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1. INTRODUCTION

The orthocenter [1] of a triangle is the point of concurrence of the three altitudes.
In |2], we constructed some certain points on a triangle and deduced a perspector.
Here we will do a similar procedure for a slightly modified construction. As a
result, we will obtain a generalization of the orthocenter.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let P be the incenter of ABC.

Let o be the point on line AC' with /BAa =71 — ZBAC, such that Ao = AB.
Let B be the point on line AB with ZCAB =n — £ZBAC, such that A = AC.
Let 7 be the point on line BC with /vCA =7 — LACB, such that Cy = AC.
Let o be the point on line AC' with /6CB =7 — ZACB, such that C'6 = CB.
Let € be the point on line AB with /eBC =m — ZABC, such that eB = BC'.
Let C be the point on line BC with Z/(BA =7 — ZABC, such that (B = AB.
Let n be the circumcenter of A, a, and (3.

Let 0 be the circumcenter of C,~, and 9.

Let v be the circumcenter of B, e, and (.

Let k be a point on line AP.

Let X be the point on line BP such that BA : P\ = Ak : Pk.

Let p be the point on line CP such that Cu: Py = Ak : Pk.

Then lines nk, O, and L\ are concurrent.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).
B has coordinates (1,0).
C' has coordinates (z¢, yo).
P has coordinates
( :vc—l—\/:c%—&-y% e )

1y/22 2+ (e —1)2+y2 " 144/aZ+y2+/(ec—1)2+y2
« has coordinates
(—zc/ (@8 + y&)'?, —ye /(8 + y&)'?).
[ has coordinates
(— (22 + y&)'?,0).
~ has coordinates
(o + (23 + y2)'? * (o = 1)) /((xo = 1)* + y2)'/2, (wo + (22 + y&)'/* * (xo —
1)/((xe = 1) +y2)'"? = 1) * (yo/(xc — 1))).
¢ has coordinates
(o * ((x3 +y) * (28 — 2% 20 + Y& + D)2 + a3 +42)) /(a8 + &), ((zo * (((«3 +
ye) * (28 = 2xxe + g + D)2 + 2t + y2)) /(a2 + y2)) * (ye/xc)).
€ has coordinates
(1+ (e —1)2+92)2,)0).
¢ has coordinates
(—((we =) * (((zo = 1)* +92)"* —zc +1) —92) /(e = 1) +4&), (=((xzc — 1) *
((me =1 +9&)"? —xo +1) —y2) /((xe = 1)> +y&) = 1) * (ye/(xc — 1))).
71 has coordinates
(= (@& +y2)"? /2, ((xo = 1) * (2 + y2)'?) /(2 x yo)).
f has coordinates
(o, yo + (22 +y2)? * (e = 1) + 4&)'?) /(2% ye)).-
¢ has coordinates
(2+ ((me = 1) +42)) /2, =(xc * ((zo = 1) +¥&)*) /(2 * ye)).
x has coordinates

yc zot/ 73+t

(xk7$k * (1+\/x20+y%+\/(xc—1)2+y%)/<1+\/x20+y%+\/(xc—1)2+y%))'
A has coordinates
(& + 28)'? + ap % (—(y2 + (v — D) +2c — 1) + 20)/(v2 + 22)'? +
zo), — e ),

To+A /3320+y%

1 has coordinates
(—(wo—L)san—ac)s(yd+a3) P+ aosaee (i +(ao—1)2) 2 —a3) /(B +o2) 2+
20), —(yor((ep—L) e (ye+2) P+ a2 +(ao—1)) V2 w0)) ) (yE-+a2) 2 +ac)).
Line nk is given by the equation

y = (apx( s ) (Ve )y (g (e —

/oty (ao—D2H02 1 M 1k/a gty (zo— 1)+

1)(a24y2)12) [ (2590)) — (ix( e ) (— ety /((— (224

Lty/ea gt/ (ro—12 49 " N 1y /agtyg ++/ (@ 1)+
ve)"?/2) = xi)).

