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1. Introduction

We prove the existence of two circles in the context of a triangle and we show that
the line passing between their centers is parallel to the Euler line and that they
concur on the Euler line.

2. Results

Theorem 2.1. Let A,B, and C be the vertices of a given triangle.
Let D be a point in the plane.
Let E be the midpoint of A and D.
Let F be the midpoint of B and D.
Let G be the midpoint of C and C.
Let H be the midpoint of A and B.
Let I be the midpoint of A and C.
Let J be the midpoint of B and C.
Let H ′ be the reflection of H about line EF .
Let I ′ be the reflection of I about line EG.
Let J ′ be the reflection of J about line FG.
Let K be the foot of the altitude through C.
Let L be the foot of the altitude through B.
Let M be the foot of the altitude through A.
Let K ′ be the reflection of K about line EF .
Let L′ be the reflection of L about line EG.
Let M ′ be the reflection of M about line FG.
Then,
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1. D,H ′, I ′, and J ′ are concyclic,
2. D,K ′, L′, and M ′ are concyclic,
3. The centers of circles DH ′I ′J ′ (N) and DK ′L′M ′ (O) and the centroid of
EFG (P ) are collinear with OP : NP = 2 : 1 and this line is parallel to the Euler
line of ABC, and
4. Circles DH ′I ′J ′ and DK ′L′M ′ intersect at a point which lies on the Euler line
of ABC.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates (xD/2, yD/2).
F has coordinates ((xD + 1)/2, yD/2).
G has coordinates ((xC + xD)/2, (yC + yD)/2).
H has coordinates (1/2, 0).
I has coordinates (xC/2, yC/2).
J has coordinates ((xC + 1)/2, yC/2).
H ′ has coordinates (1/2, yD).
I ′ has coordinates
(2 ∗ (x3

C + xC ∗ y2C − yD ∗ xC ∗ yC + xD ∗ y2C)/(2 ∗ (x2
C + y2C))− xC/2, 2 ∗ (x2

C ∗ yC +
yD ∗ x2

C − xD ∗ xC ∗ yC + y3C)/(2 ∗ (x2
C + y2C))− yC/2).

J ′ has coordinates
(2 ∗ (x3

C − x2
C + xC ∗ y2C − yD ∗ xC ∗ yC − xC + xD ∗ y2C + yD ∗ yC + 1)/(2 ∗ (x2

C −
2 ∗ xC + y2C + 1)) − (xC + 1)/2, 2 ∗ (yD − xC ∗ yC − 2 ∗ xC ∗ yD + xD ∗ yC + x2

C ∗
yC + x2

C ∗ yD + y3C − xC ∗ xD ∗ yC)/(2 ∗ (x2
C − 2 ∗ xC + y2C + 1))− yC/2).

K has coordinates (xC , 0).
L has coordinates (x2

C/(x
2
C + y2C), (xC ∗ yC)/(x2

C + y2C)).
M has coordinates (y2C/(y

2
C + (xC − 1)2),−((xC − 1) ∗ yC)/(y2C + (xC − 1)2)).

K ′ has coordinates (xC , yD).
L′ has coordinates
(2 ∗ (2 ∗ x2

C − yD ∗ xC ∗ yC + xD ∗ y2C)/(2 ∗ (x2
C + y2C))− x2

C/(x
2
C + y2C), 2 ∗ (xC ∗ (2 ∗

yC + xC ∗ yD − xD ∗ yC))/(2 ∗ (x2
C + y2C))− (xC ∗ yC)/(x2

C + y2C)).
M ′ has coordinates (2 ∗ (yC ∗ yD + xD ∗ y2C + y2C − xC ∗ yC ∗ yD)/(2 ∗ (x2

C − 2 ∗
xC + y2C + 1))− y2C/(y

2
C + (xC − 1)2), 2 ∗ (−((xC − 1) ∗ (yC + yD − xC ∗ yD + xD ∗

yC))/(2 ∗ (x2
C − 2 ∗ xC + y2C + 1)))− (−((xC − 1) ∗ yC)/(y2C + (xC − 1)2))).

