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1. RESULTS

Theorem 1.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with ZCAB = Z/DAB, such that AD = AB.
Let E be the point on line AB, with ZCAB = ZCAFE, such that AE = AC.
Let F' be the point on line BC', with ZCBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with /CBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that C'I = BC.
Let M be the circumcenter of A,G, and I.

Let N be the circumcenter of C, D, and F.

Let O be the circumcenter of B, E, and H.

Then triangle MNO and the intouch triangle of ABC are homothetic about the
incenter of ABC'.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).
B has coordinates (1, 0).
C' has coordinates (xc,yc)
D has coordinates ( de ).
(
(

Ve c+yc \/mc‘*‘yc
E has coordinates (y/z% + y2,0).

zo—1 1 yc
* 7\/($C*1)2+yé).

F' has coordinates
\/(‘TC’ 1) +yc
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G has coordinates (1 — /(zc — 1)2 +y2,0).
: (1—zo)*/2E+y¢ VT 4y2
H has coordinates (x¢ + Wiygc’ yo * (1 — ﬁ))

To— 2 T — 2
I has coordinates (z¢ * (1 — %ﬁ;gyc),yo * (1 — —V(szc\/%zgyc))

Let J be the vertex of the intouch triangle of ABC' on side AB.
J has coordinates ((1 — \/(zc — 1)2 + y2 + /2% + y2)/2,0).
Let K be the vertex of the intouch triangle of ABC' on side AC.
2o (Lt /28 +ut—/ (2o —1)2+42) yc(1+\/z%+yé—\/(zc—1)2+y%))
2¢¢/32 402 ’ 25y /22+y2 :
Let L be the vertex of the intouch triangle of ABC' on side BC.
L has coordinates ((1+xc+mc_1+(1_m)* Y m20+y%)/2, (\/ yc)2+y2 +yc(1——”m20+y%))/2).
C

V(e—1)2+y2 (zc—1 (zo—1)2+y2

ro—x2,—yi4(—z 2, 4y2,)x* To— 2
M has coordinates ((1—\/(1'0 —1)2+y2)/2, — cmrgygtzrory/retyg)(y/ (e 1)Qerc)).

K has coordinates (

2yc
: Iy/ak+yi—/(wo—1)24ys  (ze—Dx\/ai+vi—zox(wc—1+y/(zc—1)2+y2 ) —y2
N has coordinates ( Vettve ;/ c cYc — clvey

ro—22—yZ+(/ 22 +y2)*(xo—1++/(xc—1)2+y2
O has coordinates ((1+ /2% + y2)/2, ———¢ vet C+y02)yc( cltylwerl) +yc)).
Let P be the incenter of ABC.
a:c—l—\/x%—l—y% e )
Lty/2g 21/ (wo—D)2 4y 1ty /agtyg v/ (re—1)2 42
We verify that lines JK and NO are parallel since we calculate

(s —yx)/(xs — fK)Q_ (yn — y20)é(a71v — z0)
= ((0) — (Hetire e Ve ey 11—\ flwg — 12+ g+ /7% + 42 /2) —

P has coordinates (

2*\/z%+y%
($C(1+\/$%+y%*\/(10*1)2+y2c) ) — ((— (ze—D*y/ 2ty —ac*(zc—1+y/ (wc—1)*+y2) -2 )
2*\/3320+y% 2yc

_ (_xc*ft%*y%”r(\/120+y%')*(x0*1+\/ (10*1)2+920)))/((1*\/%**920’\/(”771)2“/20) —((1+
2yc 2
VI +yE)/2) = 0.

