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1. INTRODUCTION

In [1], we showed that three certain points lie on the circle which is centered at
the incenter and which passes through the circumcenter. Here, we will give a large
generalization of this result.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane, not on a side of ABC'.

Let E be a point in the plane different from D and not on a side of ABC.
Let o be the line passing through A which is orthogonal to AD.
Let 8 be the line passing through B which is orthogonal to BD.
Let v be the line passing through C' which is orthogonal to C'D.
Let F' be the reflection of E about .

Let G be the reflection of E about 3.

Let H be the reflection of E about .

Let I be the reflection of F' about A.

Let J be the reflection of G about B.

Let K be the reflection of H about C'.

Then E,I,J, and K are concyclic about D.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).

D has coordinates (zp,yp).

E has coordinates (g, yg).

« is given by the equation y = —(zp * z)/yp.

B is given by the equation y = ((1 — xp) * (x — 1)) /yp.

7 is given by the equation y = ((zp — x¢) * (x — x¢))/(yc — yp) + Yo

F' has coordinates

((zp * (yh — 2b) —2*xxp*yp *yp)/(yp + 1), —((yp — 2D) * yp + 2 * xp * Tp *
up) /(g + 7).

G has coordinates

(25+( — (1 2p)) — 25(1—2p) ¥ (—ypyp+ap—1)/ (b + (1 —2p)2), ~ (y
xp+1)* (yp +ap — 1) *xyp + 2% (xp — 1) * (zg — 1) xyp)/(yh + (zp — 1)*)
H has coordinates

((ze*((yo—yp)* — (zp —xc)?) =2 (zp —xc) * (—(yc —yp) *Y£ + Yo * (Yo —yp) —
zo*(xp—2c)))/((Ye—yp)*+(xp—20)?), (D —20)* — (Yo —yp)?) ¥y +2+ (yo *
(yo—yp)+(zp—2c) x5 —2c* (Tp—20))* (Yo —yp))/((yc —yp)* + (xp —2C)?))-
I has coordinates

(—(zp * (yp —2h) —2xzp*yp*yp) /(b + 21), (yh — 2D) *yp + 2 * xp * Tp *
up)/ (4 + 73)).

J has coordinates
2—((xp*(yh—(1—2p)*)=2+(1—2p)*(~yp*ys+rp—1))/(yp+(1-2p)?)), (yp—
rp+1)*x(yp+ap—1)*xyg +2% (zp— 1) * (xg — 1) xyp)/(y3 + (zp — 1)?)).
K has coordinates

2*2c— ((ve* ((ye —yp)? = (vp — 2¢)?) = 2% (xp — ) * (—(yo — yp) * yp +
yo * (Yo — yp) — xe * (xp — 2¢))) /(Yo — yp)* + (xp — 2¢)?)), 2 % yo — ((((xp —
ze)? = (Yo —yp)?) ¥y + 2% (Yo * (yo — yp) + (tp — 2¢) * g — xc * (Tp — ) *
(vo —yp))/((yc — yp)? + (xp — 20)?))).

The circle centered about D which passes through FE is given by the equation
(r —2p)*+ (y —yp)* — (xp — 2p)* + (y& — yp)*) = 0.

We verify that I, .J, and K lie on this circle since we calculate that

(—(@p % (43 — 23) — 2% 2p * yp * y) /(3 + 23) — 2p)? + (4 — 2b) %y + 2 %
Tp*Tp* yD)/(yD + xD) ?JD) (rp — xD)Z + (ye — ?JD)Q) =0,
2-((xp*(h—(1—2p)?) =2x(1—ap)* (~yp*xys +ap —1))/(yp + (1 -
xp)?)) —ap)® + (((yp —2p + 1) * (yp +xp — 1) *yp + 2% (vp — 1) * (vp — 1) *
yp)/(yp + (xp = 1)?) —yp)* = ((xr — 2p)* + (y& — yp)*) = 0,

and

(2xzc— ((xe* (Yo —yp)? — (xp —1¢)*) = 2% (xp — zc) * (= (Yo — Yp) * YE + Yo *
(yo—yp) —zo* (xp—2c)))/((yo—yp)*+ (xp —xc)?)) —2p)* + (2% yo — ((((xp —
20)* = (Yo —yp)?) *ye +2* (yo * (yo —yp) + (xp —2c) ¥ T — xc * (vp — 0)) *
(vo —vn))/((yo —yp)* + (xp —x¢)?)) —yp)* — (g —2p)* + (yr —yp)*) = 0 as
desired. O

.

REFERENCES

[1] Warren, B.L., "The Circle Centered at the Incenter Which Passes Through the Circumcen-
ter", International Journal of Computer Discovered Mathematics, Under Review.



BENJAMIN LEE WARREN 520

FiGUurg 1. Illustration.
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