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1. INTRODUCTION

Join two similar rectangles at a vertex with similar orientation. We prove here
that the centers of those two rectangles and the circumcenters of the triangles
formed by their adjacent vertices from the joint are concyclic.

2. RESULTS

Theorem 2.1. Let A,C, F, and G form a rectangle with A opposite G.

Let B,C,H, and I form a rectangle with B opposite H and such that BC : BI =
AC : AF.

Let J be the circumcenter of A, B, and C.

Let K be the circumcenter of A,C, F, and G.

Let L be the circumcenter of C, G, and H.

Let M be the circumcenter of B,C, H, and I.

Then J, K, L, and M are concyclic.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

F has coordinates (2, —(zc * xp)/yc).

G has coordinates (x¢ + xp, yo — (o * TF) /Yo).

H has coordinates (z¢ — zp,yc — (1 — z¢) x xp) /yc).

I has coordinates (1 — zp, —((1 — z¢) * xr) /yc)-

J has coordinates (1/2, (y3 + (z¢ — 1) xz¢) /(2 * yc)).

K has coordinates ((x¢ + xr)/2, (yo — (xc * ) /yc)/2).

L has coordinates

(—((xe—1)*zox (2xxc—1)*28)/(2%y2) — (2% 20— 1) *2p — 2% 20) /2, —(TF —
Dxye— ((2x2% —2xxc+ 1) x2r) /(2% yc)).

M has coordinates ((z¢ —xp +1)/2, (yo — (1 — z¢) x xp) /yc)/2).

Now, consider the circle whose equation is given by

(24 ((xo—1)xxc*(2xxc—1)*2p) /(4% YE) + (2% 20— 1) * 2P — 2% 20— 1) /4)2 + (y+
((2xzp—3)*y2+ (2%2% —2xx0+1)*2p — (20 —1)*20) /(4% yc))* — ((1/2+ (0 —
Dsxox(2xzc—1)*xr)/(4xyd)+((2xxc—1)x2p—2%xx0—1)/4)*+ ((vE + (xc— 1) *
zc)/(2%yc)+((2%xp—3) xy2 + (2% 22 —2%x0+1)*xp— (T —1)*20) [ (4xyc))?) = 0.
We verify that J, K, L, and M lie on this circle since we calculate that

(1/24 ((zc — 1) xxc* 2xxc — 1) *zp)/(dxyd) + (2xxc — 1) *2p — 2% 20 —
D)/4)2+ (Y2 + (xoc — 1) *x20) /(2% ye) + (2% xp — 3) * Y2 + (2% 22 — 2% 20+ 1) *
rp—(ro— 1) *z0)/(4*yc))? — (1/2+ ((xc — 1) xzox 2% 20 — 1) x2p) /(4 *
o) + (2% xe — Vxap —2xx0 — 1)/4) + (48 + (ro — 1) x2c)/ (2 x yo) + (2
rp—3) kYt + (2% 2 —2x a0+ 1) xap — (v — 1) x20) /(4 * yo))?) = 0,
(zo+xr)/2+ ((xe — V) *xe* (2xx0— 1) *xzp)/(dxy2) + (2% 20 — 1) *xF — 2%
zo—1)/4)* + ((yo — (o xxp)/yc) /2 + (2 xxp — 3) x Y + (2% 28 — 2% 30 + 1) *
rr— (vo— 1) *2c)/(4dxyc))? — (1/2+ ((x¢ — 1) x 2o x 2% wc — 1) *2p) /(4 *
1) + (2% 0 — 1) £p — 25 30 — /4P + (5 + (w0 — 1) * 20)/(2 5 30) + (2
Trp—3)xyl + (2x 2% —2xxc+ 1) xxp — (¢ — 1) x20) /(4 * yc))?) =0,
(—((zc — 1) *zc*x 2%xc— 1) xar)/2xyd) — (2% 20 — 1) *xp — 2% 20)/2 +
(zec— 1) *xzc*(2xxc— 1) xzp)/(dxyd)+ (2*xxc— 1) *xp — 2% 20— 1)/4)* +
(—(@zr =D xyc — (22t —2xzc+ 1) xap) /(2% yo) + (2% zF — 3) * Y2 + (2%
24 —2xxc+ 1) xxp — (vo— 1) x20)/(4*yc))? — ((1/2+ (¢ — 1) *zo * (2% 20 —
Dxxp)/(dxyd)+ (2xzc— 1) xzp—2%xxc—1)/4)* + (v2 + (zc — 1) x20) /(2 %
yo)+((2%xp —3)xy2 + (2522 —2xxc+ 1) *xp — (zc — 1) x20) /(45 yc))?) = 0,
and

(zec —xrp+1)/24 ((x¢ = V) *zc*x 2520 — 1) xap)/(4*y2) + (2% xc — 1) *
rp—2xxc—1)/4)2+ ((yo — (L —z0) xxr) /yc) /2 + (2% 2p — 3) x Y2 + (2% 22 —
2xxc+ 1) *xxp — (vo— 1) xxc)/(d*yc))? — (1/2 4+ (xoc — 1) x 2o * (2% 10 —
Dsxp)/(4*xyd)+ (2%xc— 1) xxp — 2% 20— 1)/4)* + (V2 + (xo — 1) x20) /(2 %
yo)+ ((2xxp —3) xy2 + (2% 22 —2%xxc+ 1) *xp — (xo — 1) x20) /(4% yc))?) =0
as desired. g
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FIGURE 1. Illustration.
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