
International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 ©IJCDM
Volume 9, 2024, pp. 457-460.
Received October 8, 2024. Published on-line December 31, 2024.
web: http://www.journal-1.eu/
©The Author(s) This article is published with open access1.

Generalization of Van Aubel’s Theorem

Benjamin Lee Warrena 2

University of Binghamton, Mathematics,
4400 Vestel Pkwy E, Binghamton, NY 13902

e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Mathematics Subject Classification (2010). 51N20.

1. Results

Theorem 1.1. Let A,B,C, and D be the vertices of a given quadrilateral.
Let E be some point in the plane.
Let points A,D, F, and G form a square with G adjacent to A.
Let points C,D,H, and I form a square with H adjacent to C.
Let points B,C, J, and K form a square with J adjacent to B.
Let points A,B,L, and M form a square with L adjacent to A.
Let N be a point on line AE.
Let O be the point on line DE such that DO : EO = AN : EN .
Let P be the point on line EF such that FP : EP = AN : EN .
Let Q be the point on line EG such that GQ : EQ = AN : EN .
Let lines AP,DQ,FN, and GO concur at point R.
Let S be the point on line CE such that CS : ES = AN : EN .
Let T be the point on line EH such that HT : ET = AN : EN .
Let U be the point on line EI such that IU : EU = AN : EN .
Let lines CU,DT,HO, and IS concur at point V .
Let W be the point on line BE such that BW : EW = AN : EN .
Let Z be the point on line JE such that JZ : EZ = AN : EN .
Let A1 be the point on line EK such that KA1 : EA1 = AN : EN .
Let lines BA1, CZ, JS, and KW concur at point B1.
Let C1 be the point on line EL such that LC1 : EC1 = AN : EN .
Let D1 be the point on line EM such that MD1 : ED1 = AN : EN .
Let lines AD1, BC1, LW, and MN concur at point E1.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author
457

http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953


458 Generalization of Van Aubel’s Theorem

Let lines RB1 and V E1 concur at point F1 if the squares are external to the
quadrilateral.
Let lines RB1 and V E1 concur at point G1 if the squares are internal to the
quadrilateral.
Let H1 be the midpoint of R and B1.
Let I1 be the midpoint of V and E1.
Then,
1. line segments RB1 and V E1 are of equal length,
2. lines RB1 and V E1 are orthogonal, and
3. points F1, G1, H1, and I1 are concyclic.

Proof. Without loss of generality, we will use Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates (xE, yE).

