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Abstract. We characterize the tetrahedra A;A;A3A, for which
[A1A2A3]2 + [141143/14]2 = [A1A2A4]2 + [A2A3A4]2,

where [A;A;Ax] denotes the area of the triangle A;A;Ay. This settles a problem
raised by N. Sarlak.

Keywords. Tetrahedra, Schlifli orthoscheme, birectangular tetrahedron, Hill
tetrahedron, triangle areas.

Mathematics Subject Classification (2020). 51N20.

1. INTRODUCTION

A Schlifii d-orthoscheme is a d-dimensional §implex A1A3A3z -+ - Agyq, in which the
vectors A1 Ay, AsAs, ... Ag_1Ag, and AdAd+i, are mutually orthogonal vectors.

Obviously, a 2-orthoscheme is simply a right triangle, while a 3-orthoscheme is a
tetrahedron all whose faces are right triangles - see figure 1.

Such a tetrahedron is also known as a birectangular tetrahedron, because it has
two right angles at two of its vertices, as well as a quadrirectangular tetrahedron,
because it contains four right angles (see 3] for more details).

In a very recent paper that appeared in this journal, Nina Sarlak [1] conjectured
that in every 3-orthoscheme the sum of the squares of the areas of two of the faces
is equal to the sum of the squares of the areas of the other two faces. She provided
some numerical evidence that supported this conjecture but a rigorous proof was
missing. The main goal of this paper is to find a simple characterization of the
tetrahedra which satisfy this property. Sarlak’s conjecture is going to follow as a
simple corollary.
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FIGURE 1. A 2-orthoscheme and a 3-orthoscheme

Theorem 1.1. Let A; Ay A3 Ay be an arbitrary tetrahedron and let [A;AjAy] denote
the area of the face A;A;Ai. Then, the following two statements are equivalent:

(1) [A1 A2 As)? + [A1 AsAg)? = [A1 Ag Ay + [Ap A3 Ay,

(2) (vi, va) - (sl + (v, vs)) = (va, vs) - ([[vi]” + (v1,v3)),

— — —
where vi = A1 Ay, vy = AyAs, vy = AsAy, and (v;,v;) denotes the dot product of
the vectors v; and v;.
Proof. To simplify the computations, let us introduce the following notations:
[vill = a, [[val| = b, [[vs]| = ¢, {v1,v2) = &, (v1,v3) =y, {v2, v5) = 2.
Then, the left hand term in equation (1) can be written as
4[141142143]2 + 4[A1A3A4]2 = HV1 X V2H2 + ”(V1 + Vg) X V3H2 =
= Vil [[vall* = (vi,va)? + [[vi + vl P[[vs|* — (vi + o, v3)* =
=a’t’ — 2P+ (a® +0* +22)F — (y+2)* =
(3) = (a®b* + a*c® + b*c? — 2® —y* — 2%) + 22 — 2y2.
Similar computations for the right hand term in equation (1) becomes
4[A1A2A4]2 —+ 4[A2A3A4]2 = ”V1 X (V2 + V3)H2 -+ HV2 X V3H2 =
= [[VillP[[va + vl = (vi,va + v3)* + [[Va|*[[vs]|* — (vo,v3)* =
=a?(P+ 2 +22) — (x+y) + 02— =
(4) = (a®b* + a*’c® + b*c? — 2* — y* — 2%) + 2za® — 22y.
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Using equalities (3) and (4), it follows that equality (1) is equivalent to
20c? — 2yz = 2za® — 2zy <= x(®+9y) = z2(a® +y) =
= (vi,va) - (Ivsll* + (vi, vs)) = (va, v3) - (IVal* + (vi, vs)),

which is exactly what we intended to prove. Il

Note that if A;A; L AyAs and AyA; 1 A3Aj then equality (2) (and as a result
equality (1)) is satisfied as (vy,ve) = (vo,v3) = 0. In particular, equality (1) is
valid if A;A3A3A, is the 3-orthoscheme shown in figure 1. This proves Sarlak’s
[1] conjecture.

A Hill tetrahedron is a tetrahedron A;AsAzA, for which ||A;As|| = [|A2A43]] =
|AsAy|| and LA1AsAs = LAsA3A, (see e. g [2]). We claim that for such a
tetrahedron equality (1) is still valid.

Indeed, using the notations introduced earlier, the fact that A;A;A3A, is a Hill
tetrahedron implies that @ = b = ¢ and x = 2. But then z(c?+y) = 2(a®> +y) and
therefore both equalities (1) and (2) are satisfied.
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