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1. INTRODUCTION

If a hexagon has the property that each of the reflections of three non-adjacent
vertices about the line formed by the adjacent vertices yields a single point, then
the three circles, each of which passes through three adjacent vertices at a time,
are concurrent. We give a proof of an equivalent formulation of this here.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane.

Let E be the reflection of D about line AB.

Let F' be the reflection of D about line AC.

Let G be the reflection of D about line BC'.

Then,

1. Circles ABE, ACF, and BCG are concurrent, and

2. Circles AEF, BEG, and CFG are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates (¢, yc).
D has coordinates (zp,yp).
E has coordinates (zp, —yp).
F has coordinates

TpD,
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(2% (zc * (zc *p +yc *yp))/(2& +y&) — 20, 2% (yo * (xo * p +yo *yp))/ (a +
y¢) = Yp).

G has coordinates

(2 % (g * (20 — 1) * g + 9¢) + (5 — 1 % 20)/ (6 + (e — 1) = 20,2 (yo
(e 10 + (v — 1) %7 — 10+ 1))/ (8 + (z — 1)) — y).

1. Circle ABE is given by the equation

(x=1/2)* + (y = (=(yp + (wp = 1) * 2p) /(2% yp)))* = 1/4 = (=(yp + (zp — 1) *
xp)/(2*yp))? = 0.

Circle AC'F is given by the equation

(* — (Yo * yh — (Yo — 2c) * (Yo + 20) * yp +xp * (xp — 2% x¢) * yo) /(2 * (zc *
yp —Tp*yc))): + (y — (—(zc * y% — 2% o * Yo * Yp + Tp * Yo + To * TH — x4 *
2p)/(2* (zc * yp — 2p *y0))))? — (Yo * yh — (Yo — xc) * (yo + @) * yp +xp *
(xp —2xxc)*yc)/ (2 (xo*yp —xp *yc)))? — ((—(xo * Y% — 2% xo *yo * yp +
Tp*yh +roxah —at xxp)/(2* (xo*xyp —xp *xyc))))? = 0.

Circle BCG is given by the equation

(x—(ye*xyd— (Y& — 22+ 1) *xyp+ (xp—1)x(xp —2xxc— 1) *yc) /(2% ((xc — 1) *
yp—(xp—1)*yc)))?+(y—(—((xe — 1) xyh+ (2—2%zc) *yc*yp+ (xp — 1) xy2 +
(zc —1)xah + (1 —ad) *xp+ag —xc)/(2* ((xc — 1) *yp + (1 —xp) *yc))))* —
(1—(ye*ysh— (Y2 —22+ 1) xyp+ (xp—1)* (xp —2%xc — 1) *yc) /(2% ((xc — 1) *
U — (2~ Dy~ (—(— (0 — 1) eah + (2~ 2wre) o wyp 4 (2p— 1) %y +
(e —1) 25+ (1—a2)xxp+ai—20)/(2*((xc — 1) *yp+ (1 —2zp) *yc))))? = 0.
Consider the point H whose coordinates are given by

