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1. INTRODUCTION

In [1], we constructed a collection of things in the context of a triangle and demon-
strated the existence of several nontrivial entities. Here, we make the same initial
construction and demonstrate that three particular circles in this context concur
at the incenter of the triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC', with ZCAB = ZDAB, such that AD = AB.

Let E be the point on line AB, with ZCAB = ZCAFE, such that AE = AC.

Let F' be the point on line BC', with ZCBA = ZFBA, such that BF = AB.

Let G be the point on line AB, with ZCBA = ZCBG, such that BG = BC.

Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.

Let I be the point on line AC, with ZACB = ZICB , such that CI = BC.

Then the circles passing through the quadruples (A,B,H,I),(B,C,D,FE), and
(A,C, F,G) concur at the incenter of ABC.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. A has coordinates (0,0).
B has coordinates (1, 0).
C has coordinates (xc,yo)

D has coordinates Jo
(\/ eRa o \/xc‘*‘yc)
E has coordinates (/2% + y2,0).
: zo—1
F has coordinates ( (wcc e +1, \/(xczci)Q-l—y%).
G has coordinates (1 — /(zc — 1)2 +y2,0).
i /22 2 /22 2
H has coordinates (x¢ + M, yo x (1 — —YZe¥e yy,

(zc—1)%+yg (zc—1)%+vg
. (zc=1)2+y2 V(@c—1)*+y2
I has coordinates (z¢ * (1 — Y¥————=< Q%Tyéc)?yc x (1 — YT ).

To— 2V (/22 +yZ)—xox(zc—1)—y2
Circle ABH I is given by the equation (x—1/2)2+(y—l—(\/( o~ Hyg )/ etyg)rox(ze—]) Yoz _

2yc

zo— 2Vx (/2 +y2)—zo*x(zc—1)—y2
1/4 — ((\/( c—1)2+y¢) (\/2ycc+yc) cx(zc—1) yc)Q —0.
v TL+y2 zo—1)x(\/22+y2 —=
Circle BODE is given by the equation (:U—m)%—(y—%c%—( e Vxlyretue C))Q—

2 2yc
(1 _ 1+\/a;20+y2€)2 . (—yTC + (chl)*(‘;x?chyéfxc))Q —0.
Yyc

ro—1)24+yZ — zox(zotr/(xc—1)24yZ — 2
Circle ACFG is given by the equation (:v—i——( e +ve D)2 (y—E (orylee— e 1)+yc)2—

2 2yc

( (10*1)2+y%*1)2 _ (wc*(wc+\/ (9«"0*1)2+yé*1)+y%)2 —0
2 2yc -
The incenter of ABC has coordinates

( o+ a:2c+y(2j e )

1/ 22 4y2+1/(we—1)24y2 | 14/ 22 +y2+/ (e —1)2+y2
We verify that the incenter lies on all three circles since we calculate
( $C+\/m _ 1/2)2

1+y/22+y2+4/ (e —1)2+v2

( v I (\/(rcf1)2ﬂ%)*(\/z%w%)*wc*(wc%)*y%)2 —1/4
1+ /22 492+ (zc—1)2 492 Zye
_ ((\/(x071)2+y20)*(\/r20+y2@)fwc*(wc*1)*9?;)2 —0
2yc o
( soty/TE YR ERREVECET AT
1y /22 +y2+/ (wo—1)2+y2 2
ve ye , @e-Dx(V/aEtug—zc) \o
+ ( 2 14,2 2 2 + 2 )
1+/22+y2+v/ (zo—1)2 412 ve
_a- 1+\/m)2 (ke (ch—l)*(\/fCQc-i-y?;—xc))z —0
g 2 2 2yc o
an

re+y/ 2L +yE V(we—1)24+y2 -1,
( + 5 )

I+y/a24y2+4/ (mc—1)2 412

A ( e B S (xc_1)2+y%—1)+y(2;)2 . ( (mc—1)2+y%~—1)2
Lhy/eg gt/ (wo—1)2+u 2ve i
B (zc*(wc+ ($0—1)2+y%‘_1)+y?3)2 = 0 as desired =
2yc a '
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