∗x2

C+9∗xC)∗y4C+((12∗x3
C−18∗x2

C+6∗xC)∗xP−11∗x4
C+16∗

x3
C−8∗x2

C+3∗xC)∗y2C−3∗x6
C+9∗x5

C−9∗x4
C+3∗x3

C)∗y2P+(((6∗xC−3)∗xP−3∗xC)∗
y5C+((−9∗x2

C+9∗xC−2)∗x2
P+(6∗x3

C−1)∗xP−3∗x3
C)∗y3C+((x4

C−2∗x3
C+x2

C)∗x2
P+

(−x4
C+2∗x3

C−x2
C)∗xP )∗yC)∗yP+(xP−x2

P )∗y6C+((2∗xC−1)∗x3
P+(−x2

C−2∗xC+
1)∗x2

P+x2
C∗xP )∗y4C)/((y2C+x2

C)∗(y2C+x2
C−2∗xC+1)∗(3∗yC∗y2P+(−y2C+3∗x2

C−3∗
xC)∗yP+(xP−x2

P )∗yC))−(−(((5∗x2
C−7∗xC+2)∗y5C+(8∗x4

C−19∗x3
C+14∗x2

C−3∗
xC)∗y3C+(3∗x6

C−12∗x5
C+18∗x4

C−12∗x3
C+3∗x2

C)∗yC)∗y3P+(((7−8∗xC)∗xP+4∗x2
C−

3∗xC)∗y6C+((−10∗x3
C+19∗x2

C−10∗xC+1)∗xP+11∗x4
C−27∗x3

C+30∗x2
C−18∗xC+

4)∗y4C+((−2∗x5
C+12∗x4

C−24∗x3
C+20∗x2

C−6∗xC)∗xP+10∗x6
C−39∗x5

C+60∗x4
C−

46∗x3
C+18∗x2

C−3∗xC)∗y2C+3∗x8
C−15∗x7

C+30∗x6
C−30∗x5

C+15∗x4
C−3∗x3

C)∗y2P+
((2∗x2

P+(1−4∗xC)∗xP+4∗xC−3)∗y7C+((−3∗x2
C+5∗xC−2)∗x2

P+(−10∗x3
C+23∗

x2
C−24∗xC+10)∗xP+10∗x3

C−20∗x2
C+16∗xC−5)∗y5C+((−6∗x4

C+9∗x3
C+2∗x2

C−7∗
xC+2)∗x2

P+(−8∗x5
C+31∗x4

C−40∗x3
C+20∗x2

C−4∗xC+1)∗xP+8∗x5
C−25∗x4

C+28∗
x3
C−13∗x2

C+2∗xC)∗y3C+((−x6
C+4∗x5

C−6∗x4
C+4∗x3

C−x2
C)∗x2

P+(−2∗x7
C+9∗x6

C−
16∗x5

C+14∗x4
C−6∗x3

C+x2
C)∗xP+2∗x7

C−8∗x6
C+12∗x5

C−8∗x4
C+2∗x3

C)∗yC)∗yP+
(x2

P−2∗xP+1)∗y8C+((2∗xC−1)∗x3
P+(2∗x2

C−6∗xC+4)∗x2
P+(−4∗x2

C+6∗xC−4)∗
xP+2∗x2

C−2∗xC+1)∗y6C+((2∗x3
C−x2

C−2∗xC+1)∗x3
P+(x4

C−6∗x3
C+4∗x2

C+2∗xC−
1)∗x2

P+(−2∗x4
C+6∗x3

C−4∗x2
C)∗xP+x4

C−2∗x3
C+x2

C)∗y4C)/((y2C+x2
C)∗(y2C+x2

C−2∗
xC+1)∗((y3C+(−3∗x2

C+6∗xC−3)∗yC)∗y2P+(−y4C+((8∗xC−8)∗xP−4∗x2
C+xC+3)∗

y2C−3∗x4
C+9∗x3

C−9∗x2
C+3∗xC)∗yP+(−3∗x2

P+(2∗xC+3)∗xP−2∗xC)∗y3C+((x2
C−

2∗xC+1)∗x2
P+(2∗x3

C−5∗x2
C+4∗xC−1)∗xP−2∗x3

C+4∗x2
C−2∗xC)∗yC))))2) = 0

and we verify that the line segments q1q2 and q2q3 are the same length when P is
either the first or second Napoleon point since we substitute the coordinates for
P and calculate
(((2∗xC−1)∗y4C∗y3P−yC∗(y2C∗(3∗(xC−1)∗y2C−(5∗x2