1. Consider the circle whose equation is given by
(x− (2 ∗xD +1)/4)2+(y− (yC ∗ (2 ∗ yD + yC)+ (xC − 1) ∗xC)/(4 ∗ yC))2− ((xD −
(2 ∗ xD + 1)/4)2 + (yD − (yC ∗ (2 ∗ yD + yC) + (xC − 1) ∗ xC)/(4 ∗ yC))2) = 0.
We verify that D,H ′, I ′, and J ′ lie on this circle since we calculate
(xD − (2 ∗ xD + 1)/4)2 + (yD − (yC ∗ (2 ∗ yD + yC) + (xC − 1) ∗ xC)/(4 ∗ yC))2 −
((xD − (2∗xD +1)/4)2+(yD − (yC ∗ (2∗ yD + yC)+ (xC − 1)∗xC)/(4∗ yC))2) = 0,
(1/2− (2 ∗ xD + 1)/4)2 + (yD − (yC ∗ (2 ∗ yD + yC) + (xC − 1) ∗ xC)/(4 ∗ yC))2 −
((xD − (2∗xD +1)/4)2+(yD − (yC ∗ (2∗ yD + yC)+ (xC − 1)∗xC)/(4∗ yC))2) = 0,
(2 ∗ (x3

C + xC ∗ y2C − yD ∗ xC ∗ yC + xD ∗ y2C)/(2 ∗ (x2
C + y2C))− xC/2− (2 ∗ xD +

1)/4)2 + (2 ∗ (x2
C ∗ yC + yD ∗ x2

C − xD ∗ xC ∗ yC + y3C)/(2 ∗ (x2
C + y2C)) − yC/2 −

(yC ∗ (2 ∗ yD + yC) + (xC − 1) ∗ xC)/(4 ∗ yC))2 − ((xD − (2 ∗ xD + 1)/4)2 + (yD −
(yC ∗ (2 ∗ yD + yC) + (xC − 1) ∗ xC)/(4 ∗ yC))2) = 0,
and
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(2 ∗ (x3
C − x2

C + xC ∗ y2C − yD ∗ xC ∗ yC − xC + xD ∗ y2C + yD ∗ yC + 1)/(2 ∗
(x2

C − 2 ∗ xC + y2C + 1)) − (xC + 1)/2 − (2 ∗ xD + 1)/4)2 + (2 ∗ (yD − xC ∗ yC −
2 ∗ xC ∗ yD + xD ∗ yC + x2

C ∗ yC + x2
C ∗ yD + y3C − xC ∗ xD ∗ yC)/(2 ∗ (x2

C − 2 ∗
xC + y2C + 1))− yC/2− (yC ∗ (2 ∗ yD + yC) + (xC − 1) ∗ xC)/(4 ∗ yC))2 − ((xD −
(2∗xD+1)/4)2+(yD−(yC ∗(2∗yD+yC)+(xC−1)∗xC)/(4∗yC))2) = 0 as desired.

2. Consider the circle whose equation is given by
(x− (xD +xC)/2)

2+(y− (yC ∗ yD −x2
C +xC)/(2 ∗ yC))2− ((xD − (xD +xC)/2)

2+
(yD − (yC ∗ yD − x2

C + xC)/(2 ∗ yC))2) = 0.
We verify that D,K ′, L′, and M ′ lie on this circle since we calculate
(xD−(xD+xC)/2)

2+(yD−(yC ∗yD−x2
C+xC)/(2∗yC))2−((xD−(xD+xC)/2)

2+
(yD − (yC ∗ yD − x2

C + xC)/(2 ∗ yC))2) = 0,
(xC−(xD+xC)/2)

2+(yD−(yC ∗yD−x2
C+xC)/(2∗yC))2−((xD−(xD+xC)/2)

2+
(yD − (yC ∗ yD − x2

C + xC)/(2 ∗ yC))2) = 0,
(2∗(2∗x2

C−yD∗xC ∗yC+xD∗y2C)/(2∗(x2
C+y2C))−x2

C/(x
2
C+y2C)−(xD+xC)/2)

2+
(2∗(xC ∗(2∗yC+xC ∗yD−xD∗yC))/(2∗(x2

C+y2C))−(xC ∗yC)/(x2
C+y2C)−(yC ∗yD−

x2
C+xC)/(2∗yC))2−((xD−(xD+xC)/2)

