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1. INTRODUCTION

We demonstrate the existence of several notable figures in a construction as formed
in [1].

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with ZCAB = Z/DAB, such that AD = AB.

Let E be the point on line AB, with /CAB = ZCAFE, such that AE = AC'.

Let F be the point on line BC, with /CBA = Z/FBA, such that BF = AB.

Let G be the point on line AB, with ZCBA = ZCBG, such that BG = BC.

Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that CI = BC.

Let S be the nine point center of triangle AF H.

Let T be the nine point center of triangle BDI.

Let U be the nine point center of triangle CEG.

Then,

1. The nine point circles of triangles AFH, BDI, and CEG are concurrent at the
Feuerbach point of triangle ABC),

2. The nine point circles of triangles AFH, BDI, and C'EG intersect the incircle
and the nine point circle of triangle ABC' at the feet of the altitudes of triangle
ABC' and the points forming the intouch triangle of triangle ABC', and
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3. Triangle STU is homothetic to triangle ABC' about the point X (79).

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (xc c)-

D has coordinates Je ).

( \/xc"’y \/xc‘*‘yc)
E has coordinates (y/2% + y2,0).

: zoc—1
F has coordinates ( (xccl vy +1, \/(xcyi(i)Q—i-y%).
G has coordinates (1 —/(zc — 1)2 +y2,0).
€T * x 2 $2 2

H has coordinates (z¢ + Urely/retve victve yo * (1 - === ”Cﬂ/c))

(xc—1)2+y2 (xc—1)24y3
—1)2 2 _1)2 2
(zc—1) Jch)?yC % (1 Y (zc—1) Jch))‘
N V22
S has coordinates

(=((((xo =1 +y&) ) % (2 (z0 = 1) * (23 + y&)'?) = y& — a5 + 1) + (y& +
(20— 1)) % (22 +y2)"?) = 2%z + 1) xyt — 2% ad +3xag — 1) /(4 (3 + (v —
1D2)), (=((((zo = 1)* +32)"?) * ((yo — 20 +1) * (Yo +2c — 1) * (a3 +y&)/?) +
(0 = 2) ki +a — 2 a2 +w0) = (wo — 1) % (s + (we — 1) » (a2 + y2)?) -
g+ (w0 — 1) %y + ol — Bx b+ B xad — 20)/(4x yo x (4 + (2c — D).
T has coordinates

(—((((we = 1> +y2)" ) * (we * (2 (22 +y2)'/?) —2c) —y&) + (v + (wc —2)
we) # (18 +yg)?) = (2% xo+ 1) % yg — 2% a —az) /(4% (y¢ +23))), ( (((zc —
12+ 42) ) * ((ye — wc) * (yo +xc) * (28 +y&)V?) + xox g+ ad) —yé — (28 +
yU%%f/Q)*((z(; +t1)*y%+(fvc—1)*1’0)—xc*yc+fffc—xc)/(4*yc*(yc+xc))))

(2wc+1+(x20+y%)1/2—((xc—1)2+y%)1/2 y?fi-(—»’CC—F(J%-H/%)l/2)*($c—1+((ﬂﬁc—1)2+y%)1/2))
4 ) dyc :

I has coordinates (z¢ * (1 —

1. The incircle of triangle ABC' is given by the equation
(o e 2 (- i 2= (( i ?) =

Liy/2g+yd+y/ (zo—1)2 492 I+/a2+y2+y/ (mo—1)+y2 I /ad+yg v/ (zo—1)2 42,

The nine point circle of triangle ABC' is given by the equation

2 42 1y 2 22 44
(z = Jwe — 1) + (y = Eg229)? — ((§ — due)? + (EE5229)%) = 0.
The Feuerbach point of triangle ABC' has coordinates
(—(zc/2=4x(xc/2+1/4)° +((2xzo+1)*(xo+ (25 +yE) )+ (xo+ (v +y&) ' ?)*
(—2%22 4+ 2% w0 +2xy2) — v (4x20+2)) /(22 +y2) 2+ ((xe— 1) +y2) /2 +1)?
((ze+1/2)%(~ x%+wc+y%)—<xo+(xé+yé>”2>*((4*(xc+<x%+y%>1/2>2>/<<x
o SN2+ (e — 1)+ ve 2P+ + 1)+ (2% zo+ 1) * (xo + (25 +v2) YD) /(=
Yo

avaw
¥

NP4 (e — 1) +y) P+ 1) — ((wo+ (2f+y8) 2 * (—ag +xo +y3)?) [ (2% Y& *
((fﬁo+yc)1/2 +((zc— 1) +ye) 2 +1))+1/4) /(8% (xc/2— (xo+ (2 +y) ) [ (xE+
Y22+ (20 —1)2 +y W2 41)+1/4)2+ 8% ((—2% +xc+y2)/(4*yc) —ye/ (w5 +
?f)m + (e =1 +y2) "+ 1)), (o * (4 (ze+ (2E+y2) ")) [ (aE +ye) +
((xe—1)"+ )1/2+1) — 4 (x0/2+1/4) % ((2xzc+2% (xg+y8) %) [ (aE+y2) 2+
((zc—1)? +y VW2 41) —ae+1/2)+1)) /(23 +y2) " + ((xe = 1> +4) 7 +1) —
(2xxc— (2%xo+2% (22 —|—yc)1/2)/((x +y2) 24+ (e —1)2+y2) Y2+ 1))+ (2% 20+
2% (23 + Y22 /(2 + ) 2+ (xe =12 +42) 2+ 1) — 1) x (—ad +xc +y2)) /(4%



