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1. INTRODUCTION

In [1], we introduced three circles which were demonstrated to be congruent. Here
we will prove that these circles are congruent to the Fuhrmann circle, and we find
three more points that lie on the Fuhrmann circle.

2. RESuULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC', with ZCAB = ZDAB, such that AD = AB.

Let E be the point on line AB, with ZCAB = ZCAFE, such that AE = AC.

Let F' be the point on line BC, with /ZCBA = Z/FBA, such that BF = AB.

Let G be the point on line AB, with ZCBA = ZCBG, such that BG = BC.

Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that CI = BC.
Then the orthocenters of triangles AFFH, BDI, and CEG lie on the Fuhrmann
circle which is congruent to circles AGI,CDF, and BEH.

Proof. Without loss of generality, we will work in cartesian coordinates.
A has coordinates (0,0).
B has coordinates (1, 0).
C' has coordinates (z¢, yco).
(
(

D has coordinates =C ge ).
Vgt \/w%ﬂﬂc)
: 2 2
E has coordinates (\/z¢ + y¢, 0).
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. zo—1
F has coordinates (\/(xcil)Qer% +1, \/(mﬁ)wyg).

G has coordinates (1 —/(zc — 1)2 +y2,0).

: (1—zo)*\/2E+y¢ VEEi+yE
H has coordinates (xc + \/ﬁc Yo * (1 — ﬁ))

X rxo— 2

I has coordinates (z¢ * (1 — %)JJC * (1 — —V(Cz%\/%z;yc))
The orthocenter of triangle AF H has coordinates
(o + ((ze = 1) +y2)? % (Y& +xo * (w0 — 1) +xo* yg — (28 +y2) > (((zo -
12 +y8) 5w —1) = 2xac+ag+yg+1) = 2xag +ad) [ (xe — 1) +y8), —((we —
D (vo+((xe =1)°+y2)? * (yo +xo* (o — 1)) + o xyg — (8 +y2) >+ (o —
1)’ +y2) (w0 —1) = 2% 20+ a8 +y&+1) = 2% a5 +1)) /(Yo * ((ze = 1) +42))).
The orthocenter of triangle BDI has coordinates
(To*yd— (@8 +ye) 2 * (Yo +ae* (o —1)) +ad + (zo = 1)* +42) " * (xo * (0 —
(22 +ye) )+ ) [ (@E+ye), —(wox (yex (v —1) + (22 +y8 ) * (2o —1)+yg) /> —
(23 +ye) 5 (zox (zo+ (o —1)*+y@) P = 1) +yg) —ag+28)) /(yo x (a8 +12)))-
The orthocenter of triangle C EG has coordinates
(0, —((vc = (28 + y2)'?) * (0 + ((re = 1> +y2)"* = 1)) /ye).
The circumcircle of triangle ABC' is given by the equation (z — %)2 + (y —

zo(ve—1)+y? zo(zo—1)+y2
ol Cch) voyz (711 + cf C2yc) vC )2y = (.
The midarc point on side AB has coordinates

(1/2,—(zc + (0% + y2) * (a2 — 2 30 + 3 + 1))V — 23 — 12)/(2 % yo).
The midarc point on side AC has coordinates

(r¢ — o * (2% — 2% 20+ y2 + D)Y2) /(2% 20), (v0 * (75 — 2% v + 92 + 1)Y/2 —
ro + 18+ y2)/(2 % ye))-

The midarc point on side BC' has coordinates

(zo + xe * (x3 + &) % = (23 + y&)"? = 1)/ (2 x 2z — 2), (2 + y&)'/* — z¢ *
(28 +ye)"? —xe + 2 +y2) /(2% yo)).

The reflection of the midarc point on side AB about line AB has coordinates
(1/2, (zo + (2 +y&) * (x8 = 2% 20 +y¢ + D)V — 22 — y2) /(2 % yo)).

