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1. INTRODUCTION

In a given triangle ABC with a point D in the plane, form the circle which passes
through a triangle vertex, the circumcenter, and the corresponding vertex of the
circumcevian triangle. Form the other two circles cyclically. We demonstrate here
that these three circles are coaxal.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be a point in the plane.

Let B, F', and G be the vertices of the circumcevian triangle of D adjacent to sides
AB, AC, and BC' respectively.

Let H be the circumcenter of ABC.

Then circles AGH, BFH, and CEH are coazal.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).

D has coordinates (zp

E has coordinates

(((zc*yp —xp*yc) * (yo * (yp —ye) + (e — 1) * (zp —2c)))/ (ye * ((yp — yc)* +
(zp —xc)?)), (((xc — 1) *yp — (xp — 1) *yc) * (wc * yp — xp *yc))/ (ye * ((yp —
yo)? + (zp — 2¢)?)))
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F' has coordinates

((yp * (yo * (yp + (zp — 1) * yo) + (zc — 1) * zo * (xp — 1))/ (yo * (yp + (zp —
D), (o = (5 + (e — 1) % 26) +yp — (2p — 1) % 50))/ (e * (5 + (w0 — 1)),
G has coordinates

((zp * (& + (we — 1) xwe) *yp +2p *yo))/ (Yo * (yh + D)), (yp * (Y& + (xe —
1) xx¢) *yp +xp *yc))/ (Yo * (yp + ¥B)))-

H has coordinates (1/2, (y2 + (zc — 1) * x¢) /(2 * yc)).

Circle AGH is given by the equation

(z—(—(((ye—1)*yc+(zc—1)xxc)*(yox (yo+1)+(xc—1)xx0) *yp+2% T p Ry +2%
(re—1)*zoxxp*yc)/(4*xyc* (yo*xyp —rpxys—(vo—1)xxo*xxp))))*+ (y— ((2%yc*
(v&+(xo—1)*x0)*yp—xp*ys— (2xx2 — 2510 —1)*wpryt — (xc—1)**xixxp) /(4%
yo* (Yexyp—rpxyt—(vo—1)*xcx2p))))’ — (= (((yo —1)*yc+(vc—1)*z0)* (Yo
(yo+1)+(xe—1)*x0)xyp+2xx p*yd+2%(xc—1)*xc*x p*yc) [ (dxyc* (Yo xyp — p*
yi—(zo—1)*zoxxp))))*+((2xyc*(vi+(xo—1)*x0)*yp—x p*ys— (2%xE — 2500 —
Dxxpryé—(zo—1)*x22*xp)/(dxyc*(yoxyp —rp*ys—(xc—1)xxc*xp))))?) = 0.
Circle BF' H is given by the equation

(2—(((yh+ (2522 — 2520 +3)*y2+a s — 2523 +22 ) *yp+2% (xp—1)*yd+ 2% (zo—1)
zox(zp—1)*yc)/(dxyc+(yoryp+(zp—1)*y¢+(vc—)*zcxap—rg+c))))*+(Y—
((yo* (2xy2xyp+2% T2 xyp—2%To*Yp+T p*ys — Y2+ 2% T2 % T p* Yo — 25T+ T p*Yc —
Tpxyc—2%Tixyc+2xxo*xyc+yc)+(ro—1)**xix(xp—1))/(4dxycx(ye*(yp+(xp—
1eyo) +(roDracn(ep—1) (L (((yhet (e —2550-+ 3yt s 2aadt
r2)xyp+2%(zp—1)*y2 4+ 2% (xc—1)*ze* (xp—1)*yc)/ (4xyo* (yoxyp+(rp—1)*
yet(ze—1)xxcxrp—ag+ac))))’+((Yo* (2xytxyp+2*a¢*yp —2+To*yp+rp*
Y& — Y2 2% L kT pryc — 2K T KT pRYc —Tp*Yo — 2% TExyc+2xxo*xyo+yco)+ (vo—
122+ (xp—1))/(4xycx(yo*(yp+(xp—1)*yc)+(zc—1)+zc*(2p—1)))))?) = 0.
Circle CEH is given by the equation