BENJAMIN LEE WARREN 486

ve))/ (8 # (we/2 = (o + (xg +42) ) (2% +92)'2 + ((z¢ = 1)? +y2)' 2+ 1) +
L/4) 48 (et +ao+ye)/(4ryo) —yo/ (@t +y8)" " + (e — 1) +92) 2+ 1))

&S*a*dQ—8*b*c*d—8*a*b*d+4*c2+8*62*c—4*a2*c—4*a*c—
ctax(4xa’+1))/8x((d=0)*+ (c—a)?)),—(2xa—1)x(d*xc—2xa—1)x
d—bx(4*(cx(2xc—2xa—1)+a*)+1))/8x((d—0)*+ (c—a)?))

where
rot /TR

1y/2Z 2 (eo—1)2 2
yc

I+y/2Z4y2+4/(wc—1)2 42
c=(1/2)xc +1/4, and
d = y%jfy#, (this comes from solving the system (z — a)? + (y — b)? — b =
0,(z —c)*+ (y—d)* — (1/2 — ¢)* — d*> = 0 and averaging the solutions).
The nine point circle of AFH is given by the equation
(2= (= (((we =12 +y2)"?)x (2 (xc — 1) (22 +92) %) —y& —xg+ 1)+ (Y2 + (wc —
12 (28 +y8)"?) = (2rac+1) xy — 20ad 4 3xa7 — 1) /(4% (y2.+ (zc — 1)%))))* +
(y— (=((((wc =1)*+42)"/%) # (yo —zc + 1) * (yo +vc — 1) * (22 +y¢) /%) + (v —
2)#y¢ +at =2t +30) = (w0 — 1) * (Y2 + (ve — 1)*)* (28 +52) %) —yi + (v —

) syg+as—3xxh+3xag —xc)/(Ad*xyc* (y& + (xc—1)%))))* — (((#@27;%@ +

1)/2=(=((((xc =12 +42)" ) % (2% (xo — 1)+ ((z2 +9&)"?) —y& —2&+1) + (v +
(xe — D)2 x (22 +9y2)V) — 2 zc+ 1) %92 — 252 + 3% 2% — 1) /(4 (Y2 + (v0 —

PP+ (2 /2= (—(((wo= 17 +12) V) (g =+ D (yo-+me—1)

(22 +y&) )+ (xo = 2) xyd+ad —2xak +30) — (w0 — 1) * (Y2 + (xc — 1)) % (22 +
V)V —yt+(ro—1)xy2+ah —3xxd+3%x% —10) [ (dxyc* (y2+(vc—1)?))))?) = 0.

The nine point circle of BDI is given by the equation

(@ = (=((((xc =1 + &) ?) * (we * (2% (22 +y2)'?) —20) —y&) + (Y& + (zo —
2)xxc) * (a8 +y2)'"?) = (2% 0 +1) *y%—2*$‘°é—flf20)/(4* (y%+x20))))2+ (y—
(—((((xo =1)* +y2)"*) * ((ye — xc) (yo+xc)* (v + & )1/2) trox e +at) —
ye — (@3 +y)'?) * (o +1) *yg + (x¢ — 1) % 23) — 20 * Yo + 28 — xc)/(4*yc *

(W& + 28))))* - (T + /2~ (H({(ze - D? +y2)"?) * (we * (2% (22 +

90)1/2) o) = y&) + (W + (we — 2) * xc) * (28 + y2)"?) — (2% 20 + 1) %y —

2xwd — Ic)/(4 * (Yo + ) + <(\/ﬁ)/2 — (= ((((ze = 1> +52)"?) * ((yc —

we) * (yo + ) * (28 + y2)'V?) +xc * yg + at) — yé& — (22 + y2)'?) * ((xe +

1) #yé + (zc — 1) x a) — o * Y2 + ¢ — ) /(4 * yo = (yg + 2¢2))))?) = 0.

