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1. INTRODUCTION

In [1], we showed that for a given triangle ABC, there is a certain triangle which
is in perspective with ABC' at X (104). Here, we will give a generalization of this
result.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with ZCAB = Z/DAB, such that AD = AB.
Let E be the point on line AB, with Z/CAB = ZCAFE, such that AE = AC'.
Let F' be the point on line BC', with /ZCBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with /CBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that C'I = BC.
Let M be the circumcenter of A, G, and I.

Let N be the circumcenter of C, D, and F.

Let O be the circumcenter of B, E/, and H.

Let « be the incenter of triangle ABC.

Let 3 be a point on line Aa.

Let v be the point on line Ba such that By : ay = AS : af.

Let 0 be the point on line Cac such that C6 : ad = AB : af3.

Then lines M3, N6, and O~ are concurrent.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates xc,yc)

D has coordinates

(1,

( Yc

(s \/xc+yc)'
E has coordinates (/2% + y2,0).

(7

(1-

F h . ro—1 1 Yyc
as coordinates Toenit + ’\/(zc—1)2+y%)

— V(e — 12 +£,0).
—x0)x+ /T2 2 x2 2
+ e ok (1 L)),
(10_1)2+yc (xC_1)2+yc
(xC—l)2+y%> y % (1 oV ($C—1)2+y%>>
N NG

ro—22—yZ+(—2 22 4y2)* zo—1)24y2
M has coordinates ((1—+/(zc — 1)2 + y2)/2, ——=< vt rety/ sty (eo ) +yc)).

G has coordinates

H has coordinates (z¢

I has coordinates (z¢ * (1 —

2yc
N has coordinates ( Ly/2d+yg— \/(ffc 124y _(xC*l)*\/120+y%*$c*(xcfl+\/(xcfl)Qeré)fy%)
’ 2yc :
zo—xZ—y2+ (/22 +yZ ) (zc— To—1)2412
O has coordinates ((1+ /22 + y2)/2, ——=< yot( C*yc;yc( c-lty/(wc—1) +yc)>'

zc+w/:pc+yc Yo )

(1+\/x%+yc+\/(:cc 124927 144/22+y2 4/ (mc—1)2+y2
( l?ﬁ*yc )

.’EBJ zot /xc+yc
7 has coordinates (((y2+22) 2+ 2% (—(y2+ (xc— 1)) V2420 — 1) +30) /(y2 +
1‘0)1/2 +WC) Ta*YC )

’ aﬂc-l—m
0 has coordinates
(—(((xo—1)xzg—z0)*(yo+ad) P+aoxrg(yg+(xo—1)%) 12— )/((yc+93 )24
20), —(yox((ws—1)*(ye+22) P +apx (ye+(xc—1)*)"2—z0)) /((yg+22) P +xc)).
Line M j is given by the equation

o zo—aZ—y2+(—zct\/22+y2)*(y/ (mc—1)2+y2)
y= (_ 2y )

« has coordinates

[ has coordinates

(- Z'C*wzc*y%+(*wc+\/w%+y%)*(\/<wc*1)2+y%) )
2yc

(A=/(zc—1)2+y2)/2)—25

_( zg*yYC

zc+\/z%+y% )>

Ha—((1=y/(zc — 1)* + y2)/2))(
Line N/ is given by the equation
Y= (((ye = ((zs — 1) * (22 + y2)""*) + 25 % ((zc — 1)* + y?;)l/z) —xc))/ (=%
ye)'?) +ac) = ((zc — 1) * ((950 +yc) /2) —zex ((((ze 12 +y2)"?) + w0 —1) -
ye)/(2xye)) * (v — (22 +y2) %) — ((ve = D* + 92)'%) + 1)/2)) /((((zc — 1)
g —xc)* (2 +y¢)'?) + 2o x wp + ((xe — 1)* +y2) %) —22) /(22 + yc>1/2>
vo) + (@2 +92) %) = (10 = 1) +52) ) +1)/2) + (= (vo — 1) = (22 +52)'7?)
vo* (1o = 1) +92)"?) + 20 — 1) +92) /(2 yo).

