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1. INTRODUCTION

Pick a midpoint between two of the vertices of a given triangle. The line which
passes through that midpoint and which bisects the perimeter of the triangle is
known as a cleaver. Here, we will provide a short way to construct a cleaver.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle, where BC' <
AC.

Let F be the point on line BC', where ZACF = n— ZACB, such that CF = AC.
Let G be the point on line AC, where /BCG = m— /ZACB, such that CG = BC.
Let H be the midpoint of A and B.

Let I be the midpoint of I and G.

Let lines HI and AC' intersect at J.

Then the line segment HJ is a cleaver of ABC.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo) where z¢ > 1/2.

F' has coordinates.

(we + (28 +y8)"? * (1o = 1) /(7 = 1)® + 52)"2, (e * (zc + (0% + y¢)'/? »
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(ze = 1))/((xe = 1) +y2)"? = 1))/ (zc = 1)).

G has coordinates.

((ze * (22 + y2)' 2+ ((zc — 1) + y2)'? + 22 + y2)) /(a2 + y2), (xe * (a2 +
o)+ ((we = 1) +y2)"? + 2t + y2)) /(a2 + y2)) * (ye/xc))-

H has coordinates (1/2,0).

I has coordinates ((z¢ + ((z2 + y2)Y? x (zc — 1))/ ((zc — 1)® + y2)Y? + (v¢ *
(@8 +y&)" %+ ((ze = 1)* +98)'° + 2t +y2))/ (22 + ¥2)) /2, (ye * (we + (27 +
ye)' 2 (ro = 1)) /((we —1)* +92)' 2 = 1))/ (xc — 1) + (v * (a2 +yg) /= ((wo —

1?4 g2)12 + 2+ 42))/ (5 + 42) * (ve/c)) /2).
Line HI is given by the equation
y= (22— 1) (22 +92) "2 # (e — 1)? +32)12 — e # (20 — 1) +92))/ (e *
(4% xc —2)).
J has coordinates
(30 % (a3 +y2) V2 # (w0 — 12+ y2) 2 +ad+42))/ (22t +2492), ((zc * (a3 +
YR)V2 x (e — 1)+ y2) /2 + a2 + y2))/(2 % o + 2% 43)) * (yo/30)).
We calculate that
BC+CJ—AJ=/(vc— 12+ 2+ /(25— 2c)? + (y7 — yc)? \/xj—i—yJ
= ((xe = 1)* +y2) * + (((we * (22 +y&) " * (20 = 1) +y2) > + 2z +y2)) /(2
ve+2xy8) —we) + (v * (0 +52) ' = ((re = 1)* +52) ' + 28 +42)) /(2
10 +2xy2)) * (yo/re) —ye)* ) = (((ve * (03 +y2) ' * ((we —1)° + y2)?
xg + y%))/(2 w1+ 2% y2))? + (v * (0 +y2)"? * ((ro — 1)* +y2)'* + 22
&)/ (2% ag + 2 x y2)) * (yo/xc))?)?

(/22 +y2)+(\/ (mc—1)2+y2) —22 —y2 |+(/25+y2 )+ (\/ (wo—1) 242 ) —2 — yc

2¢/2% 42

Since z¢ > 1/2, we have that AC > BC' <= 0> /(z¢c — 1)2+ y2 — /2% + 2

= 0> (Vag +y2) * (V (e =12 +92) — (Vag +y2)?

= (ot +yg) * (V(we = 1)* +y2) — a2 — y¢

which means that

(/@ +y2)x(/ (e =12 +y2) —ad —yd |+ (el +v2)x(/(wo—1)2+yd) —ad—vd 0
2\/28+12 B

so the line segment H.J is indeed a cleaver.
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FIGURE1l. BC+CJ=AJ.
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