(2 —(((y&+ 2522+ 2x20— 1) %y +al — 2% b + 22 ) *yp —y2 — (2% (xp+22) — 1)
ve+(ro—1)xxox(2xxp —zo*(re+1))*yc)/(dxyo* ((2xxc — 1) *yo*yp — (xp+
ro—1)*xyi+(xc—1)*xcxxp—xd+7%)))) 2+ (y— (2% (2% 20— 1) *yo* (Y2 + (vo —
)xzo)*yp—(3xxp+rc—2)*%yt— ((2%x2% —2xx0+1)*Tp+ro* (2% 2E —dxx0+1))*
Vi +(vo—1)2xatxxp —ad+2%xxth —ad) /(dxyc* ((2xxc—1)*ycxyp— (xp+ac—
gt (e — 1) sagrnp—ab )P (e — (g (2o + 20— 1)yl 2 —
2xx8,+ad)xyp—y2— (2% (xp+2L) — 1) *xy2+ (voc— 1) *x0* (2% xp —1o* (1o +1))*
yo)/(4xyox((2xxc—1)*yc*xyp— (zp+rc—1)*y2+(xc—1)xxc*xxp—d+1%))))?+
(yo—((2%(2xxc—1)xyox (y&+(rc—1)xx0)*yp — (3% xp+r0—2) * Yyt — (2% 2L — 2%
rot+1)*xptzo*(2%xs —4dxxo+1))xyd+ (xo—1)?*xadxxp—ad +2xxt —xd) /(4%
yox((2xzo—1)*ycxyp— (rp+zo—1)xy2+ (vc — 1) *xc*xxp —2d+1%))))?) = 0.
Consider the line whose equation is given by

yox(yp* (2xx—1)—yoxx+axp*yc —2*xxp*xy+y)— (rc—1)*xxcx(x—xp) = 0.
We verify that this line is the radical line of all three circles since we calculate
(((2#yc* (Yo *yp —wp*ye —a¢*xp+rc*p)* (Yo * (Yp+(vp —1)*yc) +(zc — 1)
zex (@p—1)))/ (Yo + (we = 1))+ (ye+ag) xyp)) * (@ — (=(((yo = 1) *yo+(xe =
Dxzo)x(yox(yo+1)+(xe—1)*xo)*yp + 25w p*yd +2% (v — 1) xxoxxp*yc) /(4%
yo* (Yoxyp—aprye—(vc—1)*xc*2p))))* +(y— ((2xyc* (ye+ (xc — 1) *xc) *yp —
rpxys— (2xx% —2xx0—1)xxp*ys —(ve—1)**xxi*xxp) /(4*%yc* (Yo *yp —rp*y2 —
(zc—1)xzcxxp))))* = ((—(((yo — D *ye+(wc —1)*2c)* (yox (Yo + 1) +(vc—1)
zo)*yp+2%xxpxyd+2%(xo—1)*xxo*xrpxyc)/(dxyo* (yo*yp —xp*yd —(xo—1)*
roxxp)))) 2+ ((2xyc*(vE+(xo—1)*x0)*yp—rp*yd — (2502 — 2% w0 — 1) xx p* Y2 —
(v —1) 520 [ (Ao oy — ey — (e~ Do o)) — (— (gt
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(2x22 —2xx0+3)xyd+ah —2xxd + 1L ) xyp+2x (xp—1)xyd+ 2% (xo—1)xxo* (xp—
Dyo)/ (Aro (v sup+ (2n—1) syt (z0— ) waesa—ab +ze)+ (y—((yos
(2xy2xyp+2%TExyp —2%Tc*Yp+T p*YS — Yo+ 2% TE* T p*Yc — 2% To* T p*Yo — T p*
yo—2xxixyc+2xxoxyc+yc)+(re—1)*xxix(xp—1)) /(4*xyc*(yox (yp+(zp—1)*
yo) (20— V) ezc(en— 1))~ (1~ (gt (2523~ Dot B) sy b D+
r2)xyp+2%(xp—1)*y2+2%(xc—1)*xe* (xp—1)*yc)/ (4xyo* (yoxyp+(rp—1)*
y&+(zo—1)*xcxrp—1i+20)))) > +((yox (2xy2xyp+2x 22 % yp — 2% o *yp+T p*
Yo — Y2+ 2% L kT prYc — 2K XK T pRYc — T p*Yo — 2% TExyc+ 2% o*x Yo +yco)+ (vo—
1)?xax(xp—1))/(dxycx(yox (yp+(xp—1)xyc) + (xo —1)xzcx(xp—1)))))*))) -
(yo*(ypx(2xx—1)—yc*xx+axp*yc—2xxp*xy+y)—(xc—1)*xxc*(x—2xp)) =0
and