The nine point circle of CEG is given by the equation
2zc+14+(zd+y2) = ((zo—1)2+y2)" /2 \2 Y&+ (—zo+@d+y2) ) x(xc -1+ (o —1)%+y2) /) \2

(z— 1 )+ (y— 4yc ) -

((we + (22 + y2)1/?) )2 — ZetlHebig) P —ee—1?+2) o
4
(yo /2 — Vet oottt nlae L") ) 12y _

We verify that the Feuerbach point lies on all three circles since we calculate that
(—(wc/2 — 4% (vc/2+1/4)2 + (2% 20 + 1) * (0 + (22 + ¥2) VD)2 + (w0 + (22 +
Y22 x (—2% 22 + 2% w0+ 2% y2) — 2k (dx w0 +2)) /(25 +y2) 2+ (vo — 1)2 +
y%)1/2+1) +((ze+1/2) % (2t +ao+y2) — (wo + (2 +y2)"?) « (4% (zo + (28 +
ye) D) (@ +y2)' P+ ((wo = 1)? +y2) 2+ 1) +1) + (2% xc + 1) * (20 + (28 +
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o) PN (@ +ye)' P + (e =12 +y2) 2+ 1) = ((wo + (28 +yg) )+ (—at +ac +
ye)*) ) 20y (g +y2) P+ ((we = 1) +42) P+ 1) +1/4) /(8% (xc /2~ (zo+ (2 +
ve) ) (@ +y2) P+ (we—1)2+y2) P+ 1) +1/4)* +8x((—ag+ac+ye) / (4xyc) —
ye /(g +yg) '+ +((ze —1?+52) P+ 1))%) = (—((((ze = 1)* +92) ) % (2% (wc —
) (22 +ye)'"?) =yt =g+ 1)+ (ye+(we— 1))+ (28 +yg) ) = (2%xc + 1)y —
2*$o+3*$c 1)/(4*(yc+(l’c D)2+ (((yex (4 (ve+ (g +y2) 7)) /(a2 +
ye) 2+ ((ze—1) +y )2 41)2 4*(wc/2+1/4)*((2*fvc+2*(rrzc+y?;)1/2)/((fv%+
ve) P+ ((we—1)2+y2) P+ 1) —zo+1/2)+ 1) (28 +y2) P+ ((ze —1)* +42)°+
1)—((2*1“0—(2*$c+2*(:B%er%)”)/((:vzcw )1/2+(($c 1) +y2)"? +1)) *
(2#zc+2x (@8 +y2)?) /(22 +y2) !+ (we— 1) +y2) /2 +1) = 1) # (—ag +ac+
’y%))/(ﬁl*yc))/(fi*(»”60/2—(ﬂfchr(ff%Jr@/c)l/g)/((flrcJr?/c)”2 +((xe =1 +y2) 2+
1) +1/4) + 8% ((—az +xc+y2)/(Axye) —yo/((2E +y2) >+ ((xe = 1)* +y2) 7 +
1))?) = (=((((xe =1)*+y2)") * ((yo — e+ 1) * (yo +20 —1)* (27 +y2) /) + (20 —
2) kYt +at —2xag+tac) — (v —1)*(yg+(we— 1)) * ((2g+ye) ") —yb+ (e —1)*

ro—1

y?;+x‘é—3*xg+3*x%—xc)/(4*yc*(y%+($0_1)2>>>>2_(«\/(: bi2-

(—((((ze =12 +92) )% (2 (xc = 1) * (a2 +y2)' /%) —y& — 28+ 1) + (& + (2c —
D) (28 +y8)"?) = (20w +1)xy — 20ad 4 3xag, — 1) /(4% (92, + (zc — 1) )+

) )
((\/(mcg—clw)m—(—((((xc—1)2+yé)1/2)*((yc—xc+1) *(yo+ac—1)*((ag+

Ye) P+ (we—2) xyg+ad —2xat +ac) — (o —1)* (Y4 (ze— 1)) * ((:vc+yc) /2)—
Yo+ (vo— 1) xyg +al —3xab+ 323 —x0) [ (4*yo * (vo + (xe —1)%))))?)* = 0,
(—(xc/2—4% (20 /24+1/4)*+((2*xzo+1) % (ot (2 +ye) 22+ (we+ (g +yd ) ?) *
(=252 +2xx0+2%y8) —yo* (dxxc+2)) /(2 +ye) 2+ (e —1)2+yg) 2 +1)*+
(ro+1/2)x(— x%+xc+y?;>—(:vc+(x%+y%>”2>*((4*(xc+<x%+yé)”2)2)/((w%+
ye) 2+ ((xe — 1) +y V212 +1) 4+ (2% xc + 1) * (ze + (2g +yE) ) /(2% +
Ye) P+ (e —1)24+y2) 2+ 1) — ((wo+ (xE +y&) 2 * (—at+ xc+y3)?) /(2% Y2
(2 4ye) "+ ((xc— 1) +y&) P +1))+1/4) /(8 (xc/2— (xo+(xg+yd) ') /(2
Y P+ ((we =12 +42) 2+ 1)+ 1/4)% +8x ((—aZ + o +yd) / (4*ye) —yo / ((z
y2 V24 ((xe—1)? +yc)1/2+1))> (—((((xe=1)2+y2&) ) e (ze* (2% (g +ye)/*) —
&)+ W+ (we—2)xae)* ((xg+yg)?) — (2xzo+1)xyg —2%xE —ag) /(4% (Y& +
))) + (o ((Ax(zo+ (g +y) ")) /(@2 +ye) * + (e —1) 2 +y& )2 +1)? —
4*(xc/2+1/4)>x<((2*3:0—1—2*(x2c+y%)1/2)/((:1:20+y%)1/2—i—((:ico—1)2+y Y2 41)
wc+1/2) +1)/(@E+y2) '+ (e — 1) +y2) 2 +1) — (2% xc — (2% 20+ 2% (2
Ye) ) /(g +ye) P+ (e =12 +y2) 2+ 1)) = (2% o + 2% (23 +y2) ) /(=
Ye) P+ ((we =12 +y) 2+ 1) = 1)« (—ag +xc+y2)) / (4xyc)) /(8% (zc/2— (x
(a:c+yo>1/2)/<<:v%+y%)1/2+<(xc—1>2+y%)1/2+1>+1/4)2+8*<(—x2c+xc+yc)
yo)—yo/(@g+y2) 2+ (xc—1)*+3&) 2 +1))) — (= ((((xc —1)2+y2)2) = ((
ro)*(yotre)* ((xc+yc>”2)+xc*yc+xc> Ye— ((xc+yc)1/2) *((zo+1)xyg+(