((xp*xyp*(—yd +zo*x(xc—1))—ah*xyc*(xp—1)+yc*yh* (2xxc —2p)) * (Yo *
yp+(zc* (xe—1) —yg) *yp —yc * (2xzc —2p) * (xp — 1))/ (Ye *yp +yb * (& *
(2%xp*(xp—4xxc+1)+2xxo*(xc+1))+as — 252l +xt+ys) +a% xyd* (xp—
1?4+ 2xycxyh* (—yd +azc*(xo—1)) —xp*yc*xyp* (2xxp —2)* (—y& +xo* (vo —
D)), =(yp*(yo*yp+(re*(rc—1)—y2) xyp +rp*yc* (xp—2xrc+1))* (Yo *yh +
(0 % (20 1)~ g8 ey — ok (20— ) 5 (29— 1) (42 55+ (4 (252
(xp—4xxc+1)+2%x0* (o +1))+ 25 — 2% a8 + 25 +yd) +ahxyd x (xp —1)% + 2%
yoxyh* (—y2+xox(xc—1))—xp*yc*yp* (2xxp —2) % (—y& +xc* (10 —1)))).
We verify that H lies on circles ABE, ACF, and BCG since we calculate
((xp*xyp*(—yd +zo*x(xc—1))—ah*yc*(xp—1)+yc*yh* (2xxc —2p)) * (Yo *
P+ (e (20— 1) — g2 ey — o (2420 — ) (51— D)) (4 ety 5 % (32 (2
rp*(xzp—4xro+1)+2xxo*(xo+1))+2s —2%xd + 2t +yb) +ad xyix(xp—1)*+
2xycxyd* (—y2+xox(zo—1)) —xp*yc*ryp*(2xxp —2)* (—y2+xcx(zc—1))) —
1/2)2+(—(yp* (yo*xyh+ (zox(xe—1) —y2) *yp+xp*yc* (xp —2%xx0+1)) * (yo *
yh+(@o*(ze—1)—y2)xyp—yo* (2+xc—zp)* (xp—1)))/(YE*yp +yh * (y¢ = (2+
rp*(vp—4xro+1)+2%xox(xo+1))+ i =252l +al +yd) +ahxyd*(xp—1)*+
2xycxyhx(—y2+xo*x(vo—1))—xpxycxyp*(2xxp—2)* (—y2 +zc*(xc—1))) —
(4 + (o — 1)) 2 yp)? = /A~ (—(3y + (20— 1) w) /(2 £ y))? =0,
((xpxyp*(—y2+zc*(rc—1))—rh*yc*(xp—1)+ycxyh*(2xxc—2p) ) * (Yo *xyhH+
(0% (20— 1) 42)#4p ~yo * (2520~ 2p) % (20— 1))/ (kg 7 # (425 (B
(xp—4*xc+1)+2xxc*(xc+1))+ 22— 2528+ E+yd) +adxydx (xp—1)2+2xyc*
yp*(—yetrc*(ze—1))—wpxycxyp*(2+xp—2)x(—yétrc*(vc—1))) — (yoxyp —
(y&—x&+1)xyp+(zp—1)x(xp—2xzc—1)*yc)/ (2*((xc—1)*yp—(xp—1)*yc)))*+
(—(p*(yexyp+(ze*(ve—1) =y ) xyp+ap*yc*(vp—2xrc+1)) * (yoxyp +(vc*
(e =1)=y&)*yp—yo*(2xwc—wp)*(xp—1)))/(Yexyp+yp* (Yo (2xwp*(vp—4x
ro+1)+2xxo*(ro+1))+ad —2xad+at+yl) +ahxydx(xp—1)2+2xycxydx (—yi+
rox(ze—1))—xpryckypx(2xxp—2)x(—y2+zcx(vc—1)))— (—((xc—1)*yH+(2—
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2xzx0)*ycxyp+(xp—1)xyi+(vo—1)xx%+(1—z2)xxp+ri—z0)/(2%((xc—1)*yp+
(1=2p)xyc))))’— (1= (yeryp — (Ye —2¢+1)xyp+(xp—1)*(xp—2xzc—1)*yc) /(2%
((xe—=1)*yp—(xp—1)*yc)))*—(=(=((zc —1)*yp+(2—2%zc) *yc*yp+(zp—1)*
yet(ze—)xap+(1—ag)xeptag—rc)/(2+((we—1)xyp+(1—2p)*yc))))* = 0,
and
((xpxyp*(—v2+zc*(rc—1))—rh*yc*(xp—1)+ycxyh*(2xxc—2p) ) * (Yo *xyhH+
(0% (20— 1)~ 42) 540 ~yo * (2520~ 2p) % (20— 1))/ (kg1 7 # (425 (2
(xp—4xxc+1)+2xxo*(xc+1))+ 22— 2528+ E+yd) +adxydx (xp—1)2+2xyc*
yp*(—yetrex(ze—1))—zprycryp* (2xxp—2)* (—yz+ac*(zc—1))) — (yoryh—
(2~ 22 1) s+ (20— 1)~ 2ec— 1) syo), (25( (01 syp—(2p—1)ye)) o+
(—(p*(yoxyh+(xo* (2o —1)=y2) *yp+rp*yc*(xp—2xrc+1))* (yoryh + (o
(re—1)—y&)*yp—yo*(2xxc—xp)*(xp—1))) /(Y2 *yh+ybh* (y&*(2xxp* (xp—4x*
ro+1)+2xxox(wo+1))+ad— 2% +at+ys) ahxyix(xp —1)2 4+ 2xycxy x (—yé+
rox(ze—1))—xpryckypx(2xxp—2)x(—yi+zox(zc—1)))— (—((xc—1)*yH+(2—
2xxc)xyc*xyp+(rp—1)xyd+(vo—1)xxh+(1—22)xxpt+ri—zc) /(2% ((xc—1)*yp+
(1—2p)*yc))))*— (1= (yeryp — (ye—rt+1)*yp+(@p—1)*(zp—25xc—1)*yc) /(2
(xe—1)*yp—(xp—1)*yc)))?— (= (=((wc—1)*y%+(2—2%xc) *yc*yp+(xp—1)*
yet+(ze—1)xah+(1—ag)xzp+ag—zc)/(2x((zc—1)*yp+(1—zp)*yc))))* = 0
as desired.

2. Circle AEF is given by the equation

(z = (ye *yp +xcxwp)/(2x2c))* + (y = ((xp *ye) /(2 xc) = yp/2))* — (—(yc *
g + 205 ) /(25 20))° — (~((2p *50)/ (2 20) — y /D) = 0.