2+(yD−(yC∗yD−x2
C+xC)/(2∗yC))2) = 0,

and
(2∗(yC ∗yD+xD∗y2C+y2C−xC ∗yC ∗yD)/(2∗(x2

C−2∗xC+y2C+1))−y2C/(y
2
C+(xC−

1)2)− (xD +xC)/2)
2+(2 ∗ (−((xC − 1) ∗ (yC + yD −xC ∗ yD +xD ∗ yC))/(2 ∗ (x2

C −
2 ∗xC + y2C +1)))− (−((xC − 1) ∗ yC)/(y2C +(xC − 1)2))− (yC ∗ yD −x2

C +xC)/(2 ∗
yC))

2−((xD−(xD+xC)/2)
2+(yD−(yC ∗yD−x2

C+xC)/(2∗yC))2) = 0 as desired.

3. The centroid of EFG has coordinates ((3 ∗ xD + xC + 1)/6, (3 ∗ yD + yC)/6).
Consider the line whose equation is given by
y = yC/6+yD/2+((3∗x2

C−3∗xC+y2C)∗(xC/6−x+xD/2+1/6))/(yC∗(2∗xC−1)).
We verify that the centers of circles DH ′I ′J ′ and DK ′L′M ′ and the centroid of
EFG lie on this line since we calculate
yC/6+yD/2+((3∗x2

C−3∗xC+y2C)∗(xC/6−((2∗xD+1)/4)+xD/2+1/6))/(yC ∗
(2 ∗ xC − 1))− ((yC ∗ (2 ∗ yD + yC) + (xC − 1) ∗ xC)/(4 ∗ yC)) = 0,
yC/6+yD/2+((3∗x2

C −3∗xC +y2C)∗ (xC/6− ((xD+xC)/2)+xD/2+1/6))/(yC ∗
(2 ∗ xC − 1))− ((yC ∗ yD − x2

C + xC)/(2 ∗ yC)) = 0,
and
yC/6 + yD/2 + ((3 ∗ x2

C − 3 ∗ xC + y2C) ∗ (xC/6− ((3 ∗ xD + xC + 1)/6) + xD/2 +
1/6))/(yC ∗ (2 ∗ xC − 1))− ((3 ∗ yD + yC)/6) = 0 as desired.
The Euler line of ABC passes through the points ((xC+1)/3, yC/3) and (xC , ((1−
xC) ∗xC)/yC) (the centroid and orthocenter of ABC) and so thus has slope equal
to (((1− xC) ∗ xC)/yC − yC/3)/(xC − (xC + 1)/3).
The slope is the line mentioned is equal to −(3∗x2

C−3∗xC+y2C)/(yC ∗(2∗xC−1))
and we verify that these two are equal since we calculate
(((1− xC) ∗ xC)/yC − yC/3)/(xC − (xC + 1)/3)− (−(3 ∗ x2

C − 3 ∗ xC + y2C)/(yC ∗
(2 ∗ xC − 1))) = 0 as desired.
Also, we have that OP : NP = |(xP − xO)/(xP − xN)| = |((3 ∗ xD + xC + 1)/6−
((xD + xC)/2))/((3 ∗ xD + xC + 1)/6− ((2 ∗ xD + 1)/4))| = 2.

4. The Euler line of ABC is given by the equation
y = (yC/3)+(x−((xC+1)/3))∗((yC/3)−(((1−xC)∗xC)/yC))/(((xC+1)/3)−xC).
Consider the point whose coordinates are given by
(−((2 ∗ xC − 1) ∗ yC ∗ (y2C + 3 ∗ (xC − 1) ∗ xC) ∗ yD − xC ∗ y4C − ((2 ∗ xC − 1)2 ∗
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xD + (xC − 1) ∗ xC ∗ (4 ∗ xC + 1)) ∗ y2C − 3 ∗ x5
C + 3 ∗ x4

C + 3 ∗ x3
C − 3 ∗ x2

C)/(y
4
C +

(10 ∗ x2
C − 10 ∗ xC +1) ∗ y2C +9 ∗ x4

C − 18 ∗ x3
C +9 ∗ x2

C), ((y
2
C +3 ∗ (xC − 1) ∗ xC)

2 ∗
yD − (2 ∗ xC − 1) ∗ (xD − xC) ∗ y3C − (xC − 1) ∗ xC ∗ (2 ∗ xC − 1) ∗ (3 ∗ xD − xC −
1) ∗ yC)/(y4C + (10 ∗ x2

C − 10 ∗ xC + 1) ∗ y2C + 9 ∗ x4
C − 18 ∗ x3

C + 9 ∗ x2
C)).

