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1. RESULTS

Theorem 1.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with /CAB = Z/DAB, such that AD = AB.
Let E be the point on line AB, with /CAB = ZCAFE, such that AE = AC'.
Let F be the point on line BC, with /CBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with ZCBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that CI1 = BC.
Let M be the circumcenter of A, G, and I.

Let N be the circumcenter of C, D, and F'.

Let O be the circumcenter of B, E/, and H.

Let P be the incenter of ABC.

Let Q be the circumcenter of ABC.

Let R be the midpoint of P and Q).

Then J,K,L,M,N, and O lie on a conic section such that R is the midpoint of
the pairs of points JN, KO, and LM.
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2 THE MIDPOINT OF THE INCENTER AND THE CIRCUMCENTER IS THE CENTER OF A CONIC SECTION

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates xc,yc)

D has coordinates

(1,

( Yc

(s \/wc+yc)'
E has coordinates (/2% + y2,0).

(7

(1-

F has coordinates zel 1, =
V(@e—1)2+y2 + \/(Ic—l)zﬂ/%)

— iz — 17+ 2.0).
—x0)x+ /T2 2 x2 2
4 U-waeetve \Miyc,yc*(l_—vﬁ%”),
(10—1)2+yc (xC_1)2+yc
. (xc—1)2+y2 V (@e—1)2+y2
I has coordinates (r¢ * (1 — Y—F—"C), yo * (1 — Y—F—L2C9)).
(C’ ( \/m )yC ( m ))

J has coordinates (1/2,—(\/(96071)2%c (/s tye)mrerse )= yc)

G has coordinates

H has coordinates (z¢

K has coordinates (— (10712)2+y%71’ xc*(xjic (“2‘;01) *yo*1)+yc>'

L has coordinates (@, —(—%& + (xcfl)*(\z/;chy%*wc))).

M has coordinates ((1—+/(zc — 1)2 + y2)/2, _ZC*120*92c+(*wc+\/;r;cc+yé)*(\/(xc—1)2+yé))‘
N has coordinates (H\/x%wé’;/(‘”c*l)”y%’ _ (xcfl)*\/mfzc*(;;C*H\/m)*y%).
O has coordinates ((1+ /2% + vy2)/2, _"”C*‘”Qc*y%Jr(\/"”QcTy%Z"éxC*l*\/m))'

P has coordinates ( roty/ré i yo ).

+\/xc+yc+\/ (ze—1)2+y2’ 1+\/x20+yé+\/(xcfl)2+y%
zo(zo—1)+y2
@ has coordinates (1/2, #)
R has coordinates
/2.2 _ 2
((1/2+ To+\/Totye )/27 (zC(a’C 1)+yc + Yyc )/2)
Lhy/a2+y2+4/ (wo—1)+y2 2yc 14+1/22 492 +1/(mo—1) 2+
We verify that J, K, L, M, N, and O lie on a conic section since we substitute the
above values into the following matrix and calculate that

3 y% Ty*Yy; g Yj
T3 Yk Tk *Yxk Tk YK
det 172% Y, TL*xyrL TL YL

Ty Yur TM*Ym Tm YMm
x?v Yn IN*YN TN YN
L2 ¥H To*yo To Yo 1l
and we verify that R is the midpoint of the pairs of points JN, KO, and LM since
we calculate
(1/2)(zs + an) — R
= (1/2)((1/2) + (PPERE e Py (1 g TOVTENE o)

2 1+y/22+y2 44/ (e —1)2+y2

— = = = =

= 0.
(1/2)(ys +yn) —yr
_ (1/2>(<_ (\/(wcfl)2+y?:)*(\/xréer?;)*:rc*(chl)*y%)+(_(xcfl)*\/x%+y%7:rc*(xcfl+« /(wC*l)Qer?;)fy%))_

2 2
((retegnit —’) )
2yc 1y/22+y2 4/ (mo—1)2 412

=0.
(1/2)(zx +w0) — 7R
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= (1/2((~ ) (/a8 8)/2) (1 2 e ) o)

=0 (1/2)(yx +yo) — Yr

_ (1/2>((a:c*(:chr\/(10271)2+y%*1)+y%)+(_wcf:rchy%Jr(w/:E%er%)*(xcflJr\/W)))_
rolzo—1) a2 o ve

(52 . 1+\/z%+y%+\/@xr,nz+y%)/2)

=0 (1/2)(xr +om) — 2R

= (1/2)((F52) (1o — 12 + 92)/2)) — ((1/2+ — e e ) j9)

0 2 ROy R/ Frmy e
- b

and

(1/2)(yr + ym) — ur

— (1/2)(—(_y_c+(xc—l)*(\/x%ﬂl%—xc))+(_xc—x%—y%+(—xc+\/xQC+y2C)*(\/(xC_1)2+yzc)))_
N 2

( e 2yc 2yc

xo\ro— Yo Yo

(( 2yc + 1+\/$%+y%+\/($c—1)2+y%)/2)

= ( as desired. O

FIGURE 1. Illustration.
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