C−5∗xC+2)∗xP+(xC−1)∗(3∗
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x2
C−2∗xC+1))−3∗(xC−1)2∗x2

C∗xP )∗y2P+((xP−1)∗y6C−(xP ∗((2∗xC−1)∗xP−3∗
x2
C+xC+1)+x2

C)∗y4C−(xC−1)∗xC∗xP ∗(2∗(2∗xC−1)∗xP−5∗x2
C+xC−1)∗y2C+3∗

(xC−1)3∗x3
C∗xP )∗yP−xC∗(xP−1)∗xP ∗y5C+xC∗(xP−1)∗xP ∗((xC−1)∗xP−x2

C)∗
y3C−(xC−1)2∗x2

C∗(xP−1)∗x2
P ∗yC)/((y2C+(xC−1)2)∗(y2C+x2

C)∗(3∗yC∗y2P−(y2C−3∗
(xC−1)∗xC)∗yP−(xP−1)∗xP∗yC))−((((2∗xC−1)∗y6C+(2∗x3

C−5∗x2
C+2∗xC)∗y4C)∗

y3P+((−2∗xP+xC+1)∗y7C+((3∗xC−x2
C)∗xP+2∗x3

C−2∗x2
C+xC−1)∗y5C+((−2∗x4

C−
3∗x3

C+3∗x2
C)∗xP+x5

C−3∗x4
C+5∗x3

C−3∗x2
C)∗y3C+(−3∗x6

C+6∗x5
C−3∗x4

C)∗xP ∗yC)∗
y2P+(−xP ∗y8C+(x2

P+(−4∗x2
C+3∗xC−3)∗xP+1)∗y6C+((6∗x3

C+3∗x2
C−2∗xC)∗x2

P+
(−8∗x4

C+7∗x3
C−9∗x2

C+3∗xC)∗xP+x2
C)∗y4C+((6∗x5

C−10∗x4
C+4∗x3

C)∗x2
P+(−8∗

x6
C+13∗x5

C−7∗x4
C+2∗x3

C)∗xP )∗y2C+(−3∗x8
C+9∗x7

C−9∗x6
C+3∗x5

C)∗xP )∗yP+xC∗
x2
P ∗y7C+((−x2

C−xC)∗x3
P+(4∗x3

C−3∗x2
C+3∗xC)∗x2

P−xC∗xP )∗y5C+((x3
C−x2

C)∗x3
P+

(5∗x5
C−10∗x4

C+7∗x3
C−x2

C)∗x2
P−x3

C∗xP )∗y3C+((x6
C−2∗x5

C+x4
C)∗x3

P+(2∗x7
C−7∗

x6
C+8∗x5

C−3∗x4
C)∗x2

P )∗yC)/((y2C+x2
C)∗(y2C+x2

C−2∗xC+1)∗((y3C−3∗x2
C∗yC)∗y2P+

(−y4C+(8∗xC∗xP−4∗x2
C−xC)∗y2C−3∗x4

C+3∗x3
C)∗yP+((2∗xC+1)∗xP−3∗x2

P )∗y3C+
(x2

C∗x2
P+(2∗x3

C−3∗x2
C)∗xP )∗yC))))2+(−(((3∗x2

C−3∗xC)∗y3C+(−3∗x4
C+6∗x3

C−3∗
x2
C)∗yC)∗y3P+(((1−2∗xC)∗xP−8∗x2

C+9∗xC)∗y4C+((12∗x3
C−18∗x2

C+6∗xC)∗xP−
11∗x4

C+16∗x3
C−8∗x2

C+3∗xC)∗y2C−3∗x6
C+9∗x5

C−9∗x4
C+3∗x3

C)∗y2P+(((6∗xC−3)∗
xP−3∗xC)∗y5C+((−9∗x2

C+9∗xC−2)∗x2
P+(6∗x3

C−1)∗xP−3∗x3
C)∗y3C+((x4

C−2∗x3
C+

x2
C)∗x2

P+(−x4
C+2∗x3

C−x2
C)∗xP )∗yC)∗yP+(xP−x2

P )∗y6C+((2∗xC−1)∗x3
P+(−x2

C−
2∗xC+1)∗x2

P+x2
C∗xP )∗y4C)/((y2C+x2

C)∗(y2C+x2
C−2∗xC+1)∗(3∗yC∗y2P+(−y2C+3∗

x2
C−3∗xC)∗yP+(xP−x2

P )∗yC))−(−(((5∗x2
C−3∗xC)∗y5C+(8∗x4

C−13∗x3
C+5∗x2

C)∗
y3C+(3∗x6

C−6∗x5
C+3∗x4

C)∗yC)∗y3P+(((1−8∗xC)∗xP+4∗x2
C+3∗xC)∗y6C+((−10∗

x3
C+11∗x2

C−2∗xC)∗xP+11∗x4
C−7∗x3

C+4∗x2
C−3∗xC)∗y4C+((−2∗x5

C−2∗x4
C+4∗

x3
C)∗xP+10∗x6

C−19∗x5
C+17∗x4

C−8∗x3
C)∗y2C+3∗x8

C−9∗x7
C+9∗x6

C−3∗x5
C)∗y2P+((2∗

x2
P+(−4∗xC−1)∗xP )∗y7C+((xC−3∗x2

C)∗x2
P+(−10∗x3