Line 6u is given by the equation

y = (yo + (e +y2)' % * ((wc — 1)* +42)'2) /(2 x yo)) + (2 — zc) * (((—(yo *
((wr = 1) % (& + 22)"? +anx (92 + (z0 = D)2 =) /(e + 22)"? + xc)) —
(yo + (@2 + &) * (e — 1)* +42) ") /(2 * ye)/(—(((wc = 1) * 23, — xc) *
(& +22)"? + wo x ap x (y2 + (vo — D)Y? = 22) /((9E + 22)'? + 2c)) — c)).
Line ¢\ is given by the equation

y = (—(wc * ((we — 12 +g2)V2)/(2 % y0)) + (@ — (2 + (e — 1)? +42)12)/2)) =
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(((%)—(—(wc*((wc—1)2+y%)1/2)/(2*yc)))/((((y%+w%)1/2+xk*(—(y%+

(e —1))" 2 +ac—1)+20) /(e +38) P +20) — (2+ (xc —1)2 +92)'?)/2))).
Consider the point ¥ whose coordinates are given by
(—(wp* (23 — 2% xl +ad) — (22 +y2) 2« (yex 2xai+ (2xxe —ad) xap) + (w0 —
122 ) 2 (wf - Axaprad ) —opx (0 — 2% ad +22)) — (w0 —1)2+yg ) 25 (g« (an*
(=22 43%20)+ 2% 05 +2x22 )+ (— TG +5xxd ) +2xxh ) +ydx (—2x a2 + (252, — 4x
w2 tao)xay) — (02 +92)3 2% (20— 1)2+92) 25 (vo —zp* (v0— 1)) Fap Y+ (o —
2))/(yex (dx iy + (dxag —dxao+2)xxy) + (w0 —1) +y3) 2 * (apx (25 2d +2%28) +
%*(4*xi+(2*xc+2)*xk+2*xc)+2*x%)+(:EQC—{—y%)I/Q*(y%*(4*xi+2*xc*xk)+
((:EC—1)2—|—y%)1/2*(xk*(2*x2o+2*xc)+2*xk*yg—i—x%)jtxk*(2*x30—4*x%+2*x0))+
(r24y2 132 ((2e—1)2 —|—yc)1/2+2*:vk*yé+xk*(2*xé—4*x%+2*x%)), ((wc—1)*+
Y2 ) 2% (2xxh — 2522 —wox Yt (o* (2% 10 —2) —mpk 3k mo+ Rk (2300 —2) 22 —
1)) +zpxyd (Q*xk—i—l)—l—:cc*xk*(mc—1)*(a:‘c—i—l))—i—(xé+y%)1/2*(2*x%*y4c+xc*
(re—1)2492) V2 (a2 xap— v o* o +3*x 0k y 2+ ad —ad )+ adxrx (v — 1) ooz
yi#(re—1)*(vo+2xmp—2))+adxxpx(vo—1) 3+ apxysx 25+ (e —1)* (xc—2))+
xc*xk*yé*(xc—1)*(2*:620—4*xc+2*:ck+1)+:1;C*(x20+y20)3/2*((xo—1)2+y%)1/2*
(wo—1) (2 —1))/(yox ((xE+y2) 2+ ((wc— 1) +y2) /25 (25 apxyd+ 2k + 2% 30 %
xk*(xc—i—l))—i—Z*xk*yé*(xc+2*xk)+2*xc*xk*($C—1)2)+2*((xc—1)2+y%)1/2*
(x?é*xk+az%—|—x20*xk—i—xc*xk*y%+xc*yé+2*xi*y%+xk*y%)+(:c%+y%)3/2*((q:c—
1)2+y%)1/2+2*xk*yé+2*x%*xk*(xc—1)2+2*xk*y%*(2*x%—2*xc+2*xk+1)))).
We verify that v lies on lines nk, O, and ¢\ since we calculate that
yc zoty/ 2 tyd B 5 4
(xk*(1+\/x%+y%+\/xo )2+y )/<1+\/1"2C+y20+\/(rc—1)2+y%))+< (xk*(xC 2*x0+
23) — (22 4+y2) V2 * (Y2 x (2% 22+ (2520 — 1) * 1) + (w0 — 1) 292 ) V2% (2, +4* 2%
22 —apx (2h— 2528 +12)) — (10— 1)2+y2) 2% (Y2 5 (2% (— 22 +3% 20 )+ 2522, +25%
as%)+xk*(—xc+5*wc>+2*xc>+yc*( 2xay+ (2xad—Axa o) kay) — (18+yg) Y
((xe—1)24y2) 25 (zo—mpr(zo—1))+aprytx (w0 —2)) [ (yé(drai+(dxat —dxa o+
2)*xk)+((;Ec—1)2+y%)1/2*(xk*(2*x%+2*x%)+y%*(4*xi+(2*mc+2)*xk+2*xc)+
2% 13) + (22 +y2) Y2 (Y2 x (4 a2 425 w0 xap) + (10— 1)2+92) Y2 (2% (2% 2%+ 2%
T0)+2%p kYL +L) Fapk (25w —dxrd 425 20)) + (22 Y2 )P 2 x ((mo—1)2+y2) Y2+
xpxy o (2 —dxad+2xxd ) —xp) * (((xe—1)*(xg+yE) )/ (2xyc)) — (zex
yc zoty/ 7L tHyg (2 21\1/2 _ _

