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1. INTRODUCTION

There are several known results about concurrent Euler lines [1]. Perhaps the
most famous of which is Schiffler’s theorem [2|. Here, we will provide a proof of
another result regarding concurrent Euler lines.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle with A'B'C" the medial triangle. Let A, and
A, be the orthogonal projections of A’ on b and c respectively. Define B,, B., C,,
and Cy cyclically. Then the Euler lines of AB.Cy, BA.C,, and C AyB, are concur-
rent at a point which is concyclic with the circumcenters of AB.Cy, BA.C,, and
CAyB, about the midpoint of the circumcenter and the nine-point center.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

A’ has coordinates ((z¢ +1)/2,yc/2).

B’ has coordinates (z¢/2,yc/2).

C" has coordinates (1/2,0).

The circumcenter has coordinates (1/2, (y2 + (x¢ — 1) * 2¢) /(2 * yc)).

The nine-point center has coordinates (z¢/2 + 1/4, (—x% + zc + y2) /(4 * yo)).
Ay has coordinates
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%x(ﬁ*(y?;ﬁqu*(t$c+1)))/(2*(y%+$20))7 (yo* (ye+aox(zc+1)))/ (2% (yE +22))).
(zc +1)/2,0).

B, has coordinates

(((we + 1) *y2 + (xc —1)**20) /(2% (Y& + (xe — 1)%)), (yo * (y& + (vc — 2) * (zc —
1))/ (2 (g2 + (zc — 1))

B, has coordinates

(xc/2,0).

C,, has coordinates

(W& + (xe = 1)2/2)/ (¥ + (zc — 1)%), (1 — 20) * yo) /(2% (¢ + (zc — 1))

C}, has coordinates

(/2% (Y& +22)), (xo * yo) /(2% (Y& + 22)))-
The centroid of AB.Cj has coordinates

(w02 + a2./(2 % (5% + 32)))/3, (e + 40) /(6 % (42 + 22)).

The circumcenter of AB.Cj, has coordinates (x¢/4, —((zc — 1) * z¢) /(4 * yc)).
The Euler line of AB.C}, is given by the equation

y = ((woxye)/ (6x(yg+22)))+ (v —((we/ 2428/ (24 (Ye+a))) /3))+(zoxye) / (6%
(o+at)) = (= ((zo—1)xzo) /(4xyc))) /(e /2428 (2 (yE +28))) [3) = (z0/4)).
The centroid of BA.C, has coordinates

((1+ (e + 1)/2 + (4 + (zc — 12/2)/ (43 + (0 — 1))/3, (1 56) * yo)/(6 +
(% + (zc — 1)2).

The circumcenter of BA.C,, has coordinates ((xc+3)/4, —((zc—1)xxc)/(4*yc)).
The Euler line of BA.C, has coordinates

v =(((1—xc)ryc)/(6x (yg + (xc = 1)) + (& — (1 + (xc +1)/2 + (Y& + (vc -
D?/2)/ (& + (zo = 1)) /3)) * (1 = 2c) xye) /(6% (y¢ + (xc — 1)) = (= (e —
1) 20/ (e g /(L + (e +1)/2+ (2 + (e — 1212/ (4 + (ae — 1)2))/3) —
(z0 + 3)/4)).

The centroid of C' A,B, has coordinates

(w0 + (c * (42 + 30 % (10 + 1))/ 2 # (4 + 22)) + (w0 + 1) # 4 + (20 — 1)* +
20) /(2% (Y& + (zc = 1)*)))/3, (yo + (ye * (& + xo * (vc + 1)) /(2% (y& + 22)) +
(e + (4 + (20 — 2) * (2c — 1))/ 2+ (4 + (vc — 1)?)))/3)

