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1. INTRODUCTION

Musselman’s theorem [1] states that if the vertices of a triangle are reflected about
each of the triangle sides, then the three circles, each of which passes through a
vertex, the reflected vertex, and the circumcenter, are coaxal. Here, we give a
generalization of this by reflecting the vertices of a triangle which is homothetic
to the original about the orthocenter.

2. RESULTS

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.
Let D be the circumcenter of ABC.

Let E be the orthocenter of ABC'.

Let F' be a point on line AE.

Let G be the point on line BE such that BG : EG = AF : EF.
Let H be the point on line CE such that CH : EH = AF : EF.
Let F' be the reflection of F' about line BC.

Let G’ be the reflection of G about line AC.

Let H' be the reflection of H about line AB.

Then circles ADF', BDG', and CDH' are coazal.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (a:c,yc)

D has coordinates (1/2, (v% + (z¢ — 1) x 2¢0) /(2 * yc)).

E has coordinates (z¢, (1 — z¢) * x¢)/yc).

F has coordinates (zp, (1 — z¢) *xr)/yc)-

G has coordinates (1 + zp * (x¢ — 1) /20, (1 — 2¢) * 2F) /yc).

H has coordinates (z¢,yc + zr * (1 — z¢) * x0) /yc — yo)/zc)-

F’ has coordinates

(2% (422 — 2 % e+ 4 + 1)) — 2, (0 — 1) % (@5 — 2) * 4 + (w0 — 1) *
20/ (e * (5% + (20 — 1)),

G’ has coordinates

(202 (b2~ (we—1)52p) 501, (260330) /() (1—)s2e) f3c).
H' has coordinates (zc, —(yo + xr * (1 — z¢) * 2¢) /yc — yo)/xc))-

Circle ADF’ is given by the equation
(ZE'—(—(y%*((Q*ZL'F—IC—3)*y%+2*(IC—1)*(2*(1]0—1)*1’]:‘—(xc—l)*(2*$%+2*
te 1))+ (ro 1) wex (Zrap—rc))/(Axyex (Y6 o6 — 1))+ (y = (46 (o + 2+
Trp+2%25 —2x10—3)+2x(xc—1)?sxxp+ (v —1)*x22) /(Ad*xycx (y2+ 22 —1))))* —
(—(—(y2*((2xxr—2c—3)xy2+2x(xc —1)x (2xxc— 1) %2 p — (0 — 1) % (2% % + 2%
zo+1))+(xo—1) kao*(25ar—zc)) /(xyex(ye+az—1))))*+(= ((ye* (v +2*zp+
2x22 —2x10—3)+2x(xc—1)?xxp+(vc—1)**%2%) /(dxyc* (y2+22—1))))?) = 0.
Circle BDG' is given by the equation
(a:—(—((2*(xc—1)*:L’F—a:20)*yc+xc*(2*(xc—1) (2*:60—1)*:6F Tox (2%
12 —2%xx0—3))*ys + 2% (xe — 1)2xad xxp — 2l + 2% 2l —2l) [ (dxzo*yd * (v +
(xc—2)x20)))?+ (y— (zoxys — (2% (xo— 1) *xxp —xo % (2% 2% — 2% 20 — 3)) *
yE — 2% (v — 1) a2 xxp+ad —2xxt +22) /(4 xo*xyo* (vi+ (vo —2)*x20))))? —
(I=(=(2*(xc—1)xzp— xc)*yC—I—xC*(Q*(xc—l) (2xxc—1)*xp —xco* (2%
14 —2xx0—3))*yi+2x (vc—1)?*xd xxp — 2l + 2% 22 — 28/ (dxxo*y2 * (YE +
(xc—2)%xc))))? +(—((xo*ys — (2% (xo— 1) xxp — o * (2% 2L — 2% 20— 3)) * Y& —
2% (xo— 1) s a2 xxp+ad —2xxb +12) /(dxxe*yo* (Y& + (xc —2) x20))))?) = 0.
Circle CDH' is given by the equation

