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1. Results

Theorem 1.1. Let A,B, and C be the vertices of a given triangle.
Let D be the point on line AC, with ∠CAB = ∠DAB, such that AD = AB.
Let E be the point on line AB, with ∠CAB = ∠CAE, such that AE = AC.
Let F be the point on line BC, with ∠CBA = ∠FBA, such that BF = AB.
Let G be the point on line AB, with ∠CBA = ∠CBG, such that BG = BC.
Let H be the point on line BC, with ∠ACB = ∠ACH, such that CH = AC.
Let I be the point on line AC, with ∠ACB = ∠ICB , such that CI = BC.
Let M be the circumcenter of A,G, and I.
Let N be the circumcenter of C,D, and F .
Let O be the circumcenter of B,E, and H.
Let P be the incenter of ABC.
Let Q be the circumcenter of ABC.
Let R be the midpoint of P and Q.
Then J,K, L,M,N, and O lie on a conic section such that R is the midpoint of
the pairs of points JN,KO, and LM .
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates ( xC√

x2
C+y2C

, yC√
x2
C+y2C

).

E has coordinates (
√
x2
C + y2C , 0).

F has coordinates ( xC−1√
(xC−1)2+y2C

+ 1, yC√
(xC−1)2+y2C

).

G has coordinates (1−
√

(xC − 1)2 + y2C , 0).

H has coordinates (xC +
(1−xC)∗

√
x2
C+y2C√

(xC−1)2+y2C
, yC ∗ (1−

√
x2
C+y2C√

(xC−1)2+y2C
)).

I has coordinates (xC ∗ (1−
√

(xC−1)2+y2C√
x2
C+y2C

), yC ∗ (1−
√

(xC−1)2+y2C√
x2
C+y2C

)).

J has coordinates (1/2,− (
√

(xC−1)2+y2C)∗(
√

x2
C+y2C)−xC∗(xC−1)−y2C

2yC
).

K has coordinates (−
√

(xC−1)2+y2C−1

2
,
xC∗(xC+

√
(xC−1)2+y2C−1)+y2C

2yC
).

L has coordinates (
1+
√

x2
C+y2C
2

,−(−yC
2
+

(xC−1)∗(
√

x2
C+y2C−xC)

2yC
)).

M has coordinates ((1−
√

(xC − 1)2 + y2C)/2,−
xC−x2

C−y2C+(−xC+
√

x2
C+y2C)∗(

√
(xC−1)2+y2C)

2yC
).

N has coordinates (1+
√

x2
C+y2C−

√
(xC−1)2+y2C

2
,− (xC−1)∗

√
x2
C+y2C−xC∗(xC−1+

√
(xC−1)2+y2C)−y2C

2yC
).

O has coordinates ((1 +
√
x2
C + y2C)/2,−

xC−x2
C−y2C+(

√
x2
C+y2C)∗(xC−1+

√
(xC−1)2+y2C)

2yC
).

P has coordinates (
xC+

√
x2
C+y2C

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

, yC

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

).

Q has coordinates (1/2,
xC(xC−1)+y2C

2yC
).

R has coordinates
((1/2 +

xC+
√

x2
C+y2C

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2, (
xC(xC−1)+y2C

2yC
+ yC

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2).

We verify that J,K, L,M,N, and O lie on a conic section since we substitute the
above values into the following matrix and calculate that

det


x2
J y2J xJ ∗ yJ xJ yJ 1

x2
K y2K xK ∗ yK xK yK 1
x2
L y2L xL ∗ yL xL yL 1

x2
M y2M xM ∗ yM xM yM 1
x2
N y2N xN ∗ yN xN yN 1

x2
O y2O xO ∗ yO xO yO 1

 = 0

and we verify that R is the midpoint of the pairs of points JN,KO, and LM since
we calculate
(1/2)(xJ + xN)− xR

= (1/2)((1/2) + (
1+
√

x2
C+y2C−

√
(xC−1)2+y2C

2
))− ((1/2 +

xC+
√

x2
C+y2C

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2)

= 0.
(1/2)(yJ + yN)− yR

= (1/2)((− (
√

(xC−1)2+y2C)∗(
√

x2
C+y2C)−xC∗(xC−1)−y2C

2yC
)+(− (xC−1)∗

√
x2
C+y2C−xC∗(xC−1+

√
(xC−1)2+y2C)−y2C

2yC
))−

((
xC(xC−1)+y2C

2yC
+ yC

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2)

= 0.
(1/2)(xK + xO)− xR
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= (1/2)((−
√

(xC−1)2+y2C−1

2
)+((1+

√
x2
C + y2C)/2))−((1/2+

xC+
√

x2
C+y2C

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2)

= 0 (1/2)(yK + yO)− yR

= (1/2)((
xC∗(xC+

√
(xC−1)2+y2C−1)+y2C

2yC
)+(−xC−x2

C−y2C+(
√

x2
C+y2C)∗(xC−1+

√
(xC−1)2+y2C)

2yC
))−

((
xC(xC−1)+y2C

2yC
+ yC

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2)

= 0 (1/2)(xL + xM)− xR

= (1/2)((
1+
√

x2
C+y2C
2

)+((1−
√

(xC − 1)2 + y2C)/2))−((1/2+
xC+

√
x2
C+y2C

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2)

= 0,
and
(1/2)(yL + yM)− yR

= (1/2)(−(−yC
2
+

(xC−1)∗(
√

x2
C+y2C−xC)

2yC
)+(−xC−x2

C−y2C+(−xC+
√

x2
C+y2C)∗(

√
(xC−1)2+y2C)

2yC
))−

((
xC(xC−1)+y2C

2yC
+ yC

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

)/2)

= 0 as desired. □

Figure 1. Illustration.
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