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1. INTRODUCTION

In [1], we demonstrated that the circumcevian triangle and antiorthocevian tri-
angle are in perspective, where we’ve defined the antiorthocevian triangle as as
anticevian triangle whose lines are each orthogonal to the respective cevians. Here,
we will demonstrate that the antiorthocevian triangle is in perspective with an-
other certain triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane, not on the triangle sides.

Let « be the line passing through A which is orthogonal to line AD.
Let 3 be the line passing through B which is orthogonal to line BD.
Let v be the line passing through C' which is orthonal to line C'D.
Let a and [ intersect at E.

Let a and ~y intersect at F'.

Let 8 and vy intersect at G.

Let § be the circle centered at A which passes through D.

Let € be the circle centered at B which passes through D.

Let C be the circle centered at C' which passes through D.

Let 0 and € intersect at H.

Let 0 and C intersect at 1.
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Let € and C intersect at J.

Let K be the midpoint of D and H.

Let L be the midpoint of D and 1.

Let M be the midpoint of D and J.

Let circle KLM intersect line AB at N.

Let circle K LM intersect line AC' at O.

Let circle K LM intersect line BC' at P.
Then lines EN, FO, and GP are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).
D has coordinates (a:D, yD)

E has coordinates (1 — zp, (xp * (xp — 1)) /yp).

F has coordinates (—(yp * (yo * (yp — yco) + xc * (xp — x¢)))/(xc * yp — xp *
ye), (@p * (yc * (yp — yo) + xc * (xp — xc)))/(Tc * yp — Tp * yc)).

G has coordinates (—(yp * (yc * (yp — yo) + (v¢ — 1) xxp — 2% + 1) + (zp — 1) *
ye)/((xe = 1) *yp — (xzp = 1) *yc), (xp — 1) * (yc * (yp —yc) + (xc — 1) * (xp —
zc)))/((xc —1) *yp — (zp — 1) * yc))‘

§ is given by the equation x? + y* — ZL‘D —y% =0.

€ is given by the equation (x — 1)* +y* — (zp — 1)? — y% =

¢ is given by the equation (z — z¢)* + (y — yo)? — (xp — x¢)* — (yp — yo)? = 0.
H has coordinates (zp, —yp).

I has coordinates

(zp a2 +2*xyp *xc xyc — xp xy&) /(2% + y2), (—yp * & + 2% xp * o * Yo +
yp * y&) /(@8 + y2))-

J has coordinates

((yo* 2% (v — 1) *yp — (xp —2) *yc) + (zc — 1) * 2p) /(& + (2 — 1)?), ((yo —
ve+1) % (o + 20 — 1) xyp + 2% (50 — 1) * (25 — 1) 5 4o) (g + (0 — 1),
K has coordinates (zp,0).

L has coordinates

((zp + (wp* 2E + 2% yp * e *yo — vp *y2) /(¢ + y&)) /2, (yp + (—yp * 2% + 2%
xp *Tc * Yo +yp *y¢)/ (xE + ¥2))/2).

M has coordinates
((wp+(yox(2«(xc—1)*yp—(vp—2)*yc) +(xc—1)**2p) /(Y& +(vc—1)%)) /2
((yo —zc+1)*(yo+xo—1)*yp+2x(vc—1)* (xp— 1) *yc) /(e +(zc — 1)
Circle KL M is given by the equation

(x—((zp—zo+ 1) *xycxys — (Y& +2% (x¢ — 1) *xc*xp)*yp+ (xp— 1) *xp* (xp+
zo)*yo) /(2% (yoryh — (Y& +(ze—1) xxc)*yp+(rp—1)*xp*yc)))* +(y— (yo* (yp *
(yp*(yp—vyc)+ah—2%xc*xp+ac)+(xp—1)*xp*yc)) /(2% (yp* (yo* (yp—yc) —
(zc—1)*xc)+(xp—1)*xp*yc)))*— ((xp—((xp—xc+1)*yo*xys — (Y& +2% (zc—
Dxxo*xp)xyp+(xp—1)*xp*(zp+xc)*yc)/(2* (yoxyh — (Y2 + (xc—1) xxc) *
yp+(@p—1)*xp*yc)))*+((yox(yp* (yp* (yp —yc) +oh —2%rc*xp+0)+(TD —
Dxzp*yc))/ (2 (yp*(yo* (yp —yc) — (xc — 1) *xc) +(vp — 1) xxp *yc)))?) = 0.
N has coordinates

(=(((wc = 1) *yp — (zp — 1) *yc) * (yc * yp + xc * xp))/(Yp * (Yo * (Yyp — yc) —
(xc —1)*xxc)+ (xp — 1) *xp *xyc),0).