(x— (—(2*xp —3xz0)*ys —xo* (2522 + 2% 20 — 1) *yd — 2% (xc — 1)? x 2% %
v 2 — 2+ ) /(A n e x (2% me — 1) %))+ (3 — (e * (4 + (26 —
) xxc))/2*xzcxyc)))? — (ze — (—((2*%2p — 3% x0) * yh — w0 *x (2% 25 + 2%
ro— 1) *xyd — 2% (v — 1)* s 2l xaxp+ ol — 2% xh +ad)/(d*xo* (2xxe — 1) *
V) + (o — (o (4 + (50 — 1) * 20)) /2 % 0 % 3o ))?) = 0.

Consider the line whose equation is given by

Yo x(2xx ot pr (25w 0 —2) —ad )+ s —2xr g+ 2xr L —ab —wx (yex (3w o — 2% p) —yok
(zo* (=322 +3xxc+1)—xp* (2522 —2%10+2) )+ 3528 — 9k 2l +9x 28, — 3% + 6%
wixxpx(zo—1)3+roxyix(zo—1)*(rox(—=3xxi+3xx0+1)+apx (10525 —10x10+
2)))—yik (25w 0 —6%xd 43k rE+rp* (2500 —2) % (—3xri+rc+1)) +ro*ryix(zo—1)*
(wo*(—3*xd+3%xE+3xx0—1)+ap*(2%r0—2)* (332t +10—1)) +Yy*ye* (2% T0—
Dx(xo—2%xp)+2xxd 5 px(xo—1)x(2o+1) —yxydx (2xxo—1) % (xo* (— 25225 +2%
To+3)—rpx(—4xxt+4xro+2))Hairyxycx (2% o —1)*(xo—2%xp)*(xc—1)% = 0.
We verify that this line is the radical line of all three circles ADF’, BDG', and
CDH' since we calculate

(2xrcylx (Rt ac (0 —2))* (b 42— 1)+ (0 — (= (24 —mo—3) gt
2x(xo—1)x(2xxc—1)xxp— (v —1)* (2522 4+ 2xx0+1))+(xc— 1) x 20 % (2% TP —
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20))/(Axye* (Y2 +at—1))))2 +(y— (Yo * (Y2 + 2525 +2%2% = 2x00 —3) + 2% (v0 —
*sxpt+(vo—1)"%33) [ (4xyox (ye+23—1))))° = (= (= (y&* (2% xp —x0—3) ¥ Y2 +
2% (xo—1)*x(2xxc—1)*xp— (v —1)* (2522 + 2520 +1))+(vo—1)3 %z * (2320 —
z0))/(4xyg* (ye+1e—1))))+(— (v * (Y& +2xxp+2%23 —2% 20 —3)+2% (20— 1) *
rpt(re—1)2x33) [ (4xyo* (Yo +re—1))))?) — (2 — (= (2 (vo—1) xxp—a ) *ys+
ro*(2%(xo—1)x(2xxc—1)*xp—xo* (2522 —2% 10 —3) ) *y2+2% (vo—1) 52tk p—
28 +2x12 — 1) [ (dxzoxytx (yi+(vo—2)xxc))) ) > +(y— ((ze*ys— (2% (zo—1)xxp—
ro*(2%x% —2%x0—3) ) *ys — 2% (o — 1) xadkrp+ad —2xxh+xd) [ (dxxoxycx (Yo +
(xc—2)x20))))> = (1= (= (2% (zc—1)xxp—2)*yt+ro* (2% (xo—1)* (2x20— 1) *
rp—xo*(2%x% —2%x0—3) ) xy2+2x (vo— 1) xadxwp— 28+ 2x2% —ak) [ (A zoxyd*
(y%+(xc—2)*xc))))2+(—((:pc*yé—(2*(200—1)*xF—xc*(Q*x%—Q*xc—?)))*yg—
2% (zo— 1) xai*xxp+ad —2xxh+x8) [ (d*xxoxyo* (Y& +(xc —2)*1c))))?))) — (y& *
(2xxot+ap*(2xxe—2)—ad)+xh— 2503 +2xxl — 1l —xx (ye* (3xzo— 2% 8) — Y
(wo* (=322 +3xxc+1)—xp* (2522 —2%10+2))+ 3% 2h — 9%l +9x 28, — 3%+ 6%
wixxpx(zo—1)3+roxyix(zo—1)*(rox(=3xxi+3xx0+1)+apx (10502 —10%x10+
2)))—yik (25w o —6%xd 43k Tt + k(2500 —2) % (—3kxi+xc+1)) +ro*ryix(zo—1)*
(wo*(—3*%xd+3%xE+3xx0—1)+ap*(2%00—2)* (3x2E+10—1))+Yy*ye* (2% 0 —
Dx(xo—2%xp)+2xxd 5 xpx(xo—1)x(2o+1) —yxydx (2xxo—1) % (xo* (— 2525 +2%
To+3)—xpk(—dxxi+4xrc+2))+rixysyox (2xrc—1)*(xo—2%xp)*(xc—1)%) = 0
and