D)xag) —voxye+ae—2e)/(beyo (e +26)) — (g +1/2— (= ((((ze -
(

2+
2+
c+

*

/(4
Yo —
To—

D2 +y2)"?) # (we* (25 (22 +92) %) —2c) — yg) + (Y& + (20 — 2) * wc) * (28 +
Ye)'?) = (2xxe+1)xyd —2xa — xc)/(4*(yc+l"c))))2+((m)/Q (—((((zc—

(
(
(
(

QM

12+ 1202« ((yo — ) * (yo +xc) * <(xc+y )1/2)+xc*yc+fcc> yé — <x
08 )s((ao 1) (s D)sat) —sonif ot 28 (begors (5 +220)) )
(—(zc/2 — 4% (2e/2+1/4)2 + (2 x xc + 1) % (xo + (23 + ¥&)"?)? + (2o + (2 +
Ye ) ) w (2% ad + 2% w0+ 2% y3) —yd ok (dxxo +2)) /(3 +y&) 2+ (v — 1)* +
ye)' 2+ 12+ ((zo +1/2) * (=23 + xc + &) — (zc + (28 + y&)"?) * (4 * (zc +
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(g + >1/2) )/ (@8 +y) 2+ (e =12 +92) 2+ 1)+ 1)+ (2x zc + 1) * (20 +
(l% YN (2% + y2) ' + ((we — 1)? + &) 2+ 1) — ((ze + (3 + y&)'/?)
(—22 +:cc+yc) )/ (2% y& <<xc+y?,~>”2+<(:cc—1)2+y?;)1/2+1))+1/4)/(8*
(:vc/2 — (wc + (E + &) ) /(0% + y2)? + (e — 1)+ y2)V2 + 1) +1/4)? +

8% ((— xzc+2xlc/2+yc)/(;l*2yq/)2—yc/((ﬂ%w?;)”+(( ve =1 +y2)? +1))%) —
2zo+14+(xd+y2) 4—((380—1) +yé) )2+(((?JC*((4*($C+($c+?/(j)1/2) )/((:U%—{— )1/2+
(o =12 +y2)?+1)* =4k (20/2+1/4) (25 zc+2% (23 +y2)?) [ (a2 +y&) >+
(xe =1 +y2) P +1) —zc+1/2) + 1) /(22 +y&) > + ((xc = 1)* +y3) > +1) —
(2xze—2xze+2x (22 +9y2) ) /(22 +y2) " + (x0 —1)* + &)/ +1))*((2*
ﬂfc+2*(xzc+y?;)1/2)/(($zc+yé)l/2+(($C—1)2+y?;)1/2+1)—1)*(

ye))/ (dxye)) /(8 (xc/2— (xo+(ag +y2) ) [ ((x+ye)* + ((we —1)* +y2) > +
1) +1/4) +8x (22 +zc+y2)/(4xyo) —ye/(aE + &) * + ((xo = 1) + ) > +

1))2) — vetCretitye)eo 1o D) 2 (44 4 (22 + y2)M2)/2 —
dyc
2xo+1+(:vzc+y%)l/zf((:rcfl)%y%)”?)2+<yc/2_yé+(7wc+(w%+yé)I/Q)Z;zcﬂﬂ(ro71)2+y%)1/2))2) _

0 as desired.

2. The fact that the nine point circles of triangle AFH, BDI, and CEG intersect
the points that form the intouch triangle follows from the result proven in [1]
which states that the midpoints of EG, DI,, and F'H form the intouch triangle.

2
. . z oY
The feet of the altitudes of ABC' have coordinates (z¢,0), (—wgc fy% , z%CerC%), and

( v yo(l—zc) )
(@o=1)2+y2’ (wc—1)°+yg . ‘ ' . .

