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1. INTRODUCTION

In [1], [2], and [3], we took a triangle and constructed circles touching the vertices
in a certain way and deduced some nontrivial figures. Here we make the same
construction and point out some more deducible figures.

2. RESULTS

Theorem 2.1. Let A, B, and C' denote the vertices of a given triangle.
Let D be the midpoint of A and B.

Let E be the midpoint of A and C.

Let F' be the midpoint of B and C.

Let G be a point on line AB such that AG < BG.

Let H be the point on line AB such that BH : AH = AG : BG.
Let I be the point on line AC such that AI : C1 = AG : BG.
Let J be the point on line AC' such that CJ : AJ = AG : BG.
Let K be the point on line BC' such that BK : CK = AG : BG.
Let L be the point on line BC' such that CL : BL = AG : BG.
Let Sy be the circle whose diameter is AH .

Let Sy be the circle whose diameter is BG.

Let Ss be the circle whose diameter is AJ.

Let Sy be the circle whose diameter is C1.

Let Sy be the circle whose diameter is BL.
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Let Sg be the circle whose diameter is CK.

Let Sy and Sy intersect at points R and T, with R external to line AB.
Let Sg and Sy intersect at points M and P, with M external to line AC.
Let S5 and Sg intersect at points N and O, with O external to line BC.
Let Sy and Sg intersect at point Q.

Let S7 and S3 intersect at point S.

Let Sy and S intersect at point U.

Let lines CD, FG, and EH intersect at V.

Let line AC' intersect Sg at W.

Let line BC' intersect Sy at Z.

Then,

1. B,M,N, and T form a parallelogram,

2. A,O, P, and U form a parallelogram, and

3. I, K,W, and Z are concyclic.

If |AG| = |BG|/3, then additionally,

4.V is the midpoint of I and K, and

5. I, K, W, and Z have circumcenter V.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (a;c,yc)

D has coordinates (1/2,0).

E has coordinates ((1/2) xxo, (1/2) % yo).

F has coordinates ((1/2) x (z¢ + 1), (1/2) x y¢o).

G has coordinates (x¢,0) where zg < 1/2.

H has coordinates (1 — zg, 0).

I has coordinates (z¢ * g, Tg * yco).

J has coordinates (z¢ * (1 — zg),yc * (1 — zg)).

K has coordinates (1 + z¢ * (xc — 1), z¢ * yo).

L has coordinates (z¢ + z¢ * (1 — z¢), yo * (1 — xg))

Sy is given by the equation (x — (1/2)(1 — xG)) — (((1/2)(1 — zg))?) =
Sy is given by the equation (x — (1/2)(z¢+1))* +v* — (1 —(1/2)(xg +1))?)
Ss3 is given by the equation

(2~ (1/2)re(1—16))*+(y—(1/2)y0 (1—26)2— ((1/2)zc(1—26)*+((1/2)yo(1 -
76))?) = 0.

Sy is given by the equation

(z = (1/2)(zc +xcwa))’ + (y — (1/2)(ye + 2aye))? — ((zc — (1/2)(zc + xow6))* +
(ye — (1/2)(ye + zcyc))?) = 0.

Sy is given by the equation

(x = (1/2)(zc + za(l —xc) + 1))* + (y — (1/2)(ye(1 = 2¢)))* = (1 = (1/2)(zc +
ra(l —xc) +1))* + ((1/2)(ye (1 — 2¢)))*) = 0.

Sg is given by the equation

(v = (1/2)(w0 + 1+ za(zo — 1))+ (y — (1/2)(yo + m6ye))? — (e — (1/2)(ze +
1+ sg(ze — 1)) + (90 — (1/2) (o + 76y0))?) = 0.

M has coordinates

(2% — 2% yo * (Yo /2 + (wo * (1 — 2% 26)V2) /2) +y2) /(2 % 2¢), yo /2 + (zo * (1 —
2% 2q)Y?)/2).

N has coordinates

(—(2*yo* (yo/2+ (e * (1= 2%20)Y?) )2 — (1 — 2% 25)Y?/2) — 22 —y2 +1)/(2 %
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T —2),9c/2+ (vo* (1 — 2% 26)Y2) /2 — (1 — 2% 25)Y/2/2).

O has coordinates

(—(2%yo* (yc /2 — (wox (1 —2%x26)Y?) /24+ (1 — 2% 25) Y2 /2) — 22 —y2 +1)/(2 %
o —2),y0/2 — (e * (1 — 2% 26)Y?) /2 + (1 — 2% 2)"/?/2).

P has coordinates

(2 — 25y # (ye/2 — (e » (1= 2%.26)172)/2) +42)/ (2 * 1), v /2 — (e * (1 -
2% 15)%)/2).

@ has coordinates (z¢, Tg * Yo )-

R has coordinates (1/2, —(1 — 2% z25)"/?/2).

S has coordinates

((ye * (yo —za *yo))/(xt — 2xxc + Y&+ 1), (yo — Tc * yo — 26 * Yo + xc * 26 *
ye)/(xh — 2x o +yd + 1)).

T has coordinates (1/2,(1 — 2 z4)"/?/2).

U has coordinates

((z& + 2e *y2)/ (2t +y2), (xc * yo — vc * xa * yo)/ (2 + y2))-

Line FG is

y=(ycx*(r—2g))/(—2xxc+xc+1).

Line FH is

y=(yc*(@+zc—1))/(2%26+ 20 —2).

Line CD is

y=(ycx(2xx—1))/(2xzc—1).