We verify that lines JL and M N are parallel since we calculate
(o —ye)/(xs —z1) — (ymr — yn)/(2m — )

2 .2
_ _ yc _ rotyeo _ —1)2 1 42
= (0) ~ (s + w0l — LB )1~ oo~ TP +
zo—1+(1—z0)*\/ T2 4y2 zo—22—y2+(—ro+\/ 2 +y2)*(\/ (xc—1)24y2)
N e L e . e

(zo—1)%/72 +y2 a0 x(z0—1++/(@c—1)*+33)—v2
_(_ c ctYo—xocx(xo c Yo yO))/(((l_\/(xc_1)2_|_y%)/2)

2yc
B (1+\/x20+y%f2\/(xcfl)2+y%)) —0.
We verify that lines KL and MO are parallel since we calculate
(yx —yr)/(@x — 21) — (ym — yo)/(xm — @0)
_ ((yC(1+\/$%+y%*\/(mC*1)2+y%))
2*\/x%+y%

v/ T2 +y2 zo(l+4/aL+ye—/ (wc—1)2+v2)
(st vl = L2 (N PE et — (14
wC_1+(1_$C)*\/ I2C+y%)/2))
V(@o—1)2+yZ,
vo—2g—y2H(—roty/2aty2)*(\/ (ec—1)*+ud)
- ((_ 2yc )

— (- e e ) (1= /T — 1P + 2/~ (1+

2yc

Tc
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VTG T YE)/2) =

This confirms that triangle M NO and the intouch triangle of ABC' are
homothetic.

Line JN is given by the equation

— 1+\/mc+yc \/(IC 1)2+yc

Line KO is glven by the equatlon
_ <yc (1++/22+y2—/(wc—1) 2+yc)>

2*\/:chc+y%
zo (/23 +yd—/ (ec—1)+y¢) yo (1+v/23+yg—/ (xc—1)>+y2)
+ (o — (LSRRI o (MO oy o))

zo—a%—yd+(/2Etu)swe—1+y/(wo—1)2+2) re(ty/aE /e 1PHR) )
(- D/ e )—((1+
VT E)/2).

Line LM is given by the equation
— Yo \V C+yc o 1 mcfl+(1fﬂcc)*1/$%+yé 2
(( [y +yc(1- /—Jr =))/2)+(z—((1+zc+ o )/2))x*
w2 +y2 ro—ag—yi+(—zot/ 25 +ye)*(y/ (€c—1)2+yZ)
(e 2+yc<1——*v S ))j2) (-t et R e ) (14
zo—1+(1—x z2,+
o + SRR 1) (1~ /lao = TP T 42)/2)
We verify that P hes on all these lines since we calculate
/ety —/(eo-D2 4y ( rety/eetue ) =
2 1+y/22+y2 44/ (e —1)2+y2,
(yo(1+\/w20+y%—\/($c—1)2+y%))
2*\/xé+yé
zo+/2E+vE 2o (1+y/a2 4y —/(xc—1)2+12) yo(1+4/22+y2—/(zc—1)2+y2)
+( 7 ——)—( = )*(( == )
1+\/xc+yc+\/(xc )24y 2*\/xc+yc 2*\/xc+yc
_(_xc—x%—y%-ﬁ-(\/m%(fvc—l‘*‘\/m)))/((”C(1+\/x20+y20_\/(xc_1)2+y20))—((l—l-
2yc 2*\/x%+y%

Vx%’—i_y%)/Q))_( 2 2yc 2)

Ity/agtygty/ (wo—1)2 a2,
=0,

and

v Vet zo+y/ T+ _
((\/ (zc—1)2+yZ +yell V( xc—1)2+y%))/2) (1+\/x%+y%+\/(xc—1)2+y% (420 +
zo—1+(1—2¢) \/IC"—yC Yo . \/CC%-HJ% o

\/(xc 1) )/2)) (((\/m +?JC’(1 m))/%
(—x T % To— 2 To— —x0 )%+ /T2 2
s i NG At i O N SR
rc— Yo
_ —1)2 2 _ yc
((1 \/(SL‘C 1) + yC)/Z)) (1+\/x2c+y%+\/(zc—1)2+y20)
= 0 as desired. O
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FIGURE 1. Illustration.
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