(1+\/x%+y%+\/(xc—1)2+y%)/(1+\/x20+y%.+\/(xc—1)2+y%)))/(( (xc+y0) /2> xk,‘))
((xe—1)24y2) V2% (2538 — 2522 — v o3y2x (v o (2510 —2) — % (35T 0+ % (25T —
2)+:1:20—1))—|—xk*yé*(Q*xk—l—l)—i—:c?)C*:z;k*(aco—1)*(xc—l—l))+(x20+y%)1/2*(2*a:2*yé+
vox((xo—1)2+y2) V2 (vLxap—roxap+ 35 eyt +at —ad ) tatszpx (ve— 1)z o*
rpxydk(ro—1)*(ro+2xx,—2) ) +adsap* (v — 1) +apxydx (2x i+ (e —1)x (20—
2))+$C*xk*yg*(zc—1)*(2*.7:20—4*xc—|—2>ka:k+1)—1—3:0*(.7:20—{—?;%)3/2*((;1:0—1)2+
y&) 2 (ze—1)x(zp—1))/ (yox ((xE+ya) 2= ((wo—1)2+y& ) 25 (25 mpvyd+ad+2%
ok (wo+1))+ 25w xy2 k(v o+ 2% xy) + 25T ox ek (1o —1)%) + 2 (10 —1)2Hy2) /2%
(x%*xk+x%—|—:1:'20*xk—i—xc*xk*y%+xc*yé+2*x%*y%+xk*y%)+(m20+y%)3/2*((wc—
1)24+y2) 2425wy y+- 25 02wy x (10— 1) 2425 gk y 2ok (2% 22 — 2% 0 0+ 2%+ 1)) ) ) =

07

Yo+ ((x8+ye) 7+ (o =12 +y3) %)/ (2xyo)) + (= (xk*(xc 2%t +ad) — (2% +
Y22 (Y2 (2522 + (2% w0 — 22 ), 1) + (10— 1)2+y2) Y2 (2d, +dxap *32) — 3%
(zd =253, +22)) — (e — 1) +y2) 2% (& (2% (— xc+3*xc)+2*x%+2*xi)—l—
Tpx(—xb+5xxd)+ 2538 ) +yd (2527 + (2% 28, — 4*xc+xc)*xk) (22 +y2)> %
(xe—1)2+y2) V%% (zo—ap* (xo— 1)) +ap syt x (10 —2)) /(v * (4x 22 + (4% 2% — 4%
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To+2)xx) + (o —1)24+y2) 25 (2% (252 + 2522 +y2 + (4% 22 (2*x0+2)*xk+
2% 10) +2%18) + (22 +y2) Y2 % (yE x (dx 22+ 25 w0k xp) + (o — 1)2+92) Y2 % (4 %
(2*x0+2*x0)+2*xk*yc+xc)—l—xk*(Z*xc 4xzl+2%x0))+ (xc+yc)3/2 *((xo—
12492 )24 25wk yd+ (20 ay —dxad +2%a8)) —xe) * ((— (Yo x (o —1) = (Y& +
w) P (Y + (v0 —1)%)? = ))/((yo+$c)1/2+$c)) (yo + (28 +y2)'* +
((ze=1)2+y2)"?)/(2*ye))) /(= (((Ic D)xap—x0)*(Ye +28)'* +roxep* (yi +
(xo=1)*)2 =a) [((yg +22)* +x0)) —20)) = (((we = 1)* + &) /? * (2% 28, — 2%
rh—xoxytx(ro*(25x0—2) —rpk (3% otk (2520 —2) 14— 1))+ xRy ok (2% +
) +ag s (ve—1) % (we+ 1))+ (28 +y2)* (22 yé +aox ((ro— 1) +y2)' /7 +
(22 xx) —xoxrp+ 3% kYt +ai —xd)+atxap k(e — 1) +roxapryd * (zo—1)
(wo+2xx,—2))+adxapx(wo—1)3 4 apxysx (2xzp+(xo—1) % (20 —2) )+ To* TR Y2
(we—1)* (2522 —4xwo+2xxp+ 1) +ao* (22 +y2 )3 25 (w0 —1)2+y2) 2% (2o —1)
(2 =1))/(yex (2 +ye) *+ ((we =12 +y) 2 * (2xwpryd + g+ 25 xox 2 (To+
1)+ 2x a5y * (xo+2xx1) + 25 vo* Tk (10— 1)2) + 2% (w0 — 1) +y2) V2 (28 %10+
T+ rlxrptror gyl troxyd 2522 xyd +apxyd) + (22 +y2)3 2 x (ro — 1)+
Y224 2k g 2% a2k k(w0 — 1) 24252 kY2 x (2% 0% — 2% 20+ 2% 74 +1)))) = 0,
and