C+13∗x2
C−10∗xC+1)∗xP+

3∗xC)∗y5C+((−6∗x4
C+15∗x3

C−7∗x2
C)∗x2

P+(−8∗x5
C+21∗x4

C−26∗x3
C+8∗x2

C)∗xP+
3∗x3

C)∗y3C+((−x6
C+2∗x5

C−x4
C)∗x2

P+(−2∗x7
C+7∗x6

C−8∗x5
C+3∗x4

C)∗xP )∗yC)∗yP+
x2
P ∗y8C+((2∗xC−1)∗x3

P+(2∗x2
C−4∗xC+3)∗x2

P−xP )∗y6C+((2∗x3
C−5∗x2

C+2∗xC)∗
x3
P+(x4

C−4∗x3
C+7∗x2

C−2∗xC)∗x2
P−x2

C∗xP )∗y4C)/((y2C+x2
C)∗(y2C+x2

C−2∗xC+1)∗
((y3C−3∗x2

C∗yC)∗y2P+(−y4C+(8∗xC∗xP−4∗x2
C−xC)∗y2C−3∗x4

C+3∗x3
C)∗yP+((2∗

xC+1)∗xP−3∗x2
P )∗y3C+(x2

C∗x2
P+(2∗x3

C−3∗x2
C)∗xP )∗yC))))2−(((((2∗xC−1)∗y6C+

(2∗x3
C−5∗x2

C+2∗xC)∗y4C)∗y3P+((−2∗xP+xC+1)∗y7C+((3∗xC−x2
C)∗xP+2∗x3

C−2∗
x2
C+xC−1)∗y5C+((−2∗x4

C−3∗x3
C+3∗x2

C)∗xP+x5
C−3∗x4

C+5∗x3
C−3∗x2

C)∗y3C+(−3∗
x6
C+6∗x5

C−3∗x4
C)∗xP ∗yC)∗y2P+(−xP ∗y8C+(x2

P+(−4∗x2
C+3∗xC−3)∗xP+1)∗y6C+

((6∗x3
C+3∗x2

C−2∗xC)∗x2
P+(−8∗x4

C+7∗x3
C−9∗x2

C+3∗xC)∗xP+x2
C)∗y4C+((6∗x5

C−
10∗x4

C+4∗x3
C)∗x2

P+(−8∗x6
C+13∗x5

C−7∗x4
C+2∗x3

C)∗xP )∗y2C+(−3∗x8
C+9∗x7

C−9∗
x6
C+3∗x5

C)∗xP )∗yP+xC∗x2
P ∗y7C+((−x2

C−xC)∗x3
P+(4∗x3

C−3∗x2
C+3∗xC)∗x2

P−xC∗
xP )∗y5C+((x3

C−x2
C)∗x3

P+(5∗x5
C−10∗x4

C+7∗x3
C−x2

C)∗x2
P−x3

C∗xP )∗y3C+((x6
C−2∗

x5
C+x4

C)∗x3
P+(2∗x7

C−7∗x6
C+8∗x5

C−3∗x4
C)∗x2

P )∗yC)/((y2C+x2
C)∗(y2C+x2

C−2∗xC+
1)∗((y3C−3∗x2

C∗yC)∗y2P+(−y4C+(8∗xC∗xP−4∗x2
C−xC)∗y2C−3∗x4

C+3∗x3
C)∗yP+

((2∗xC+1)∗xP−3∗x2
P )∗y3C+(x2

C∗x2
P+(2∗x3

C−3∗x2
C)∗xP )∗yC))−((((2∗xC−1)∗

y6C+(2∗x3
C−x2

C−2∗xC+1)∗y4C)∗y3P+((−2∗xP+xC+1)∗y7C+((−x2
C−xC+2)∗xP+

2∗x3
C−4∗x2

C+8∗xC−4)∗y5C+((−2∗x4
C+11∗x3

C−18∗x2
C+11∗xC−2)∗xP+x5

C−5∗
x4
C+8∗x3

C−6∗x2
C+3∗xC−1)∗y3C+(−3∗x6

C+12∗x5
C−18∗x4

C+12∗x3
C−3∗x2

C)∗xP ∗
yC)∗y2P+(−xP ∗y8C+(−x2

P+(−4∗x2
C+13∗xC−10)∗xP−2∗x2

C−2∗xC+4)∗y6C+((6∗
x3
C−21∗x2

C+22∗xC−7)∗x2
P+(−8∗x4

C+29∗x3
C−26∗x2

C+6∗xC−1)∗xP−4∗x4
C+2∗

x3
C+4∗x2

C−4∗xC+2)∗y4C+((6∗x5
C−20∗x4

C+24∗x3
C−12∗x2

C+2∗xC)∗x2
P+(−8∗x6

C+
31∗x5

C−46∗x4
C+32∗x3

C−10∗x2
C+xC)∗xP−2∗x6

C+4∗x5
C−4∗x3

C+2∗x2
C)∗y2C+(−3∗

x8
C+15∗x7

C−30∗x6
C+30∗x5

C−15∗x4
C+3∗x3

C)∗xP )∗yP+((xC−4)∗x2
P+5∗xP−xC−
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1)∗y7C+((−x2
C+3∗xC−2)∗x3