Line O~ is given by the equation

y=((=(2sxyc)/((zE +42)"?) +xc) = (22 +38)"?) * (((zc — 1)? +52) ) +
vo—1) —yg — g +20)/(2xyc)) * (2 — (8 +y¢)'?) + 1)/2))/(((($c+y )'2) +
/2= (@2 +y8)"*) + 25 (= ((wc=1)*+48)*) +xc —1)+20)/(2E+12) ) +
o)) + (= (@2 +y2)'" ) = (ve = 1)? +92) %) +wc — 1) + v + 28 — wc) /(2% yc).
Consider the point € whose coordinates are given by

(—(y&* (2xxgrapgtag —12%agxrg+3xrd — 2% g x g+ 11%ag *wg— 5% a3 +4* a0 *
a2 —bxroxrg+3xxc—2%xh) — (vf —2%xc+yd+ 1) x (v x (2% x0 —w0* T8+ 1) +
yg*(—2*3:%*33[3+4*x%+2*x2o>ka:5—3*x%—5*$c*x5+3*x0+2*x%)+2*x%—4*x4c+

+

+ + %
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250 — (2 +yd) 2 * (yer (ahxas —3%ah + 10— 20+ 4xa s —2) — 2xa% + 4% xd — 2%
rh—yhtaixrgk(vo—1)%) —adxxpx(ve—1)?) +yd* (i xrs+2%1s —Sxro*rs+
xc—2*:1;%4—1)—1—2*3%—4*x4c+2*a:5c+yg+(xZCer%)l/Q*(:c%—2*xc+y%+1)*(:c%*
T — BRIk T+ ToRYD— 3k TR YL+ 2% TE 2% yE two*rax YL ) tadkrsk (xo—1)2k
(xc—5))/((2% —2xx0+y2+ 1)V 2% (yix (2525 +2) + (22 +y2) Y2 % (Y2 (2% 20 — 8%
T+ 2%roxrg+Axa+2)+2xroxxax (To— 1)) F Yk (dxag xrg+2% 08 —12x10%
T+ 2% ro+Axah+2x1g) + 2x a8 xw g% (10— 1)) Fydx (dradrag — 6% +4xrgxrh+
8% 13 —8*Toraf— 2k To*Lg—Ax Lo+ A% 54251 5) +ybr (2% g —dra o+ 20T * T+
4*36%)—Q*x?)c—l—él*xé—2*x5c+(x2c+y%)1/2*(x2c—2*xc+y%+1)*(Q*xc*xﬁ—i—Z*xQC*
Ta+2%xpxys —2%x% —3xyd) +2xxixwak (xo—1)? % (xc+1)), (Yo (zp* (vd+6x1E —
Txxc+3)+5xxg —6xad+agx (2xz0 —1)* (2x00—2) — 1) —y&* (—2x23 —3xx5+2%
zo+ 1)+ ((wc—1)2+y2) 2 (ybx (dxah — 2%z 4255+ xo*ms* (10 —5) +1)+2%
Yo+ (224 yd) Py x (2xad —dxa g+ 250+ 1) +adrzgx(xo—1) +aoryd* (2xzo+
gk (zo+2%x5—4))x(xo—1))+ad*rg*(xc—1)3 +roxyz* (vax (2% 1L — 6% r0+2%
Tp+1)+2%2%) * (ve— 1))+ 2% 28 — 6% 2%+ 6528, — 2% 2%+ (2 +92) 25 (xe— 1)+
ye)* (xhxag—ai*xws— 3%tk yl +woxyd+2xxd — 25 0h — 2% yh+ 25T x TR YA+
Thxraxyd) —roxysx (2xxox (3xad —3xro+1) —xax (25 x5k (2o —1)2+ (2% x0—1)*
(22 +2520—1)))x(zc—1)+ad*zsx(xc—1)3x(xc+1)) /(yox (vs* (2% xd — 2% x¢, —
2% a3+ 2% 28 ) F Yok (g + (204 2) krg—4xx0) Fyix (Tax (drrd — 240 +2) —4x
Totagx(dxrg —8xxo+4)+8xxg —6%xf) — 2% ad+dxad — 2+ a3+ (Yo x (2xrc+a5%
(4xad —12xx0+2) 42522 +4xad) +(xg+yd) 2 (4xai+ (2% x0 —8)* x5+ 2% +
2) kYt +aax (2% —Ax 2L +2%20)) +ybx (2515 +2) +xax (25 xh —dxad +2%1L)) *
(22 =252+ Y2+ 1) 2+ (02 +92) Y 2% (yhx (2% 25— 3) +a5% (25 0d — 2% 23, — 2% 2% +
2% 10) — 2% % + A%l — 2% x b +yd x (6% xo+xs* (dx1h — 2% 10 +2) —H*x1E —3))))).
We verify that ¢ lies on all three lines since we calculate that

zo—ag—ytt(—rcty/at+yd)*x(\/ (zc—1)*+y2)
(- \/250 el lee D)) | ( (g2 # (2t kg +aly— 125l vy +