The reflection of the midarc point on side AC' about line AC' has coordinates
(xe — (2o — 20 * (2 — 2% 20 +¥2 + D)V /(2% 20)), yo — ((zo * (2% — 2% 30 +
yo + 1)V — o+ 1+ y2) /(2% ye)))-

The reflection of the midarc point on side BC' about line BC' has coordinates
(zo+1—((xo + e * (g +y2)? — (2 +y&)"* = 1)/ (2% 2c — 2)),yc — (((aF +
ye)'? —xox (22 +y2)'? — zo + a1+ y2) /(2% yo)))-

Consider the circle whose equation is given by

(v — (ve — (@2 + 12)2/2 + (30 — 1)F + 42)12/2))2 + (y — (e — (((we — 12 +
Y)Y — 1) (e — (a3 4+ y2) V) + e x (2 + y2) V= 2%22)/ (24 yo)))? — (e —
(wo— (2 +ye)" 224 (2 —1)°+y2)?/2)) + (1 —zc) *20) [ye — (o — (((xo —
124+ y2) % = 1) % (xo — (2F +y3) %)+ xo* (18 +y) " — 2% 22) /(2% y0)))?) = 0.
We verify that all of these points lie on this circle since we calculate that
(to—(ro— (22 +y2)" 22+ (o =12 +42) 2 /2))* + (1 —zc) *zc) [yo — (20 —
(we—=12+y2)? = 1)* (v — (23 +ye) )+ oo (ag+ye) 2 —2xa3) [ (2xyc)))? —
zo— (e — (@G +y2) 2+ ((xe—1)2+y2) 2 /2)) 2+ (L —zc) *2c) [ye — ((xc—
(xc=1)2+y2) 2 =) (ve—(13+y) " ?)+rox (ag+yd) 1 —2%a3) /(2% yc)))?

c+ (e =12+ &) 2% (y& + o * (o — 1)) + xo*yg — (a& +y2) 2 * ((wc —
—i—y%)l/Q*(xC—l)—2*x0+x20+y%+1)—2*:5%—1—:630)/((1:0—1)2—1-3/%)—(azc—
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(@& +y)" /24 (1 =12 +92)2/2))° + (= (e = 1) * (xo + (w0 = 1)* +y&) /*
(y%+xo*(atc—1))+:vc*y%—(x%+y20)1/2*(((:50—1)2+y%)1/2*(x0—1)—2*xc+
1+ ye+1) = 2x a4+ 23)) /(Yo x (xe —1)° +4g)) — (o — (((wc — 1) +yg)/* —
1) (x0 — (23 + y2)"?) + o * (13 + y3)? = 2% 23) /(2% yo)))? — ((xo — (x0 —
(g +y&) /2 + (e — 12 +y3) % /2))* + (1 — x¢) * z¢) [ye — ((xe — (((fEc -
124+ 92)? = 1) % (wo — (23 +y2)?) +xe* (0 + ) ? — 2% a) /(2% y0)))?) =
($C*y?;—(xchry?;)l/Q*(?/%+$c*($c—1))+$?é+((l‘c—1)2+y%)1/2*($c*($c—
2E+ Yy +ud) /(@ + vE) — (wo — (32 +y2) 7?2+ (w0 — 1)2 +43) /2 /2))* +
—(we* (Y& * (930—1)4‘(5”20"'9%)*((550—1)2+y?))1/2—(9%4‘9%)1/2 *(zo*(ro+
(xc—l) +ye) P = 1)+ yd) —az +ad) /(o * (2t +vE) — ((ze — (zc —1)* +
)1/2—1)*(1‘0—(3720+y%)1/2)+$0*(9620+y%)1/2—2*9620)/(2*,@0))) — ((zc —
wo— (2 +ye)" 22+ (1 =12 +y2)"2/2))*+ (1 —20) *xc) [ye — (= C—(((ﬂ?c—
2 +ye) 2 =1)x (xo — (2g+y2)?) +xox (xg +y3) ' — 2% 1) /(2% yc)))?) =