We verify that the foot (z¢,0) lies on the nine point circle of CEG since we cal-

culate

(I'C_ 2xc+1+(a:20+yé)l/z—((zc—1)2+y20)1/2 )2+(_ yé+(—ﬂcc+(9%+yé)1/2)1520_1+((zc_1)2+y20)1/2) )2_

T 22 231/2 _((gr—1)2442,)1/2
(o + (a2 + y2)1/?) j2 — Zettlote) Colre= D) Dy

—x T /2% (ze— To— /
+ (yo/2 — vet(cact(@g+yd)! 2)4500 I+ ((ze=1)%+y2)" 2))2) —0,

2
we verify that the foot (W, %fy%) lies on the nine point circle of BDI since
C

we calculate

2Lz — (=((((ze = 1)* +2) %) = (wo * (2# (28 + ¥2)'?) — 2c) — y2) + (2 +
(xc = 2)x20) * ((xE +yg)"?) — 2x o+ 1) xyg — 2% ad — ) /(4% (Y& +23))))* +
(% — (= ((((we = 1)* +52)"2) * ((yo — xc) * (yo + 20) = ((0F +y2)'?) + xc *
yc+xc) & — (@8 +y2)"?)  (wo + 1) % y& + (w0 — 1) ¥ 23) — w0 * Y& + o8 —

wl) /(4 ye = (vt + 2¢))))* - (g +1/2 - (= (l{we - 1) +42)!/?) * (20

(@2 +92)"?) —xc) —y2) + (e + (vc — 2) # 2c) = (23 +y2)'?) — (2% 20 +

)*y%—2*9630—w%)/(4*(y%+w2c))))2+((\/ﬁ)/Q (—((((ze = 1)? +52)"?)
(

yo — xc) * (Yo + zc) * (5 + y& )1/2) + xC * Y&+ xd) — Y& — (28 + y3)"?) *
(ro+1) *y2 + (zo — 1) *23) — vo*y2 + x¢ — 18) [ (dxyo * (Y& +22))))?) =0,

and we verify that the foot ( y§2 o (jccill)ffgjz ) lies on the nine point circle of
C

2

(
1
(
(

AFH since we calculate

(e = (=((((wo =1 +32)2) (24 (0 — 1)+ (23 + 92) /) — g — 22+ 1) +
(Y& +(ve— 1)) * (g +y2) ") = (2xwc+ 1) *yg — 252+ 3% — 1) /(4% (Y& +(vc —
D))+ (sl — (~((((we — 12+ 92)"2) * (g — e+ 1) * (v - — 1) #
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(2E+y2) ) + (xo—2) xyd +ad —2xak 4 ac) — (o — 1) * (Y& + (wc —1)?) = (2 +
Ye) ) —yb 4 (wo— 1) xyd +a —3xah+3xat —xc) [ (Axyc* (Y& + (xc—1)%))))? —
(

(2hmr +1)/2 (= (2= 1 +42)' )+ (25 (20~ 1 <((a2+12) )~ 42—

T241)+ Y2+ (xe—1)?)*((xE+y2) /) — (2xxc+1)*yd — 25 xd +3xad — 1) /(4 (yE+
(ﬁc—1)2))))2+((\/@Cg—?w)/Z—(—((((wc—1)2+y%)1/2)*((yc—$c+1)*(yc+$c—
)*

D) (28 4ye)'?) +(xo—2)xyg +ag —2xag+x0) — (xo—1)* (Yg+(xo—1)?)* ((z3+
Y ) —yb+ (we—1)xyg 4o —3xad+3%ag —x0) [ (dryox (Ye+(xe—1)?))))?) = 0
as desired.

3. To show that triangles ABC' and STU are homothetic, we will show that they
are similar and in perspective. We verify that they are similar since we calculate

that
(S_T)Q _ (A_B)2 _ (zs—zr)’+(ys—yr)* _ 1
TU BC (xr—zv)?+yr—yu)? (ze—1)2+y2

= (16% (((y&* (2*x 20 +1) — (2 +y2) % (2 — 2% 20+ y&) + 08 + 2% 25 + (13 — 2
wo* (1g+ye)' P +yd)* (18— 2% we+yg + 1)) [(4x (aE +y2)) — (e * (2% 20 +1) —
(22 +y2) 2% (2% — 2% 20+ Y2 + 1) + (22 —2x 20+ Y2+ 1) V2% (2% (22 +y2) Y2 — 2%
vo* (xL+y2) 2+t 492 —1) = 3x a2 + 252} +1) /(4% (22 — 2% w0+ 32+ 1)) %+
(we * yg + (a3 +y&)V? * (2 — ag + xo * y& +yd) + od — xb + v — (Y& = (a8 +