(—2xxoxydx(2xxo—1)x (22 +y2— 1)) x (2 — (= (y2* (2% p—20—3) *y2 +2% (xc —
D)x(25xc—1)sxp—(xe—1)* (2522 +2x20+1))+ (v —1)3*xo* (2520 —20)) [ (4%
yer e +at— 1))+ (y— (e (o + 2xxp+ 2528 — 2520 —3) + 2+ (xc — 1) *xp+
(v~ 1)) (s (25— 1)) (— (— (g (2w — By 2 (o
D*(2xzc—1)*xp— (o —1)x (2525 +2%x0+1))+(zc— 1) xx0x (2% 2p —20)) /(4%
yer (Yo +at— 1))+ (= (e * (e +2xxp+ 22t — 2500 —3) + 2% (0 — 1)’ *2p +
(ro~17528) [ (Aryes (gt 2 1)) — (1 (— (252 p— B kb —ron (it +
2xx0—1)xy2— 2% (xc—1)?x a2 xxp+ad — 2w +28) [ (dxxox (2xzc—1)xy2)))* +
(- (e (g + (g0 1)520)) (2 acy0) (20— (— (2r—Brrc) +h — e
(25224 2xx0—1)*ys — 2% (xo— 1) sai*xp+ad — 2%+ 7)) [ (dxzo* (2xxo—1)*
V)V + (o (o (2 (0 — 120/ (o))} ))) ~ (s x (2 e+ o x (25
ro—2)—xi)+al —2xxd+2xxl —af —wx (YSx (3xxo—2%xp) —ydx (wox (—3*xk +
3xxo+1)—xpx(2x2% —2xx0+2))+3x2h — 9% 22+ 9x28, —3xal + 6kl xrp* (xo—
13 +zoxyds(re—1)x(zox(—3xx2+3xxc+1)+2p*(10x22 —10%20+2))) — Yk (2%
To—6%13 +3xxh+xpk(2xre—2)* (—3*xxi+xc+1))troxyix(vo—1)x (wo*(—3*
o 43x2i4+3%xx0c— 1) +xpx(2%rc—2) % (3xxi+ w0 —1))+yxy2* (2xxc—1)* (20—
25xp)+25xxdxrpk (v — 1) (xo+1) —y*xyd* (2xxc — 1) * (xo* (—2% 2% + 2% 10+
3) —xp*(—4*xx% +4dxxo+2))+ri yxyo* (2xxc—1)* (vo—2%xp)*(xc—1)%) =0
as desired. O

Musselman’s theorem follows as the special case of this where we take F' = A.
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