3xay —2x kUG 11503 % 25— DkaG HAXTo¥ TG — Dk Lok T3 +3%80— 2% 23) — (1 — 2%
To+y2+1)Y 2% (yh* (25 x 0 —r ok s+ 1) +ydH (= 2% xp w15 +Ax a3+ 2502 x5 — 3% 0% —
5*xc*x5+3*xc+2*x%)+2*x%—4*xé+2*a¢%—(x%+y(2))1/2*(y%*(x%*atﬁ—?)*x%—k
xC—Q*x%+4*x5—2) —2%x +4Axxl — 2%t —yhtaixrgk(xo—1)?) —wixagx(xo—
1)%)+yéx(agxas+25 13 —bxrox o —2%05+1)+ 2% 8 —dxad 425 xd+yl 4 (28 +
Y2 ) x5 (22— 2x v o +y2+ 1) x (2 x 25— Dxal kw5 +w 0¥ YL — 3515 yS + 2% 12+ 25y 2 +
rorgeyt)+aerg(ro 1) —5)) (12 4 DV (yhoe (D4 2)+
(23 4y ) 2 (e (25 w0 —8xa g+ 2% x0T p+Axa+2)+2x s o5 ax (10— 1)) +yd* (4
T xrp+2% 03— 12% Tk + 2% w0+ 4xad+ 242 5) + 25 a8 k2% (10— 1)) Fydx (dradx
15— Oxaf A4 x a3 +8% 18 —8xroxay— 2% T oxrg— kb oI+ 251 ) Fy bk (251 5—
Axxo+2xpoxsp+axny) —2xard+Axrl —2x g+ (ag4yd) P (ag —2%xc+yp+1)
(2%zo*T a4 2% T2k g+ 2% gryZ — 2% 0%, — ky2 )+ 2x w2 xw gk (xo—1) 2% (wo+1)) — ((1—
(7IC*IQC*H%H*Tch\/zQCﬂJ%)*(V(Ic*1)2+y%))7( @guC