* (CUC
Yo' ? —apx (a3 +yd)' Pt aexyg +ad) « (1 — 2% xo +yg+ 1)) [ (dxye x (23 +
y2)) — (vc —y2* (v —1) — (2% — 2% 20+ Y& + 1)V 2% (zo+ 92 * (xc —2) — 2% 2% +
o34+ (22 4+ y2) 2 5 (o Fyo — D) * (yo —2c +1)) = 3% 22 + 3%, — b +yd + (22 +
Y& )2k (o —1) % (3 —2xxc+yg +1)) ) (dxyc* (3 —2xzc+y&+1)))%) /(4% (zc*
(2 +ye)' P+ agx (0 —2xxo+yg + 1)+ ydr (0f — 2% e +yd+1) 7 — g+ (28 +
Y2 =y (af+yd) P —wox (af+y) P (2 —2xxo+yE +1)Y2)?) [ (aE +yd ) +
(Axyg* (28 —2xzc+yz+1)Y2—1)%)/(ag +yd)) — 1/ (3 —2xxc+y2+1) = 0
and

( ) ( )_(xs—wT)2+(ys—yT)2_ 1
SU (ws—zv)?+(ys—yv)?  zi+yd

= (((wo—v2*(vo—1)=3x22+3x2d —at+yd — ((vc—1)2+y2) 2% (2o +yd* (2o —
2) = 2xa+ad+ (e +y2) P x(zotyo—1)*(yo—we+1)) +(2g+ye) 2 * ((we—1)°+
%)*(%’c 1))/(4*yc*((xc—1)2+y%))—((Igc+y%)1/2*(x2c*(xc—1)+ygc*(l‘c+1))+
voxyi4ag — ot +ys — (wo—1)2+y2) 2% (o xyd + o — (22 4+y2) V2 % (w0 +yo) *
(xc—yo)))/(Axye* (x2+y2))> + ((Wex (2xzc+1) = (2 +y3) *# (Yo +ao* (vo—
2N+ a2+ 252+ ((we—1)2+92) 2 5 (o x (wo — 2% (22 +y2)Y2) +y2)) /(4 xa2 + 4%
yg)+ (((we = 12 +y8) 2 (@f4y2) 2 * (2rac = 2) —at —y2 + 1) + (28 +42) 2
(2e=1)*4+y¢) —ye* (2xxo+1)+3%ag— 2%t —1) [ (4% (v0—1)*+4xy2))?) / (2 /2+
(((we—1)*+ye)'*x((ag+y2) /2 x (a0 —2) —ag —yg + )+ (18 +y8) ' 2+ (20—
1)2+y2)—y (2*m0+1)+3*x0—2*x%—1)/(4*(xc—1)2+4*y%)+(x%+y%)1/2/4—
((fvc 1)? +yc)1/2/4+1/4) +(((xo = (23 +ye) ) * (ve+ (o —1)°+y2)? =1) =
ye )/(4*3/c)+(370 e x (to—1) =3xag+3xad —ab+yb— (v —1)" +y2) /> *
(x o+y0 * (20 —2) = 2% xd 4+ 23+ (22 +y2) 2 (vo+yc— 1) * (yo —vo+1)) + (22 +
ye) 2 (we =12 +y) * (2o — 1))/ (4xye * (e — 1) +93)))*) — 1/ (2& +y&) = 0.
Line AS is given by the equation
g = 2 (= (20— 17+ 42)12) (g — 20+ 1) # (yo + 20 — 1)+ (a2 + 52) ) +
(z0—2) %yt + g —2%af +xc) — (Te — 1) * (Y2 + (xo — 1)?) * (2 + ¥ W)-?J?ﬂr
(xc —1)*yC—|—xC 3xxg +3xxi —x0)/(dxyo* (Y& + (zc—1 c—
12 4 2)1%) « (2% (0 ~ 1) % (7 + 92)V2) — 42— 22+ 1) + (424 (e — 1)?) »
({02 4202 (2 + 1) g 2+ 80— 1) /(4 (y )

qQw
_l’_
=
Q

|
=



BENJAMIN LEE WARREN 490

Line BT is given by the equation

y = (=1 (((=((((zc = 1)*+y2)"?) * ((ye —xc) * (yo +wc) * (($c+yo)1/2)+ﬂfc*
ye+ad) —ye— (@ +ye) ) ((we+1)xyg+ (v —1)xag) —woxyg +ab —al) /(4%
yor(yetai))) /(=((((xe—1)+y2)"V?)x (o (25 ((2E+yg) ) —xc) —yg ) + (e +
($c—2)*fﬂc)*((iv2c+y%)”2)—(2*$c+1)*%—2*%?&—x%)/(4*(y%+xzc)))—1))-
Line CU is given by the equation

y=vyc+(z—zc)

*((y%-l—(—xc-l-(wzo-l—y%)lﬂ)*(l’c—1+((9€c—1)2+y%~)1/2) o )/( ch—&-l-&—(ac%-&—y%)1/2—((xc—1)2+y%)1/2
Iy Yo 1

l’c))