The circumcenter of C'A,B, has coordinates (z¢, (3 * y2 — 22 + x¢)/(4 * yc)).
The Euler line of C'A,B, has coordinates

g = (o + (o (5% + 20 (re+ D))/ (25 (4 +02)) + (o s (4 + (20— 2) (s —
D))/ (2 (e + (xc —1)%)))/3) + (x — ((zc + (zc * (y& + xc * (e +1))) /(2% (v +
22))+ (w0 1)k + (v0— VP xc) /(2 (42 + (20— 1)) /3)) (e + (ye = (. +
w0 (w0 + 1)))/(25 (5 +32)) + (o = (4 + (w0 — 2+ (20 — 1))/ @+ (g2 + (wc -
12)))/3) — (3 %42 — 02 + 20) /(4 y)/ (2 + (e + (4 + 10 * (30 + 1)) /(24
(4 +12)) + (v + 1)+ 42 + (w0 — 1) % 20)/ (2 (4 + (zc — 1)%)))/3) — 2c).
Consider the point X (20147) whose coordinates are given by
(—((4*zc—3)*yt +2%xo* (2% 02 —8*xxc+5) *y2 — 9% xh + 18 22, — 9 %
22)/ (2% (Y2 * (y& + 10 2% — 10k 20 + 1) + 9% (vc — 1)? x 22)), (13 x 24 — 13 %
To+3)*ys+2% (xo— 1) xxex (11xzl — 1120 +2) % y2 +9x 28 — 27 2, +
27xxh — 9% 2d) /(2% yo * (Y& * (Y& +10% 2% —10x 20+ 1) + 9% (zc — 1)? % 22))).
We verify that X (20147) lies on the Euler lines of AB.C}, BA.C,, and CA,B,
since we calculate

