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1. RESULTS

Theorem 1.1. Let A, B,C, and D be the vertices of a given quadrilateral.
Let E be some point in the plane.

Let points A, D, F, and G form a square with G adjacent to A.
Let points C, D, H, and I form a square with H adjacent to C'.
Let points B,C, J, and K form a square with J adjacent to B.

Let points A, B, L, and M form a square with L adjacent to A.
Let N be a point on line AE.

Let O be the point on line DE such that DO : EO = AN : EN.
Let P be the point on line EF such that FP : EP = AN : EN.
Let Q) be the point on line EG such that GQ : EQ = AN : EN.
Let lines AP, DQ, FN, and GO concur at point R.

Let S be the point on line CE such that C'S : ES = AN : EN.
Let T be the point on line EH such that HT : ET = AN : EN.
Let U be the point on line EI such that IU : EU = AN : EN.

Let lines CU, DT, HO, and IS concur at point V.

Let W be the point on line BE such that BW : EW = AN : EN.
Let Z be the point on line JE such that JZ : EZ = AN : EN.
Let Ay be the point on line EK such that KA, : EA; = AN : EN.
Let lines BA1,CZ,JS, and KW concur at point B;.

Let C7 be the point on line EL such that LC, : EC; = AN : EN.
Let Dy be the point on line EM such that M D, : ED, = AN : EN.
Let lines ADy, BCy, LW, and M N concur at point E.
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Let lines RB; and V E; concur at point Iy if the squares are external to the
quadrilateral.

Let lines RBy and V E; concur at point Gy if the squares are internal to the
quadrilateral.

Let Hy be the midpoint of R and B;.

Let I7 be the midpoint of V and E.

Then,

1. line segments RB, and V Ey are of equal length,

2. lines RBy and V' Ey are orthogonal, and

3. points Iy, Gy, Hy, and I are concyclic.

Proof. Without loss of generality, we will use Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates (¢, yc).
D has coordinates (zp,yp).
E has coordinates (zg, yg).

Case 1: All the squares are external. We prove only this case.

F has coordinates (xp — yp,zp + yp).

G has coordinates (—yp,zp).

H has coordinates (v¢ — yo + yp, Tc — Tp + Yo)-

I has coordinates (zp — yo + yp,xc — xp + Yp).

J has coordinates (yo + 1,1 — z¢).

K has coordinates (z¢ + yo,yo — ¢ + 1).

L has coordinates (0, —1).

M has coordinates (1, —1).

N has coordinates (zy, (xn * yg)/TE).

O has coordinates (((xg —xp) * on)/TE + Tp, (Tn *yp + (tp — xN) * Yp)/TE).
P has coordinates

((zn*(yp+rp—2p))/2E—Yyp+TD, (TN*YE+H(TE—2N)*Yp—Tp*TN+Tp*TE)/TE).
@ has coordinates ((zy * (yp +2g))/xg —yp, (TN *Yg —Tp* TN +Tp *xg)/TR).
R has coordinates

((xp*xxg—zp*xry+aTp*xxy —xp*xyYyp+TNn*yp)/(2%xxp —xN), (Tp*Tp — Tp *
LUN+JIE*yD—JJN*yD—i-.TN*yE)/(Q*l’E—LL’N)).

S has coordinates

(g —xc) xan)/zp + 20, (TN *yp + (T8 — TN) * yc)/TE).

T has coordinates

(yp + (x5 * (=yp +yc + 75 — x¢))/TE — Yo + ¢, (N * ye + (T — TN) * Yo +
(xp —xc)*an + (¢ —xp) *xE)/xE).

U has coordinates

(yp + (xn * (—yp + Yo +2E — 2p))/TE — Yo + Tp, (TN * yp + (Tp — TN) * Yp +
(l’D — $C> * TN + (LUC — xD) * xE)/xE)

V has coordinates ((z¢g*Tp+Xp*Tp — Xo* TN —Tp* TN + TEp* Ty — Tp* Yo +
Tp*xyYp +an*yc —axn*xyp)/(2xxp —xN), (X *Tp —Tp*Tp — To* TN + Tp *
IN+TE*Yo+TE*Yp — TN *Yo — TN *Yp + TN *Yp)/(2xTp — TN)).

W has coordinates (((xg — 1) xxn)/xg + 1, (xN * yp)/TE).

Z has coordinates (yo+(zn*(—yct+rp—1))/xg+1, (znyx(yp+rc—1))/xp—2c+1).
A has coordinates
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(yo+(zn*(—yo+zE—"20))/TE+2C, (TN *(YE — Yo+ 70 —1))/TE+Yc —TC +1).
Bj has coordinates
(xrp—xNy+xo*Tp—xo*TN+Tp*xTN+TEp*yc — N *yc)/(2*xp —xN), (TE —
IN —ZTo*Tp+To*Ty +Tp*xYoc — TN *Yo + TN *Yr)/(2xxp — xN)).

C has coordinates (zn, (xy * yp + 2y — Zg)/TE).

Dy has coordinates (((zg — 1) xay)/zp + 1, (zny *xyg + 2Ny — ) /TE).