(—(zo*((xe=1)2+y2)"?) ) (2%yc)) + (= (wp* (2f — 25t + 2k ) — (v +yg) 2+ (Y +
(2x22+ (2% x0—a2) %) + (w0 — 1) +92) 25 (2 +dxap s 2d) — mp* (2 — 2523+
2)) = ((xo—1)2+y2) Y2 5 (Y2 (xp* (=25 +3%20) + 2522 + 2% 22) +ap+ (=18 + 5%
)+ 2% ) +yZ ok (—2x 2 + (2%, — 4*xc+xc)*mk) (22 4+92)3 %% (v —1)2+
Y2 2% (wo—px (o —1)) +apxysr (xo—2)) /(Y2 x (4522 + (4% 2% — A%z +2) %1y )+
((xc—1)2+y26)1/2*(xk*(2*x?é+2*x%)+y%*(4*$%+(2*x(;+2)*xk+2*xc)+2*x%)+
(22 4y2) 25 (Y2 (dxa? +2xxoxmp )+ (2o —1) 2y ) V2% (1% (2% 02+ 2530 ) +2% 2 %
Y24+l dapx (25 xf — 4% 2242520 )+ (22 4y )P 2 * (wo — 1) +y2) V24 25 o vyl +
Tk (2kwh — 4kl +2x22%)) — ((2—1—((1:0—1)2+y%)1/2)/2))*(((%)—(—(Ic*

(we—1)2+y2)' %)/ (2%yc)) /(e +28) ' o (— (ye+ (2o —1)°) P +ac—1) +

we) /(e +a)'? +2c)) = (24 (2o —1)*+128)"?)/2)) = ((((ze = 1)* +y2) /2 # (2%
x‘é—Q*x% roxyzx(ro*(2%r0—2) —2p* (3xxo+ap* (2520 —2) + 22 — 1)) TR * Y *
(2xzp+1)+adxap* (ve—1)* (xc—l—l)) + (22 4+y2) V2% (2522 syt +ao* ((xo—1)2+
Y2 2 (2 — xc*xk—i—S*xk*yC—l—xC :UC)—l—xC*xk*(:vc 13 +zoxapxydx(vo—
Dx(zo+2%z,—2))+adxrpx(vo—1)3+apxydx (2xxp+ (xo—1)* (xc —2) ) + T 0% T)8%
yix(ro—1)*(2%xt —4dxxro+2*xrp+1)+zo* (22 +yc)3/2*((xc—1)2+y%)1/2*(xc—
1) (2 — 1) (o (5 020V (0 — 12 y2) P20 (o s g+ 20
(wo+1))+2% 3y * (vo+2%x)) 2% Tk T % (10 —1)2) +2% (w0 —1)24-y2 ) V2% (22
T+ T+ rZx vyt roxrpkyitroxyd 25 sy oyl ) H (i +yd )3 2 (zo—1)2+
Y222k mpkyd 25wk x vk (o — 1)2 4+ 252 3y (2% 2% — 2% 20+ 2% 21, +1)))) = 0
as desired. U

If we take kK = A, then v becomes the orthocenter of ABC.
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FIGURE 1. Illustration.
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