AT

Ve — 121 92)/2)) Y =y Yo
(za% (23 4+6%28 = THrro+3)+5%2 — 6%+ 25 (220 — 1) * (2520 —2) —1) —yd*
(—2%a2—3xag+2xxc+1)+ (w0 —1)2+y2) 2% (yb* (dxxd — 2% mo+2% a3+ * T %
(we—5)+1)+2xyd+(wd+yd ) 2 (yéx (2xad —dxxg+ 2% a0+ 1) +akxag* (vo—1)°+
roxytx(2xxotapx(vo+2xa5—4))x(xo—1))+adszax(xo—1)> +xorydx (1% (2%
22 —6xx0+2%5+1) 42522 )% (10— 1))+ 2538 —6x22,+6% 28, — 25 2%+ (22 4+y2) /2%
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(xo—1)?+yd)*(xtxxp—ad 15— 3% T2 kY2 +ToxyE+25 T8 — 25T — 2% yd + 2% 1 0%
Tgxyp+rixraxyd) —roxyix(2xxox(3xxt —3xro+1)—xax (2xxgx (v — 1)+ (2%
ro—1)* (22 +2xxc—1)))x(xc—1)+ad*zgx(xc—1)**(xo+1))/(yox (vg* (252 —
2+ — 2%+ 2523 F Yk (ka4 (2500 +2) ¥ x5 —4xwo) Yk (va* (4xad — 2% 10+
2)—drwotagx(dxag —8xro+4)+ 8%y — 6%} ) =2k +-4xay, — 2% a3+ (Yg* (2x o+
xﬁ*(4*x2c—12*:1004—2)—}—2*.%%—1—4*%25)+(x%—i—y%)lm*((4*x%+(2*x0—8)*x5+2*
To+2)xyi+apx (2%l —AkrE42%10) ) Hysk (2x35+2) +wpk (25 0E —Axad + 2528 ) ) *
(22 —2x20+y2+1)Y 24+ (22 +y2 ) V2% (ydx (2x35—3) +apx (2% 0d — 2423, — 255+ 2%
To)—2%xi+Axad =250t +yix (6xxo+asx (dxal —2%xx0+2) —bxx%—3))))) = 0,
(e ((ws—1)* (22 +v2)"*) +2p* ((wc —1)* +y&)"?) —zc)) /(28 +y2) /) +
o) = ((wo—1)*((2g+y2) ") —zo* (1o —1)*+y8)"?) +ac —1) —y2) /(2xyc)) *
(—(ex (2xxgragtas—12%xdxws+3x0d — 2xxgx 23+ 11528 15— 5xrg+4* o *
13 —bkxoxrpt3rre—2%13)— (2g—2%rc+ye+1) 2 (Y« (2xwc—zo*as+1) +ygx
(—2kadxrg+a*ad 42408 % 15— 350 —ExToxTg+3xTo+2%x]) + 2% —Ax g+ 2%
ag—(xE+ye) 2 (Yo * (kv ws—3xag+ro— 2503+ 4515 —2) —2xaf+4Axad — 2% w ¢ —
yotaixxgx(vo—1)%) —adxxpx (e —1)?)+yto*x (vh w5+ 2%2% —b*ro*rs+10—
2xad+1)+2xad —dxay+2xad +yd+ (23 +ye) P (1f —2xxo+yg+ 1) * (xdx x5 —
DrXZ kT g+ To*Ys— 3k Taxyb+2xh+ 2% Y2+ ok rsxys) i sk (vo—1)2* (xo—
)/ (28 —25x0+yg+1)" 2 (ybx (2xw5+2) + (28 +y2) "+ (ye (2500 — 825 +2
Toxrg+axrg+2)+2xxorrak (2o —1)?)FygH (dragrag+2xag —12%sox x5+ 2% 0+
Axag+2xag)+ 2% g ks ¥ (20 —1)%) +yd* (dxad vy —Oxad +4xa xrf+8% 1 — 8%
xc*x%—Q*xc*mg—4*IC+4*x%+2*xﬂ)+yé*(2*x5—4*xc+2*xc*x5+4*x%)—2*
2 Axah — 2%l + (25 +y2) V2 (2L — 2% o+ yE 1) % (25w o x5+ 2% 0L T 5+ 2% T 5%
y§—122*x20—3*y%)+2*x20*:c5*(xc—1)22(:5024—11)2)—(((a%—i—y%)lﬂ)—(2((x02—11;2+
B4 1)/2)/ (0= 1) sy m) (a2 420 ) remrgs((re )P+ )17) -
28) /(@ +y2) ) +ae) + (@8 +y8)"?) — ((we—1)* +92) /) +1)/2) +(— (20 —
(28 +2) ") +ao* ((xe =12 +y8)"?) +ac —1) +y8) /(2 ye) — ((yé* (w5 *
(2 46x28 —Txwo+3)+5xag —6xad+ g+ (2xro—1)*(2xr0—2) —1) —ygox (—2%a3—
Bxagt+2xs0+1)+ (2 —1)2+y2) 25 (ybx (dxad —2xxc+ 25} +xoxagx (e —5)+
1)+2*yg+(x20+y%)1/2*(yé*(2*:6%—4*x5+2*xc+1)+x%*x5*(:cg—1)3+xc*yé*
(2xxo+aax(vo+2%x5—4))*(xc—1))+adxrg* (e —1)3+roryd* (5% (2522 —6x
To+2%x5+1)+2%2% ) x (x0—1))+2% 28 —6x22 + 6528, — 252l + (22 +y2) V25 (w0 —
1)24+y2)*(ztxxg—ai* axs—3%x2xyd +aroxyd+25 s — 252l — 2%yt + 25 xox Tk Y2+
rhxraxyd) —roxysx (2xxox (3xah —3xxo+1) —xax (25 sk (1o —1)2+ (2% xc—1)*
(22 +2%20—1)))x(zc—1)+ad*zsx(xc—1)2x(xc+1)) /(yox (vs* (2% xd — 2% 2, —
2% a3 +2% 28 ) Fyox (g + (204 2) krg—4xx0) Fyix (Tax (drrd — 240 +2) —4x
Tot+agx(dxrg —8xxo+4)+8xxg —6%xf) — 2% +dxad — 2+ 13+ (Yo x (2xrc+a5%
(4xaf —12%x0+2) 42522 +4xad) +(xg+yd) 2 (4x i+ (2% w0 —8) ¥ x5+ 2%+
2) kYt +aax (2% 8 — A% 2L +2%10)) +ybx (2515 +2) +xax (25 xh —dxad +2%32)) *
(22 —2x20+y2+ 1)V 24+ (22 +y2) V25 (b x (2% 25— 3) +a 5% (2508 — 2% 08, — 2% 12,4+ 2%
ro)—2xxhH4xad —2xxb+yix (6xro+xs% (43 xh —2%x0+2) —5*xt—3))))) = 0,
and