Case 1: All the squares are external. We prove only this case.
F has coordinates (xD − yD, xD + yD).
G has coordinates (−yD, xD).
H has coordinates (xC − yC + yD, xC − xD + yC).
I has coordinates (xD − yC + yD, xC − xD + yD).
J has coordinates (yC + 1, 1− xC).
K has coordinates (xC + yC , yC − xC + 1).
L has coordinates (0,−1).
M has coordinates (1,−1).
N has coordinates (xN , (xN ∗ yE)/xE).
O has coordinates (((xE − xD) ∗ xN)/xE + xD, (xN ∗ yE + (xE − xN) ∗ yD)/xE).
P has coordinates
((xN∗(yD+xE−xD))/xE−yD+xD, (xN∗yE+(xE−xN)∗yD−xD∗xN+xD∗xE)/xE).
Q has coordinates ((xN ∗ (yD + xE))/xE − yD, (xN ∗ yE − xD ∗ xN + xD ∗ xE)/xE).
R has coordinates
((xD ∗ xE − xD ∗ xN + xE ∗ xN − xE ∗ yD + xN ∗ yD)/(2 ∗ xE − xN), (xD ∗ xE − xD ∗
xN + xE ∗ yD − xN ∗ yD + xN ∗ yE)/(2 ∗ xE − xN)).
S has coordinates
(((xE − xC) ∗ xN)/xE + xC , (xN ∗ yE + (xE − xN) ∗ yC)/xE).
T has coordinates
(yD + (xN ∗ (−yD + yC + xE − xC))/xE − yC + xC , (xN ∗ yE + (xE − xN) ∗ yC +
(xD − xC) ∗ xN + (xC − xD) ∗ xE)/xE).
U has coordinates
(yD + (xN ∗ (−yD + yC + xE − xD))/xE − yC + xD, (xN ∗ yE + (xE − xN) ∗ yD +
(xD − xC) ∗ xN + (xC − xD) ∗ xE)/xE).
V has coordinates ((xC ∗ xE + xD ∗ xE − xC ∗ xN − xD ∗ xN + xE ∗ xN − xE ∗ yC +
xE ∗ yD + xN ∗ yC − xN ∗ yD)/(2 ∗ xE − xN), (xC ∗ xE − xD ∗ xE − xC ∗ xN + xD ∗
xN + xE ∗ yC + xE ∗ yD − xN ∗ yC − xN ∗ yD + xN ∗ yE)/(2 ∗ xE − xN)).
W has coordinates (((xE − 1) ∗ xN)/xE + 1, (xN ∗ yE)/xE).
Z has coordinates (yC+(xN∗(−yC+xE−1))/xE+1, (xN∗(yE+xC−1))/xE−xC+1).
A1 has coordinates
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(yC+(xN ∗ (−yC+xE−xC))/xE+xC , (xN ∗ (yE−yC+xC−1))/xE+yC−xC+1).
B1 has coordinates
((xE −xN +xC ∗xE −xC ∗xN +xE ∗xN +xE ∗ yC −xN ∗ yC)/(2 ∗xE −xN), (xE −
xN − xC ∗ xE + xC ∗ xN + xE ∗ yC − xN ∗ yC + xN ∗ yE)/(2 ∗ xE − xN)).
C1 has coordinates (xN , (xN ∗ yE + xN − xE)/xE).
D1 has coordinates (((xE − 1) ∗ xN)/xE + 1, (xN ∗ yE + xN − xE)/xE).
E1 has coordinates
((xE − xN + xE ∗ xN)/(2 ∗ xE − xN), (xN − xE + xN ∗ yE)/(2 ∗ xE − xN)).
Line RB1 is given by the equation
y = −((xN−2∗xE)∗(yD−yC+xD+xC−1)∗x+xN ∗(yD+yC−xD+xC+1)∗yE−
(2∗xN ∗yC−2∗xE ∗yC−xE ∗xN +2∗xN −2∗xE)∗yD−xE ∗xN ∗yC+((xD+xC−
1)∗xE−2∗xC ∗xD)∗xN+2∗xC ∗xD ∗xE)/((xN−2∗xE)∗(yD+yC−xD+xC+1)).
Line V E1 is given by the equation
y = ((xN − 2 ∗ xE) ∗ (yD + yC − xD + xC + 1) ∗ x − xN ∗ (yD − yC + xD + xC −
1) ∗ yE + ((xE − 2) ∗ xN + 2 ∗ xE) ∗ yD + xE ∗ xN ∗ yC − ((xD − xC − 1) ∗ xE + 2 ∗
xC) ∗ xN + 2 ∗ xC ∗ xE)/((xN − 2 ∗ xE) ∗ (yD − yC + xD + xC − 1)).
F1 has coordinates
((((xN −xE)∗yC − (xE−2)∗xN −2∗xE)∗y2D− (xN ∗y2C −xE ∗y2C −xD ∗xN ∗yC −
xC ∗xN ∗yC+xN ∗yC+xD ∗xE ∗yC+xC ∗xE ∗yC−xE ∗yC+2∗xC ∗xE ∗xN −xC ∗
xD ∗xN −3∗xC ∗xN +xC ∗xD ∗xE+3∗xC ∗xE)∗yD−xE ∗xN ∗y2C+(xD−1)∗ (2∗
xE ∗xN −xC ∗xN +xC ∗xE)∗yC−(((xD−1)2+x2

C)∗xE−xC ∗(xD ∗(xD+xC−2)+
xC+1))∗xN −xC ∗(xD ∗(xD+xC−2)+xC+1)∗xE)/((xN −2∗xE)∗((yD+xC)

2+
(yC −xD) ∗ (yC −xD +2)+1)),−(xN ∗ ((yD +xC)