Circle BEG is given by the equation

(= (yexyp+(ro =) *axp+xc—1)/(2x(zc = 1))+ (y = ((xp — 1)+ yc) /(2 +
(zc = 1) —yp/2))* = (1 = (yc * yp + (z¢ — 1) xxp + wc — 1)/(2* (xc — 1)))* —
(=(((xp — 1) xyc) /(2% (xc — 1)) —yp/2))* = 0.

Circle CF G is given by the equation
(x—(yo*x((2xxc—1)*yp—(xp—xc—1)xyc)+(vc— 1) *xc* (xp+zc)) /(2% (y2 +
(e —1)x20)))?+(y— ((v2 — (xc — 1) xxc) *yp + Y2 + (2% 20 — 1) % xp + 2% — 2%
o) *yc)/(2x (Y + (zc—1)*20)))? — (xc — (Yo *x (2xxc — 1) *xyp — (xp —xc — 1) *
yo)+ (e —1)xzcx(zp+ac))/(2x (Y¢ + (e —1) *2c)))* — (Yo — (Y& — (zc — 1) *
ro)*yp+ye+((2%xxc — 1) *xp+1i —2%20) *yc) /(2% (& + (vc — 1) *2¢)))? = 0.
Consider the point I whose coordinates are given by

(((yo*yp + (xc = 1) ¥ 2p) * (o * Yo xyp — (vp — ve) ¥ Yo + x& — a3)) /(Y& * yh +
2% (xo— 1) *xc*xyc*xyp + (xp — wc)? * Yy + 26 — 2% 2t + 22), (yo * (yo * yp +
zc* (xp — 1)) * (Yo *yp + (vc — 1) *xp))/(ye * yb + 2 (xc — 1) *xc * yo * yp +
(1o~ o) w4+ 7 20 7 b a2).

We verify that [ lies on circles AFF, BEG, and C'F'G since we calculate
(9490 -+ (50— 1) +p) * (rc 4 g0 5o — (80 — 20 +58+ 7 — T2/ (ki + 25
(xc—1)*zo*xyo*yp—+(xp —xc)**y2 +xh — 2% 2 +24) — (Yo xyp+xo*xxp) /(2%
2c))? + ((ye * (Yo *xyp + xco * (xp — 1)) * (Yo *yp + (vc — 1) * p)) /(Y2 * yh + 2 *
(zc —1)xzc*yo*yp+(zp —zc)’ %yt + 26 — 2% 28 +ad) — ((xp*yc) /(2% zc) —
yp/2))? = (=(yc*yp +xc*xp)/(2x2c))? = (= ((xp *yc)/ (2% xc) —yp/2))* = 0,
(((yoxyp + (vc = 1) xap) * (vc *yo *yp — (xp — xc) * Y& + 28 — 28.)) /(e * yp +
2% (vc—1)*xc*yo*yp + (vp —x0)? * Y2 + 26 — 2% 2 + %) — (yo xyp + (vo —
Dxzp+xc—1)/2%(xc—1))?+ ((ye * (yo *yp +xc * (xp — 1)) * (yo * yp +
(re — 1) *xp))/(Y2 *y% + 2% (xc — 1) xxc*xyo *yp + (xp — xo)? x Y& + 16 — 2%
Fht 2) — ((2p - 1) % 90) (2% (2 — 1) ~ yp/2))* — (1 — (g * g + (v — 1) »
v+ e~ 1)/ (2% (6 — 1)) — (—(((2p— 1) % ye) 25 (v~ 1)) — y/2))? = 0.
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and

(((yoryp+(ro—1)*2p)* (2o *yc*yp—(xp—rc)*ye+rE—13)) /(Y& yp+2x% (10—
Vxzo*xyc*xyp+ (xp—x0)?*xyt +ah — 2528 +22) — (yo*x (2% 20— 1) *yp — (xp —
ro—1)xyo)+(zo—1)xxe*(xptre)) /(2% (vo+ (o —1) *2c)))* +((yo * (Yo *yp +
zo*(xp—1))* (Yo xyp+(vo—1)*xp)) /(Y& *yh+2% (o —1) ¥ v *yo*yp +(xp —
o) x Yttt —2xxd +at) — ((v& — (ve—1)*zo)xyp+ye+ ((2%xc— 1) *xxp+ 22 —
2xz0)xyc) /(2% (Y& +(rc—1)*20)))? — (vo— (yo* ((2%xc—1)*yp— (xp—2c— 1) *
yo)+ (o= 1) *xxo*(xp+uc)) /(2% (Y2 + (vo—1)x20)))* = (yo — ((v& — (o —1) *
20)*Yp +ye+(2%axc—1)xxp+ag —2xxc)*yo) /(2% (ye + (o — 1) *2¢)))* = 0
as desired. O

FiGurg 1. Illustration.
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FIGURE 2. Illustration.
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