P+(4∗x3
C−11∗x2

C+4∗xC)∗x2
P+(−2∗x3

C+12∗x2
C−8∗

xC+3)∗xP−2∗x3
C+xC−1)∗y5C+((−x3

C+2∗x2
C−xC)∗x3

P+(5∗x5
C−16∗x4

C+20∗x3
C−

12∗x2
C+3∗xC)∗x2

P+(−4∗x5
C+15∗x4

C−20∗x3
C+11∗x2

C−2∗xC)∗xP−x5
C+x4

C+x3
C−

x2
C)∗y3C+((x6

C−4∗x5
C+6∗x4

C−4∗x3
C+x2

C)∗x3
P+(2∗x7

C−9∗x6
C+16∗x5

C−14∗x4
C+6∗

x3
C−x2

C)∗x2
P+(−2∗x7

C+8∗x6
C−12∗x5

C+8∗x4
C−2∗x3

C)∗xP )∗yC)/((y2C+x2
C)∗(y2C+

x2
C−2∗xC+1)∗((y3C+(−3∗x2

C+6∗xC−3)∗yC)∗y2P+(−y4C+((8∗xC−8)∗xP−4∗x2
C+

xC+3)∗y2C−3∗x4
C+9∗x3

C−9∗x2
C+3∗xC)∗yP+(−3∗x2

P+(2∗xC+3)∗xP−2∗xC)∗y3C+
((x2

C−2∗xC+1)∗x2
P+(2∗x3

C−5∗x2
C+4∗xC−1)∗xP−2∗x3

C+4∗x2
C−2∗xC)∗yC))))2+

(−(((5∗x2
C−3∗xC)∗y5C+(8∗x4

C−13∗x3
C+5∗x2

C)∗y3C+(3∗x6
C−6∗x5

C+3∗x4
C)∗yC)∗

y3P+(((1−8∗xC)∗xP+4∗x2
C+3∗xC)∗y6C+((−10∗x3

C+11∗x2
C−2∗xC)∗xP+11∗x4

C−
7∗x3

C+4∗x2
C−3∗xC)∗y4C+((−2∗x5

C−2∗x4
C+4∗x3

C)∗xP+10∗x6
C−19∗x5

C+17∗x4
C−8∗

x3
C)∗y2C+3∗x8

C−9∗x7
C+9∗x6

C−3∗x5
C)∗y2P+((2∗x2

P+(−4∗xC−1)∗xP )∗y7C+((xC−3∗
x2
C)∗x2

P+(−10∗x3
C+13∗x2

C−10∗xC+1)∗xP+3∗xC)∗y5C+((−6∗x4
C+15∗x3

C−7∗x2
C)∗

x2
P+(−8∗x5

C+21∗x4
C−26∗x3

C+8∗x2
C)∗xP+3∗x3

C)∗y3C+((−x6
C+2∗x5

C−x4
C)∗x2

P+
(−2∗x7

C+7∗x6
C−8∗x5

C+3∗x4
C)∗xP )∗yC)∗yP+x2

P ∗y8C+((2∗xC−1)∗x3
P+(2∗x2

C−4∗
xC+3)∗x2

P−xP )∗y6C+((2∗x3
C−5∗x2

C+2∗xC)∗x3
P+(x4

C−4∗x3
C+7∗x2

C−2∗xC)∗x2
P−

x2
C∗xP )∗y4C)/((y2C+x2

C)∗(y2C+x2
C−2∗xC+1)∗((y3C−3∗x2

C∗yC)∗y2P+(−y4C+(8∗xC∗
xP−4∗x2

C−xC)∗y2C−3∗x4
C+3∗x3

C)∗yP+((2∗xC+1)∗xP−3∗x2
P )∗y3C+(x2

C∗x2
P+(2∗

x3
C−3∗x2

C)∗xP )∗yC))−(−(((5∗x2
C−7∗xC+2)∗y5C+(8∗x4

C−19∗x3
C+14∗x2