Consider the point X (79) whose coordinates are given by ((((zc—1)%+y2)/2*(y2
(2%ad+ao—1)—ytx(ve—1) = (2 +yg) P+ (xo+a8 —5xad -3+ xE —yb+yd* (2%
ro—1)*(zc+1))+ai+ad —5xxl+3%1d ) —x2 +6xrt — 812+ 3x 28—yl +yi* (vc—
D (552 —a2+ao—1)+azoxybx(2e+2)— (22 +y2) V25 (w0 —1) 24+ y2 ) * (—y2 +ao*
(Bxzc+1))*(x0—1))/ (Yo (5xzo—1)+((we—1)+y&)/** (yg* (6xag —6xrc+1)+
5xx2 —10%33 +5xxh+yb— (22 4+92) Y 2% (5 xo+yd* (5xwo—4) — 10x 2% +5%x3,) ) —
5ka 2 +15%13 — 15528 +5x 22 +y2x (20— 1) (10x15 —6xx0+1) — (22 +y2 )V 2% (Y2 +
zox(5xxe—5))x((x0—1)"+12)), (yo+(rc+1)— (2g+y) **(—y+rox(zo—1))+
(zox(zo— (22 +y2)?) —yd)* ((xe=1)°+y3) ' —ag +ad) x (o —yd* (xo —1) = 3%
2 4+3xxd — byt — (10 —1)2+y2) V2% (2o +y2H (1o —2) — 252+ 2+ (22 +y2) 1/ 2+
(zotyo—1) (Yo —ro+1)+(@+ye) P+ (o =12 +y¢ ) (xo—1))) / (2xyo* (yéx (5%
vo—1)+((2e—1)24y2) 2% (Y2 (6522 —6xx0+1) + 5522, — 10528, + 5z +yd — (22 +
Y2 2k (5xmotyix (5xwo—4)—10%x32 45528, ) ) — 5% x 2 + 15528, — 1 5% +-Drkxd +y2*
(xe—1)*(10%2% —6%xc+1)— (12 +y2) V2% (2 +ac* (5xxc—5) ) * (10 —1)2+92)))).
We verify that this point lies on all three lines since we calculate

(e =12 +y2) P (yex (25 ad +xo—1) =yt x (xo—1) = (25 +y&) ** (vo+ 28 —
Sxxd +3xxt —yb+yix(2xxo—1)*(vo+1)) +a% + a8 —5*xal +3xxd) — 1% +6%
wg =8k g+ 3% 1l —yb+ytx (xo — 1) * (5xad —at +axo—1) taoxylb* (o +2) —
(8 +y8) Px ((re = 1>+ ) * (—yg+ao* (3xzo+1))* (x0—1)) /(yb* (5xzc —1)+
(re —1)2+y2) 2% (Y2 (6% 2% — 6% 20+ 1) + 522 — 10% 28 +5x w8 +yb — (v +
Y2 ) 2% (5xxct+ydx (5xwo—4) —10%22 +-5%23,)) — 5wl + 15522, — 155zt + 522+
y2* (re—1) % (10%2% —6%x0+1) — (22 +92) 2% (y2 +2c* (5 w0 —5)) * (10— 1)+
ye) * (= ((((we =1)? +92)2) * (yo — 2o + 1) * (yo + 2o = 1) * (a8 +y2)' /) +
(xc =2)xye +at — 2% g+ 1) — (ve = 1) * (Y3 + (vc — 1)) * (23 +y2)?) —y& +
(:cc—1)*y%+:cé—3*x%+3*x2@—xc)/(4*yc*(yc (1‘0—1) I/ ((=((((zc —
12 +y2) 2 % (2% (w0 = 1) * (23 +y&) ) —yg — a8+ 1)+ (Y& + (o — 1)) * (a3 +

*

1/2

Ye)'?) — (2xmo+1)*yg — 2% x4+ 3% xf —1) /(4% (Y + (zc — 1) M) — (& (zc+
1) — (23 +ye) % (—yg+acex(vc—1))+(we* (o — (z3+yE) ) —yé) * ((zc—1)*+
ye) P —at+ad )« (zo—yd* (xo—1) = 3xag+3xxd —xg+yb — (v — 1) +y&) "+
(xo+y%*(xc—2)—2*x%+:c%+(x%+yé)1/2*(:vc+yc—1)*(yc wc+1))+(xo+

Ye )1/2*((xc—1)2+?J?;)*(Ic—1)))/(2*%*(%*(5*%—1)+(($c—1)2+y%)1/2*
(y2 % (6522 — 6% 0+ 1) +5x22 —10% 28 + 5% 08 +yd — (22 +y2) V2% (5xxo+yd
(5*:1:0 4) = 10% 22 +5%28)) —bxad + 1522 — 15x 2t + 5% 2% + 12 x (zo — 1)
(10522 — 6510 +1) — (22 +32) 2 % (Y2 +2c* (5x20 —5)) * (20 — 1) +92)))) = 0,
(((we=12+y2) P (yex 25 ad + e —1) =yt x (xe—1) — (a8 +y) ** (vo+ 28 —
Sk xp+3%Th —ys+yi* (2xxo—1)x(xo+1)) +ad+xd —5*al+3*xxd) — 14 +6%