FE; has coordinates

((ZL’E — TN+ T * JIN)/(Q *TEp — .TN), (ZEN — T+ TN * yE)/(2 *Tp — .TN))

Line RB; is given by the equation
y=—((en—2%xp)*(yp—yo+axp+rzc—1)xx+zn*(yp+yc—xp+rc+1)*yg—
(2xxn*yc—2%Tp*xyc —TpxTy+2%xy —2%xg)*yp —TrEpxry*Yyc+ ((xp+xo—
1) sxp—2%xc*xp)*ry+2xxoxxp*rg)/((xy —2%xp)*(yp+yc—xp+rc+1)).
Line V E; is given by the equation

y=((zn —2xzp)*x(yp+yc —ap+axc+1)xx —2xy*(yp — yo + xp + ¢ —
Dxyp+ ((rtp—2)xaxy +2xxg)xyp +xpxaxy*xyc — ((xp —xc — 1) xxp + 2 %
xo)xany+2xxc*xxp)/(txy —2x2p) * (yp —yo + xp + 2o — 1)).

F has coordinates

((xx —zp)*yc — (g —2)xxn — 2% xp) *y7 — (TN *YE — Tp*x Y2 —Tp* Ty *xyc —
To*xTN*Yo+IN*Yo+Tp*Tp*xYo+To*xTp*xYc —Tp*xYo+2*%To*xTp* TN — To *
Tp*TIN —3*To*TN+To*Tp*Tp+3*To*Tp)*Yp —Tp*x TN *ys+(xp—1)* (2%
rp*xrn—roxry+ro*re)*yc— (((xp—1)*+22)*xp—xo* (xp* (xp+xc—2)+
ro+1))xxy—zo*x(xpx(xp+rc—2)+xc+1)*zp)/((xny —2%2)* ((yp +2c)*+
(yo —2p)* (yo —xp+2)+1)), —(zn * ((yp +2c)* + (yo —2p +1)*) ¥ ys — (v5 —
) *yc*ys — (rny —xp)* (yox (yo —rp+ac+3)+ (v —2) *xp — 20 +2) *Yyp —
zox(tp+1)x(ay —zg)*xyc+xox(xp—1)*(xp —xc+ 1) *xxy —zo*(xp — 1) *
(zp—zc+1)xap)/((xn —2x2p)* ((yp +2c)? + (yo —p) * (yo —xp +2) +1))).
H, has coordinates

(—((xy —zg) *yp + (g —2an) *yc + 2*2p —axp —xc — 1) * 2y + (xp + Tc +
)*zp)/2xxy —4*xxp), —(en* 2%y —yp —yc —2p+xc—1)+xp* (yp +
yo+azp—zc+1))/2x (xy —2%x2xp))).

I, has coordinates

((zxy —zp)*yp+ (rp —an) *yc + (—2xzp+axp+axc+ 1) xany+ (—zrp — 20 —
Dsap)/2xaxy —4d*xxp),—(en*2*ys—yp —yoc+2xp —xc+ 1)+ x5 (yp +
Yo — Ip +Tc — 1))/(2 *x (JIN —2 *ZL’E)))

We verify that line segments RB; and V F; are of equal length since we calculate
(vr —2p,)° + (yr — y5,)* — ((xv —25,)* + (yv — yr,)?)

= (((xkp*xxp—xp*xy+axp*ey —xp*yp+arn*yp)/(2xrp—2an))— ((xg—2Nn+
TO*Tp—To* TN +Tp TN +Tpryc—rn*yc)/(2%rp —on)))? +((zp*2p—2p*
en+xpxyp —xn*yp+an*yp)/(2xxp—xN))— ((xg—oNn —xo*TEp+a0* TN+
rp*xyc—rn*yo+rn*yp)/(2xrp—xN))) = (((ze*Tp+ap*Tp —To*x TN —Tp*
IN+ITp*TN—Tp*Yyc+Tep*yp+arn*yc—an*yp)/(2xrp—xN))— (tp—axy+ap*
on)/2xxp—1aN)))?+((To*Tp—Tp*Tp —To* TN +Tp* TN +Tp* Yo +TEp*Yp —
an*yc —TN*Yp+an*yp)/(2xrp—an)) — ((ey —zp+2N*Yp)/ (252 —2N)))?)
= 0 as desired.

We next verify that lines RB; and V E; are orthogonal since we calculate

((yr —yB)/(zr — zp,)) * ((yv — yr)/(zv — 7E,))

= ((((xp*xp—zp*xxNn+2p*xyp —TN*yYp+rn*yp)/(2*xrp—2N))— (tp— 2N —
To*Tp+ro* N+ Tp*yc—rn*yoc+an*yr)/(2xxg—an)))/(((xp*xp —xp*
eytapxry—xpxyp+an*yp)/(2*xrp—2xy))— ((tp—xNy+xo*TEp —To* TN+
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rpxryt+axpxyc—rn*yc)/(2xxp—1an))))x((zexxp—xp*xxp—2xo* TN +Tp*
TN+ Tp*Yc+rp*yp —TN*Yyc—rn*Yp+TN*Yp)/(2*xp—aN)) —((ty —2p+aN*
ye)/(2xxg—an)))/((zc*xp+2p*Tp —To* TN —Tp* TN +Tp* TNy —TEp* Yo +
Tp*Yyp+rn*yc—rn*yp)/(2xxg—aN))— ((tp—any+axp*an)/(2%xxg—12N))))
= —1 as desired.

O

FIGURE 1. Lengths RB; and V E; are equal and lines RB; and
V E; are orthogonal.
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