We verify that this point lies on circles DH ′I ′J ′ and DK ′L′M ′ since we calculate
(−((2∗xC−1)∗yC ∗(y2C+3∗(xC−1)∗xC)∗yD−xC ∗y4C−((2∗xC−1)2∗xD+(xC−
1)∗xC∗(4∗xC+1))∗y2C−3∗x5

C+3∗x4
C+3∗x3

C−3∗x2
C)/(y

4
C+(10∗x2

C−10∗xC+1)∗
y2C+9∗x4

C−18∗x3
C+9∗x2

C)−(2∗xD+1)/4)2+(((y2C+3∗(xC−1)∗xC)
2∗yD−(2∗

xC−1)∗(xD−xC)∗y3C−(xC−1)∗xC ∗(2∗xC−1)∗(3∗xD−xC−1)∗yC)/(y4C+(10∗
x2
C−10∗xC+1)∗y2C+9∗x4

C−18∗x3
C+9∗x2

C)−(yC∗(2∗yD+yC)+(xC−1)∗xC)/(4∗
yC))

2−((xD−(2∗xD+1)/4)2+(yD−(yC∗(2∗yD+yC)+(xC−1)∗xC)/(4∗yC))2) = 0
and
(−((2 ∗xC − 1) ∗ yC ∗ (y2C +3 ∗ (xC − 1) ∗xC) ∗ yD −xC ∗ y4C − ((2 ∗xC − 1)2 ∗xD +
(xC −1)∗xC ∗ (4∗xC +1))∗y2C −3∗x5

C +3∗x4
C +3∗x3

C −3∗x2
C)/(y

4
C +(10∗x2

C −
10∗xC +1)∗y2C +9∗x4

C −18∗x3
C +9∗x2

C)− (xD+xC)/2)
2+(((y2C +3∗ (xC −1)∗

xC)
2 ∗yD− (2∗xC −1)∗ (xD−xC)∗y3C − (xC −1)∗xC ∗ (2∗xC −1)∗ (3∗xD−xC −

1)∗yC)/(y4C+(10∗x2
C−10∗xC+1)∗y2C+9∗x4

C−18∗x3
C+9∗x2

C)−(yC ∗yD−x2
C+

xC)/(2 ∗ yC))2− ((xD − (xD +xC)/2)
2+(yD − (yC ∗ yD −x2

C +xC)/(2 ∗ yC))2) = 0
and we verify that this point lies on the Euler line ABC since we calculate
(yC/3) + (−((2 ∗ xC − 1) ∗ yC ∗ (y2C +3 ∗ (xC − 1) ∗ xC) ∗ yD − xC ∗ y4C − ((2 ∗ xC −
1)2 ∗xD+(xC −1)∗xC ∗ (4∗xC +1))∗ y2C −3∗x5

C +3∗x4
C +3∗x3

C −3∗x2
C)/(y

4
C +

(10 ∗ x2
C − 10 ∗ xC +1) ∗ y2C +9 ∗ x4

C − 18 ∗ x3
C +9 ∗ x2

C)− ((xC +1)/3)) ∗ ((yC/3)−
(((1− xC) ∗ xC)/yC))/(((xC +1)/3)− xC)− (((y2C +3 ∗ (xC − 1) ∗ xC)

2 ∗ yD − (2 ∗
xC −1)∗ (xD−xC)∗y3C − (xC −1)∗xC ∗ (2∗xC −1)∗ (3∗xD−xC −1)∗yC)/(y4C +
(10 ∗ x2

C − 10 ∗ xC + 1) ∗ y2C + 9 ∗ x4
C − 18 ∗ x3

C + 9 ∗ x2
C)) = 0 as desired. □
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Figure 1. Illustration.
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