—8xx2+3xxl —yS+yix(vo—1)x(5xad —ai+ro—1)+troxydx(vc+2)— (22 +
ye) 25 ((we—1)2+yd)* (—ye+rox (3xze+1))* (2 —1)) /(yé+ (5xze—1)+((zc —
)2 4+y2) Y25 (Y2 % (6%2% —6x 20+ 1)+ 5505 — 1052 + 5,1t +yk — (22 +92) /2% (5%



491 THREE CIRCLES THAT CONCUR AT THE FEUERBACH POINT

ro+ydx(5xwe—4)—10%x22+5%2)) —bxxd +15%xd, — 15% w0t + 522 +y2* (vo—
D)x (10522 —6x20+1) — (22 +y2) V2% (y& +xox (5xx0—5) ) * ((xo—1)2+92)) — 1) *
(=((((xe = 1> +y2)"*) * ((yo — ) * (yo +xc) * ((ﬂfcﬂ! )1/2)+$C*yc+xc)
yo— (2 +y2) )+ (o + 1) xyg+ (wo — 1) *a3) —xoxyg +ad— $c)/(4*yc*(yo+
)N/ (=((((xo =12 +y2)?) * (we* (2% (23 +y)?) —x0) —y&) + (v (l’c—
2)kxc)* ((ﬂfc+yc)1/g)—(2*$c+1)*yé—2*$30—$20)/(4*(yc+ﬂfc))) )) (((y
zo+1)— (23 +y) P+ (—ye+ro* (ro—1)) +(zo* (zo— (370"‘590)1/2) &) ((CUC—
1)2—|— Y22 — a2 4 ad) x (w0 —yix (w0 —1) — 3% 2% + 328, — 2k +yh — ((xc 1)+
2)1/2 *(xc+y%*(mc—2)—2*x20—|—x%+(x%—i—ygc)l/z*(xc+yc—1)*(yc—xc+1))+
oY) P x (o =12 +4@) * (x0 = 1))/ (2% ye * (y& x (5xxo —1) + ((wc — 1)+
)1/2 (%*(6*x%—6*xc+1)+5*x%—10*x%+5*xé—l—yé—(m%+yé)l/2 *(5xzo+
2 (bkro—4)—10%2% +5xx8)) =5k xs +15% 28 — 15%x 0t + 5% 13 +yé * (vc— 1) *
(10*1%—6*xc+1)—(x%nLy%)l/Q*(yé+xc*(5*xc—5))*((xc—l)Z—i—yC)))) 0,
and

Yo+ ((xo =12 +y2) P * (ygx (252 +ao—1) —ybx (ve — 1) — (a3 +yg)* (zo+
i —b5xxd +3xxt —yh+yix 2xxo— 1) x(zo+ 1))+ 2t +ad —bxxh+3xay) —
T2+ 6xxh — 8%l +3xal —yS + ik (xo — 1) x (5xad —xi +xc—1)+xo*ys*
(r0-+2) — (g g V2 (0 — 1P+ ) s (—g 708 (320 + 1)) (20— 1)) (s
(5rze—1)+ (e —1)2+y2) 2% (Y2 % (6% 22 — 6520+ 1)+ 5% 2% —10% 28, + 5 *
b+ ys— (22 +1y2) 2% (5rao+ydx (5xrc—4) —10x 25 +5x2d)) —5x 22 +15%
23 —15% b+ 5% 02 +y2* (xe — 1) * (10522 —6x 30+ 1) — (12 +y2) Y2 % (y& + 10 *

(530 =5)) (w0 — 1+ 42)) —ac) « (Slretlbntl Ao dillee UPnir )

o) /() e DR gy (42 (o + 1) — (2 + 5B) Y2 *
(—ve +xe*(vo—1) + (vo* (o — (23 +y2)'*) —y&) * ((we = 1> +y@)'/? —ag +
wd)x (20— i (10— 1) =3xag +3xad —wb+yb — ((to —1)° +y2) >+ (zo +y¢. *
(e —2) —2xad +at+ (28 +y2)"* * (we+ye — 1) * (yo — 2o +1)) + (28 +y2) '+
((re =1 +92) * (xo = 1)) /(2% yo * (yb* (5x e —1) + (w0 — 1) +y2) "/ + (v *
(6522 —6xx0+1)+5%x02 —10% 2% +5x 08 +yb — (22 +9y2) 2% (5xxe+y2 + (5%
ro—4)—10%z2 +5%x)) — bt +15xxd — 15% 28+ 5xad +y2 * (xec — 1) * (10 %
22 —6xw0+1) — (22 +y2) 2% (Y2 +xo* (5xxc—5)) * (2 — 1)2+92)))) =0
as desired. 0

—~

Yo
(xg +
y2
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FIGURE 1. The nine point circles of triangles AFH, BDI, and
CEG (in green, red, and purple respectively) are concurrent at the
Feuerbach point of triangle ABC'.
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FIGURE 2. Triangles ABC and STU are homothetic about X (79)
(labled V).
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