V' has coordinates

(—(xc —2g —2%xcxxc+1)/(dxxg—3),—(yo — 2% xg *xyc) /(4% xc — 3)).
W has coordinates

(e * (6 * Y2 + (xc — 1) x2c * 36 +30))/ (Y2 + 78), (T6 * Y& + (28 — x0) * 26 +
7e) +ye) | (R + 2)).

Z has coordinates

((xe =1V xzg+ 1) *xy2 + (vc — 1)? xzo* 26)/ (V& + (e — 1)?), (yo * (xva * Y2 +
i x 16— xo*xxe — 1o+ 1))/ (Y3 + (zc — 1)?)).

We verify that B, M, N, and T" form a parallelogram since we calculate that

(yv —yB)/(xn —2B) — (Yyr — yum) /(27 — T01)

= ((ye/2+ (xe* (1 = 2% 26)"?) /2= (1 = 2% 26)'?/2) = (0)) /(=2 % ye * (ye /2 +
(zox (1= 2%20)Y2)/2 — (1 = 2% 26)Y2/2) — 2% — 92 +1) /(2% 20— 2)) — (1)) —
(1 =2x26)"2/2) = (yo/2 + (ve * (1 — 2% 26)"/?)/2)) /(1/2) = ((2E — 2 % ye *
(ycd/2 +(ze* (1= 2% 26)"?)/2) +42)/ (2% 2¢))) = 0

(ym —yn)/(@m — 2n) — (yr — yp)/(2r — 25)

= ((yo/2 + (wc * (1 = 2% 26)Y)/2) — (yo /2 + (xo* (1 — 2% 25)Y?) /2 — (1 — 2 %
26)' 2 )2)) /(28 — 2 % ye * (yo/2 + (zo * (1 = 2% 26)"/?)/2) + y2) /(2 x wc)) —
(=@2xye*(ye/2+ (xo* (1 =2x26)'?) 2~ (1= 2% 26) "2 /2) — 2t —yt+1) /(2%
ve —2))) = (1= 2% 26)"/?/2) = (0))/((1/2) = (1)) = 0

and we verify that A, O, P, and U form a parallelogram since we calculate that
(yp —ya)/(@p — x4) = (yo — yv)/(xo — 2v)

= ((ye/2 = (zo* (1= 2x26)"?)/2) = (0)/(((2E = 2% yo * (yo /2 — (zo* (1 — 2%
26)'?)[2)+y) [ (2x2c))—(0) = ((yo /2~ (we*(1-2%26)"/?) /24 (1= 2x26)/* /2)
((zoxye —zoxza*ye) [ (@E+y2)) /(= 2xye* (yo /2 — (we* (1 - 2x26) %) [2+
(1 N 2% 126)'%/2) — 2t — Y2 + 1)/ (2% 20 = 2)) = (22 + 26 *y2)/ (% + y2))) = 0
(yr —ya)/(@r —x4) — (yo — yp)/(x0 — xp)
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= (1 = 2% 26)"%/2) = (0))/((1/2) = (0)) = ((yo/2 — (o * (1 = 2% 2¢)"/?) /2 +
(1= 2%26)12/2) — (yo/2 = (ve * (1 — 25 26)Y%)/2)) /(= (2 % yo * (yo/2 — (20 +
(1—2%2c)Y?)/24+ (1 —2%26)V%/2) — 22 —y2 +1)/2 %20 —2)) — (2% — 2 %
yo * (Yo /2 — (ze * (1 = 2% 26)"?) /2) + y&) /(2% xc))) = 0.

Consider the circle whose equation is given by

(x—(2*xxc— V) xag+1)/2)%*+ (y —2g*yc)* — (ze*xg — (2% 20 — 1) % 6 +
1)/2)2 -+ ('TG * Yo — Tqg * yc)Q) =0.

We verify that I, K, W, and Z lie on this circle since we calculate

(ro*xye — (2*xxc—1) %26+ 1)/2)? + (z¢ * yo — za * yo)* — (xo * vg — ((2 %
ro—1)*xg+1)/2)? + (xg * yo — rg * yc)?) = 0,

(1+zgx(xec—1) = (2%xc —1) %26+ 1)/2)* + (26 * yo — 26 * yc)* — ((xc *
rg— (2*xxc — 1) *x2g+1)/2)* + (v¢ *yo — xa * yc)?) = 0,

(we* (6 *ye+ (v — 1) xxo* 26 +20)) /(Yo +28) — (2% 20 — 1) ¥ 06 +1)/2)* +
(wa*y& + (a8 — wc) * 26 +20) *yo) /(Y& + 28) — va *yo)® — ((ve * xa — (2%
re— 1) xxg+1)/2)* + (¢ *yo — za * yc)?) = 0,

and

((we = 1) *ze + 1) *yg + (zc — 1)* *xc * 26) /(Y& + (vc — 1)%) = (2% 20 — 1) *
ze+1)/2)* + ((yo * (xe * y¢ + 22 * 26 — 20 * 16 — 20 + 1)) /(Y& + (w0 — 1)%) —
ra*yc)? — (ze*xxg — (2% 20 — 1) x 26+ 1)/2)% + (g * yo — za * yo)?) = 0.

If we take ¢ = 1/4, then we observe that V is the center of this circle since we
calculate

(2*xzxe—1)x1/44+1)/2+ (x¢ —1/4 —2%xxcx1/4+1)/(4%1/4—3) =0

and

Vdxye+ (yo —2% 1 /4% yo)/(4%1/4—3) =0

and we further see that V' would be the midpoint of I and K since we calculate

(xe*x1/44+14+(1/4) x(xc—1))/2+ (xc —1/4—2x2cx1/4+1)/(4%1/4—-3) =0
and

(/4% yc+1/4%yc)/2+ (yo — 2% 1/4xyc)/(4%1/4 —3) = 0. O
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