(2*xycx(yoxyp —xpxyz—xi*xxp+ro*xrp)* (yox ((2xxc—1)*xyp— (xp+xc—1)*
yo)+ (wo—1) sz (vp—10))))/((Y¢ +(xc—1)*)* (Y& +28) * (vexyp —wp*yc))) *
(z—(—=(((ye—1)*yc+(xc—1)*z0)* (Yo (yo+1)+(xc—1)*x0) *Yyp+2% T p* Y22
(zo—1)*zc*xp*yc)/(4*xyox(Yyoxyp —rp*yz —(re—1)*xoxxp)))) 2+ (y— (2% yc*
(y&+(zo—1)*z0)*yp—Tp*ys— (2525 —2%x0—1)*xp*yz — (xc—1)*xx2*xp) /(4%
yox (yoxyp —rp*yg — (vc—1)*xzc*2p))))* — (= (((yo —1)*yc+(zc — 1) *zc) *
(yox(yo+1)+(zc—1)*xo)*yp+2xxp*ys+2% (xo— 1) *xc*xp*yc) / (dxyo* (yo *
yp—2p*yi—(vc—1)*xc*xp))))*+(((2%yc* (v +(xc—1)*xx0) xyp — T p*ys— (2%
14 —2xxc—1)*xpxys—(vo—1)**%xi*xp)/(dxyc* (yoxyp —rpxys —(xc—1)*x0*
e )?)— (0~ (gt (252 Do 1) gt ko~ 2t 22 ey (25 (2t
r2)—1)*xyd+(rec—1)xxo*x(2xxp—zox(rc+1))*yc) /(dxyox ((2xxc— 1) xycxyp —
(zp+xc—1)xy2+(xc—1)xzo*xxp—ab+12)))? +(y— (2% (2xxc—1) *yo* (y2+
(xc—1)*z0)*yp— (3*xp+r0—2)*Yyt— (2522 —2%x0+1)*x p+To* (2% 2% —4d* T+
)*xy2+(zo—1)*,aixxp—ad+25xxh—28) [ (4*xyox (2% xc—1)xyc*yp—(rp+rc—
Dsyg+(zc—1)xaxcxxp—rt+12))))° — (20— (((yot (252 + 250 —1)xyt+ g —
252t + 22 ) xyp—yd— (2% (xp+a2) —1)*yd+ (v —1)*xo*(2xxp—To* (0 +1)) *
yo)/(dxyc*((2xxc—1)*yoxyp— (xptazo—1)*y2+(vc—1)*xc*xxp—r+7%)))) >+
(yo— (2% (2xxc—1)*yc* (Y2 +(xc—1)*xc)*yp — (3*xp+10—2)*Yyh — (2% 25 — 2%
ro+ 1) xxptwo*(2xxi —4dxxo+1))xy2+ (vo— 1) *xixxp — ol + 2% —xd,) /(4%
yox((2xxc— 1) xyoxyp — (xp+xc—1)*xy2 + (xc— 1) *xo*xp — 28 +22))))?))) —
(yox(yp*(2xx—1)—yo*xx+xp*yc—2xxp*xy+y)—(xc—1)*xxc*(x—xp)) =0
as desired. g
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FiGure 1. Illustration.
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