C−3∗xC)∗
y3C+(3∗x6

C−12∗x5
C+18∗x4

C−12∗x3
C+3∗x2

C)∗yC)∗y3P+(((7−8∗xC)∗xP+4∗x2
C−3∗

xC)∗y6C+((−10∗x3
C+19∗x2

C−10∗xC+1)∗xP+11∗x4
C−27∗x3

C+30∗x2
C−18∗xC+

4)∗y4C+((−2∗x5
C+12∗x4

C−24∗x3
C+20∗x2

C−6∗xC)∗xP+10∗x6
C−39∗x5

C+60∗x4
C−

46∗x3
C+18∗x2

C−3∗xC)∗y2C+3∗x8
C−15∗x7

C+30∗x6
C−30∗x5

C+15∗x4
C−3∗x3

C)∗y2P+
((2∗x2

P+(1−4∗xC)∗xP+4∗xC−3)∗y7C+((−3∗x2
C+5∗xC−2)∗x2

P+(−10∗x3
C+23∗

x2
C−24∗xC+10)∗xP+10∗x3

C−20∗x2
C+16∗xC−5)∗y5C+((−6∗x4

C+9∗x3
C+2∗x2

C−7∗
xC+2)∗x2

P+(−8∗x5
C+31∗x4

C−40∗x3
C+20∗x2

C−4∗xC+1)∗xP+8∗x5
C−25∗x4

C+28∗
x3
C−13∗x2

C+2∗xC)∗y3C+((−x6
C+4∗x5

C−6∗x4
C+4∗x3

C−x2
C)∗x2

P+(−2∗x7
C+9∗x6

C−
16∗x5

C+14∗x4
C−6∗x3

C+x2
C)∗xP+2∗x7

C−8∗x6
C+12∗x5

C−8∗x4
C+2∗x3

C)∗yC)∗yP+
(x2

P−2∗xP+1)∗y8C+((2∗xC−1)∗x3
P+(2∗x2

C−6∗xC+4)∗x2
P+(−4∗x2

C+6∗xC−4)∗
xP+2∗x2

C−2∗xC+1)∗y6C+((2∗x3
C−x2

C−2∗xC+1)∗x3
P+(x4

C−6∗x3
C+4∗x2

C+2∗xC−
1)∗x2

P+(−2∗x4
C+6∗x3

C−4∗x2
C)∗xP+x4

C−2∗x3
C+x2

C)∗y4C)/((y2C+x2
C)∗(y2C+x2

C−2∗
xC+1)∗((y3C+(−3∗x2

C+6∗xC−3)∗yC)∗y2P+(−y4C+((8∗xC−8)∗xP−4∗x2
C+xC+3)∗

y2C−3∗x4
C+9∗x3

C−9∗x2
C+3∗xC)∗yP+(−3∗x2

P+(2∗xC+3)∗xP−2∗xC)∗y3C+((x2
C−

2∗xC+1)∗x2
P+(2∗x3

C−5∗x2
C+4∗xC−1)∗xP−2∗x3

C+4∗x2
C−2∗xC)∗yC))))2) = 0

which confirms that q1q2q3 is an equilateral triangle. □

A similar result exists when Ab, Ac, Ba, Bc, Ca, and Cb are replaced with their
respective angle bisectors.
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Figure 1. Illustration for the first Napoleon point.
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