((wexye) /(6 (y¢ +28))) + (—((dx 20 —3) xyb+ 2 0% (2% 2% — 8x o +5) *
Y2 — 9% xh +18x a3 — 9% 22) /(2% (Y& * (Y2 + 10x 22 — 1020+ 1) + 9% (10— 1)? %
72)) — ((we/2+ 32/ (2 (4. + 72)) /3)) * (we + yo) /(6 % (42 + 23))) — (—((wc -
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Dxac)/(4xyc)/((we/2+ 28/ (2 (& +22)))/3) — (zc/4)) = (13 x 2 — 13
To+3)*yh+ 2% (vo— 1) *wo* (1122 — 11k wc+2) % y2 + 9k 28 — 27 22, 4+ 27 %
b —9%xd)/(2xyo* (Y2 * (Y& +10x 22 —10x 20+ 1)+ 9% (x¢ — 1)? x22))) = 0,
(L= zc) xyc)/ (6% (y¢ + (zo = 1)%))) + (= (4 x 30 = 3) * yé + 2% w0 * (2 2% —
8xxo+5) kYl —9xafh +18xxd —9x22) /(2% (y2 * (Y2 +10* 22 — 10%x 20+ 1) +
9% (vc—1)?*a3)) = (L4 (zc +1)/2+ (Y& + (vc = 1)?/2) /(Y& + (vc — 1)) /3)) =
(L =zc)*yc)/ (6% (Y& + (vc = 1)) — (= ((rc — 1) x ) /(4xye))) /(1 + (zc +
)/2+ (e + (e~ 17*/2)/ (we + (xc = 1)*))/3) = (20 +3)/4)) — (13 x 2¢, — 13«
To+3)xys+2% (xo— 1) *zo* (11 %22 —11xx0+2) *y2 +9x 28 — 27*xc—|—27*
xh—9%xd)/(2xyo* (Y2 * (Y& +10x 22 —10x 20+ 1)+ 9% (x¢ — 1)? x22))) = 0,
and
(gt (ve (42 +-re (et D)/ (28 +02)) + (o s (5 + (o =2) s (20 =1))) (25
(Y2 + (e —1)2)))/3)+(—((4x 20— 3) *yt+2xxo* (2% 2% — 8*xc+5)*yc 9%+
18xx8,—9x22) /(2% (yE x (y& +10% 22 — 1020+ 1)+ 9% (o — 1) x12))— ((xo+ (zo*
(42 + 20 (6 +1)))) (2 (et 22)) (w0 + 1) 92+ (w0 — 10 /(2 (4 + (w0 —
D2)))/3)*(((ye+ (e (ye+aox(ve+1))) [ (2+(ye+28)) + (yox (ye + (xc = 2)+(xc —
D))/ (2 (gt (2o~ 1)2)))/3) — (3592~ 2+ v0) [ (44ye))) /(0 + (e (s + 20
(zc+1)))/2*(ye+at)) + (zc+1) xyé+(zc—1)*x20) /(2% (Y& + (2c —1)%))) /3) —
ro)—(((13x22 —13%xc+3)xys+2% (v — 1) xrox (11522 —11xw0+2)*y2+9x 28, — 27
o+ 27xxl —9%x2d) /(2% yox (v + (y2 +10x2E — 10520+ 1)+ 9% (zc—1)**22))) = 0
c c c c*Ye c c
as desired.
Now, consider the circle centered at the midpoint of the circumcenter and the
nine-point center (X (140)) which passes through X (20417). This circle is given
by the equation
(= (1/2+2c/241/4)/2)* + (y = (& + (zc = 1) x2c)/ (2% yo) + (—=2& + z0 +
v2)/(4xyc))/2)? — (—((4xxc—3) *ys +2%xo* (2% % — 8*xc—|—5)*y%—9*x‘é—i—18*
—9*x%)/(2*(y€ * (Y2 +10x22 —10% 20+ 1)+ 9% (xc —1)**2%)) — (1/2+xc/2+
1/4)/2) (((13*xc—13*xc—|—3)*yc+2*(xo—1)*xc*(11*xc—11*xc+2)*
yC+9*xC 27xxg+2T*xxh —9x 1) /(2% yo* (Y2 * (Y2 +10x 2% —10%xxc+1) + 9%
(xo=1)*28)) — (& + (ro— 1) xac)/ (2xye) + (—zg +ro+18) [ (4xyc)) /2)* =
We verify that the circumcenters of AB.C,, BA.C\,, and C A, B, lie on this circle
since we calculate
(xc/4=(1/24xc/24+1/4)/2)*+ (= ((xc—1)xxc) /(4xyc) = (¢ +(xc 1) xzc) /(2%
yo)+(—attrctyd)/(4xyc))/2)* = (—((4*z0—3)*yl+ 250+ (252 —8xx0+5)*
Ok 18wt 92 ) (24 (y (yrt 10538 —10+i0-+ 1)+ 9% (50— 1Y) —
(1/242c/2+1/4)/2)? — ((13%2E — 1320 +3)*ys+ 2% (xo— 1) *wo* (1 1% 2% — 11 %
To+2)xyd+9%28, —27x a2 +27xxh —9xxd) [ (2xyox (y2 * (Y2 +10% 22 — 105 x0+1)+
O (e —1)52%)) (43 + (1) v/ (25y0)+ (—ak+o0-+32)/(dya))/2)? =
(50+3)/4— (1/2+26/2+1/4) ]2+ (—((r0— 1) 50) (4xy0) — (Bt (zc— 1)+
ro)/(2xyc)+(—ri+xo+yd)/(4xyc))/2)? — (—((4xxc—3) xys+ 2% o * (2% 0% — 8%
To+5) Yt —9xx b +18%x2 —9x22) /(2% (Y2 * (& +10%2% — 10x20+1) +9% (0 —1)%*
22))—(1/242c/2+1/4)/2)2 = (((13%22 —13%x0+3)*ys+2% (xo— 1) xxo* (1 1xxd —
11*xc+2)*yc+9*xc—27*x%+27*x”5—9*x%)/(2*yc*(y%*(y%—i—lO*x%—lO*xC—k
D+9x(zc—1)**a¢)) — (Y& +H(ze—1)xxc) /(2xyc) +(—rt+mc+yt)/ (4xyc)) /2)* =
07
and
(r0—(1/2-+0/21/4)/2)*+ (342~ 1) (k) — (s + (0 —1) i) (2
yc)+( xc+$c+yc)/(4*y ))/2 ) —(—((4xxc—3)*ys+2%kxo* (2% 2E — 8*x0+5)*
yE—9xah+18%xd —9%xx2) /(2% (Y2 x (yE +10% 2% — 10520 +1)+ 9% (xc—1)*x22)) —
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(1/242c/2+1/4)/2)? — (((13%2E —13%xc+3)*ys+2% (xo— 1) *wo* (1 1% 2% — 11 %
To+2)xyd+ %28, —27x a2 + 27518 —9xxd) [ (2xyox (y2* (y2+10% 22 — 10520 +1)+
O (re— 1)) — (5Bt (o 1) w20/ Geye) bt ao-t )/ (1eyc)) 2)7 = 0
as desired. g

Other properties involving this configuration can be found in Euclid 8052 and
the description of X (67302), such as the remark that the radius of this circle is
three-quarters the length of the circumradius.

FiGurg 1. Illustration.
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