2+(yC −xD +1)2) ∗ yE − (xN −
xE)∗yC ∗y2D− (xN −xE)∗ (yC ∗ (yC −xD+xC +3)+(xC −2)∗xD−xC +2)∗yD−
xC ∗ (xD +1)∗ (xN −xE)∗ yC +xC ∗ (xD − 1)∗ (xD −xC +1)∗xN −xC ∗ (xD − 1)∗
(xD−xC +1)∗xE)/((xN −2∗xE)∗ ((yD+xC)

2+(yC −xD)∗ (yC −xD+2)+1))).
H1 has coordinates
(−((xN − xE) ∗ yD + (xE − xN) ∗ yC + (2 ∗ xE − xD − xC − 1) ∗ xN + (xD + xC +
1) ∗ xE)/(2 ∗ xN − 4 ∗ xE),−(xN ∗ (2 ∗ yE − yD − yC − xD + xC − 1) + xE ∗ (yD +
yC + xD − xC + 1))/(2 ∗ (xN − 2 ∗ xE))).
I1 has coordinates
(((xN − xE) ∗ yD + (xE − xN) ∗ yC + (−2 ∗ xE + xD + xC +1) ∗ xN + (−xD − xC −
1) ∗ xE)/(2 ∗ xN − 4 ∗ xE),−(xN ∗ (2 ∗ yE − yD − yC + xD − xC + 1) + xE ∗ (yD +
yC − xD + xC − 1))/(2 ∗ (xN − 2 ∗ xE))).
We verify that line segments RB1 and V E1 are of equal length since we calculate
(xR − xB1)

2 + (yR − yB1)
2 − ((xV − xE1)

2 + (yV − yE1)
2)

= (((xD ∗xE−xD ∗xN +xE ∗xN −xE ∗yD+xN ∗yD)/(2∗xE−xN))− ((xE−xN +
xC ∗xE−xC ∗xN +xE ∗xN +xE ∗yC−xN ∗yC)/(2∗xE−xN)))

2+(((xD ∗xE−xD ∗
xN +xE ∗yD−xN ∗yD+xN ∗yE)/(2∗xE −xN))− ((xE −xN −xC ∗xE +xC ∗xN +
xE ∗yC−xN ∗yC+xN ∗yE)/(2∗xE−xN)))

2−((((xC ∗xE+xD ∗xE−xC ∗xN −xD ∗
xN+xE ∗xN−xE ∗yC+xE ∗yD+xN ∗yC−xN ∗yD)/(2∗xE−xN))−((xE−xN+xE ∗
xN)/(2∗xE−xN)))

2+(((xC ∗xE−xD ∗xE−xC ∗xN +xD ∗xN +xE ∗yC+xE ∗yD−
xN ∗yC−xN ∗yD+xN ∗yE)/(2∗xE−xN))−((xN −xE+xN ∗yE)/(2∗xE−xN)))

2)
= 0 as desired.
We next verify that lines RB1 and V E1 are orthogonal since we calculate
((yR − yB1)/(xR − xB1)) ∗ ((yV − yE1)/(xV − xE1))
= ((((xD ∗xE−xD ∗xN +xE ∗yD−xN ∗yD+xN ∗yE)/(2∗xE−xN))− ((xE−xN −
xC ∗xE +xC ∗xN +xE ∗ yC −xN ∗ yC +xN ∗ yE)/(2∗xE −xN)))/(((xD ∗xE −xD ∗
xN +xE ∗xN −xE ∗yD+xN ∗yD)/(2∗xE−xN))− ((xE−xN +xC ∗xE−xC ∗xN +
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xE ∗xN +xE ∗yC−xN ∗yC)/(2∗xE−xN))))∗((((xC ∗xE−xD ∗xE−xC ∗xN +xD ∗
xN+xE ∗yC+xE ∗yD−xN ∗yC−xN ∗yD+xN ∗yE)/(2∗xE−xN))−((xN−xE+xN ∗
yE)/(2∗xE −xN)))/(((xC ∗xE +xD ∗xE −xC ∗xN −xD ∗xN +xE ∗xN −xE ∗yC +
xE ∗yD+xN ∗yC −xN ∗yD)/(2∗xE−xN))− ((xE−xN +xE ∗xN)/(2∗xE−xN))))
= −1 as desired.

□

Figure 1. Lengths RB1 and V E1 are equal and lines RB1 and
V E1 are orthogonal.
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