AAAA

@

—_

(zc — (we — (g + &) 2 /2+ (o — 1) +y2) 2 /2))? + (—((z e~ (g +y&)'?) *
(zc + ((xc — 1)? + y2)? = 1)) /yc — (zc — (((xc — 1)* + y&)"? — 1) * (zc
&y ) +aex (af + yg)? — 2% 1) /(2% yo)))? — ((xc — (w¢ — (22
22+ (e — 1)* + v )1/2/2>)2 + (1 =z¢) *20)/yc — ((xc — (((xc — 1)
V= 1) % (we — (2 + Y&)?) 4 xo * (af + y&)? — 2% 23) /(2 % ye)))?)
1/2— (¢ — (22 4+y2) 2 /24 ((xc —1)2+4&) % /2) )P+ (o + (22 4+ &) * (z3 — 2%
xc+yé+1))”2—x%—y?;>/(2*yc)—((:co—<<<xc—1)2+y%>1/2—1)*<xc—(x%+
Ye) 2 + o * (af + yd)V? = 2% 1) /(2% ye)))? — ((ve — (we — (2& + y&)' /2 +
(e =12+ 42)?/2))* + (L — z¢) *zc) /yc — (wc — (e — 1)2 +y2)/2 = 1) *
(zo — (g + y&)'?) + xo * (3 + y&)'? — 2% 23) /(2 yo)))?) = 0,
(ro—((we—zo*(@d—25%xc+yd+1)?) | (2xac))— (xc— (ag+yE) 2 )2+ (2 —1)*+
y%)1/2/2)) (yo—((:ﬂc*(:vzc—2*$o+y%+1)”2 fﬂo+:vzc+y%)/(2*yc)) ((xo—
(((xe=1)24y¢) 2 =1)x(xc— (2E+y2) ) +aox (ak+yd) P —2%xd) [ (2%yc)) ) —
(e — (v — (@& +y&) 22+ (xe—1)*+y&) 2 /2))* + (1 —zc) *axc) Jye — (xo —
(((wc 1) +y2) 2= 1)x(we— (g +ye) ) Faox (s +yg) 2 —2xag) [ (2xyc)))?) =

_|_
_|_
0

(
y
y
(

0,
and
(z c+1—(($c+$c*(x%+y?;)l/2—(I%+y%)1/2—1)/(2*xc—2))—(ﬂfc—(
ve)? /2 + (e = 1) +42)Y2/2))* + (ye — (((ivc +ye)'? = wo ok (2 + y%)l/2
Ic +at +y2) /(2% ye)) = ((we = ((we — 1) +y2)"? = 1) * (xe — (g +y2) /%) +
we * (1 + yg)'? = 2% 22) /(2% ye)))? — ((xc — (zo — (22 + e &) /2 + ((zo —
1?2 +92)'2/2))? + ((1 = 2c) * zc) [yc — ((we — (((rc = 1)* +y2)"? = 1) * (zc —
(22 4+ 12)Y?) + 2 * (2% +y2)Y? — 2% 22) /(2 x ye)))?) = 0 as desired.

We then verify that this circle is congruent to circles AGI,CDF, and BEH since
we calculate

(zc—(rc — (g +y&) 22+ ((xc = 1)* +y2) 2 /2))* + (1 - zc) *x0) [yo — ((wc —
((we =12 +y2)* = Dx (o — (2 +y2) ) +aox (vg+ye)'? —2xat) [ (2xyc)))* ~

14+4/22+y2 —+/ (xc—1)2+y2 (xc—1)xr/ 22 +y2 —xc*(xc—1++/(xc—1)24y2 ) —y2
((-TC—( \/c c 2\/ ¢ c>>2+(yc_(_ c ctYc—*cC ZyCC c c C))2):

0 as desired. O
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FIGURE 1. Illustration.
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