(=(zaxyc)/ (@2 +y2) %) +2c) — (@8 +y2)"?) * (e —1)° +2) ) +2c —
D)=y —ag+z0)/(2%yc))* (= (yex (g aatah — 125t * x5+ 3528 — 2028+ 25+
11*1‘20*1',3—5*1'2C+4*[E0*Z)3%—5*ZECTI<ZE5+3*JZC—2*JZ%)—([L’%—Q*[L’C‘i‘y%‘i‘l)l/Q*
(yt* (2xxo—zoxap+1)+yds(—2%xdxws+4xad +2xat xx5— 3%t —Dxro*rs+
Bxwo+2xa)+2xxd — Al +2xx — (xf+y2) 2 * (Y& * (ag x 15— 3% g +x0— 2%
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Th+4xx5—2) = 2xxg+4xal —2xxE — Yyt agxxgk (w0 —1)%) —adrrgx (2o —1)%) +
Yo (xgxxp+2% 08 —dxsoxrs+a0—2% 5+ 1)+ 2%} —dxry+ 2% +yS+ (28 +
Y2 2% (22— 2520+ yd 1) x (2 x 05— 5* 02 x s+ w0 xYS — 3w ¥ YL+ 2405+ 25 Y2+
vorgeyt)+adr (v —1)a(ro— ) (a— Dyt DY (T 2)+
(23 +ye) 2 (Ye* (2xwe —8*wa+2xwoxap+4x5+2)+2xxox % (1o —1)%) +yg*
(4xax 2542508 — 12400 x 2542080 +4*x 05+ 2% 15) + 2% 28 ¥ 25% (20— 1)) + Y+
(dxadx w5 —6xa+4x a3 x x5+ 8% 2 —8xwokah —2xro*lg—Ax o+ 4x15+2%15)+
yé*(2*azﬂ—4*xc+2*xc*x5+4*aj%)—2*3:30—1—4*3340—2*33%4—(3:20—{—3/%)1/2*(36%—2*
Tot+yb+1)*(2xxokrg+ 25t %15+ 2% gk ys — 258 — 3%yl ) +2xad kwpx (xo—1) %%
(we+1) = (& +32)"*) +1)/2)) /(02 +y2)?) + 1) /2= (28 +y&)"?) + 25 %
(—(((ze = 1) +92) ) +ac — 1) +xc) (2 +y2) ' ?) +@c)) + (= (@2 +y¢) V?) *
((ze=1)*+42) %) +ac— 1)+ +ag —wc) [ (20yc) — (y (wa (w8 + 62, — T
To+3)+5xrg— 6% g+ (2xre—1)* (2x20—2) — 1) —ylx(—2% 23 —3*x3+ 2% 20+
1)+((xc—1)2+y%)1/2*(yé*(4*x%—2*xc+2*x%+xc*xg*(xc—5)+1)+2*yg—|—
(xE+y2) 2 * (y&ox (2% a3 —dxwp+ 250+ 1) +adxxp* (vo— 1)} +xoryd* (2% z0 +
rg*(xo+2%15—4))x(vo—1))+adsrg*(xo—1)2 +roxyz* (vax (25 2L — 6% x0+2%
Tp+1) 42532 * (10— 1))+ 2% 58 —6%32 +6x38 — 2527+ (22 +9y2) 25 (vc — 1)+
Y& ) * (g xap—aixws— 3% xL kYl +wox YL+ 2% xd — 2x1E — 2%yt + 2% xo* TR YL+
T2 xraxyd) —roxysx (2xxokx (3%t —3xxo+1) —wa* (25 x5% (1o —1)?+ (2520 —1)*
(22 42xxc—1)))* (e —1)+ad*xxg*(xc—1)3x(xc+1))/(yox (vg* (2% 2y — 2% 28 —
2+ +2%28 ) Yk (Axaf+ (25 w0+ 2) %5 — dx o)+ gk (wp% (4xad — 2% 00 +2) — 4
Totagx(dxrg —8xxo+4)+8xxg — 6% 1) — 2% +d*ad — 2%+ (Yo (2xrc+a5%
(4xag — 1220 +2) 42523 +4xa3) + (23 4+yg )2 (dxaf+ 2%z —8) % w3+ 2% 20+
2) kYt +apx (2% 28 —A*x 2L +2%20)) +ybx (2515 +2) +xpx (25 1h —dxad +2%2)) *
(22 —2x2c+yd+ DV 2+ (22 +y2) Y25 (yb* (2% 25— 3) +apx (2% xE — 2% 23, — 2% 15+
2510) — 2% 0f+HAxxd — 2% 0+ Yt x (6xro+xax (dxah —2xw0+2) —bxat—3))))) = 0
as desired. g
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FIGURE 1. Illustration.
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