O has coordinates

(—(zo*xp* ((x¢ — 1) *yp — (wp — 1) *ye)) /(o * (Yo * (yp — ye) — (vc — 1) *
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26) + (@ — 1) k2 % 510), —(p * 10 * (20 — 1)+ o — (20 — 1)+ yo))/ (o * (g
(yp —yc) — (xc — 1) xzc) + (xp — 1) * xp * yc)).

P has coordinates

((yo*xyp — (W& + (o = 1) xxc *2p) * yp + a0 * (¥p — 1) * xp * yo) /(Yo * yh —
(y& + (e — 1) *zc)*yp + (xp — 1) xzp *xyc), —((xp — 1) x yo * (xo * yp — Tp *
ye))/ (o * (Yo * (yp — yo) — (xc — 1) xxc) + (xp — 1) x xp x yc)).

Line E'N is given by the equation
y=((ezp—1Dxap*(x+ap—1))/(yp * (((xc = 1) *yp — (xp — 1) x yc) * (yc *
yp +zc*xp))/(yp * (yc * (yp —yc) — (o — 1) *xc) + (xzp — 1) *xp*yc) —xp +
1))+ ((zp — 1) *zp)/yp.

Line F'O is given by the equation

y = (((xp*yc* (xe — 1) *yp — (xp — 1) * yo))/(yp * (ye * (yp — yo) — (zc —
1) *xc) + (xp — 1) * 2p x yc) + (xp * (Yo * (yp — ye) + ¢ * (xp — 20)))/(TC *
yp —xp *xyc)) * (x + (yp * (Yo * (yp — yc) + xo * (xp — v¢)))/(xc * yp — xp *
yo)))/(xe *xp x ((zc — 1) *yp — (xp — 1) * ye))/(yp * (Yo * (yp — yc) — (e —
D) xz¢) + (vp — 1) * 2p * yo) — (yp * (Yo * (yp — yo) + zc * (vp — x¢)))/(vo *
Yp —zp *Yc)) + (¥p * (Yo * (yp — yc) + o * (xp — 2¢)))/(xc * yp — Tp * yo).
Line GP is given by the equation

y=((((xp = 1) *yc* (xc*yp —xp *yc))/(yp * (yo * (yp —yc) — (xc — 1) xxc) +
(zp—1)*xp*yc)+ ((xp—1)* (ye* (yp —yc) + (xc —1) x (xp —x0))) /((xc — 1) *
yp — (xp—1)xyc))* (x+ (yp * (Yo * (yp —yo) + (e — 1) *xp — 23+ 1)+ (xp — 1) *
ye)/((xe—1)*yp —(xp—1)*yc)))/(— (Yo *yh — (Y& + (vc — 1) *xo* D) ¥ Yyp +20*
(rp—1)*xp*yc)/(yoryh — (Yo +(xo—1)*xc) xyp+(rp—1)*xp*yc) — (Yp* (yo *
(yp—ye) +(xc—1)*xp—a+1)+(xp—1)*yc)/(zc—1)*yp — (xp — 1) *yc)) +
((xp—=1)*(yo* (yp —yc) + (xc — 1) * (xp —2c)))/((xc — 1) *yp — (xp — 1) * yc).
Consider the point ) whose coordinates are given by

(—((zc—1)xyp— (xp — 1) *yc) * (Y& xys — Y& x Y% + 2% Xo * Tp * Yo * Y3 — T2 * Yo *
Yh —TCKTp*RYS*YD —TH*Tp*Yp+T5*Tp*yYp+To*Th*yc —To*xThH*yc))/ (Y *
yh—yox(2xy2+(wo—1)xx0)*ys + (Yo + (2x2% — (2xxc+1) xxp+2% 0% —20) ¥ Y2+
xh—2%xd+a%)xyh —(xp—1)*xxp*yc* (Yo +2x(xc—1)*xc)*yp+ (xp—1)** 2% *
ye), (xp—1D)*xp*ryc*((xc—1)*yp—(xp—1)*yc)*(zo*yp—rp*yc))/ (Y& *yp —
yox(2xy2 4+ (xo—1)xxe)*ydh 4+ (yh+ (2xa% — (2xxo+1)*xp+ 2505 — 20 ) * Y2+ 38—
2k, +38)xyp— (Tp—1)*xxp*ycx(ye +2+(v0 —1)*xc) *yp+(rp—1)*xah xyz)).
We verify that @) lies on lines EN, F'O, and G P since we calculate that
(((@p*yc*((zc—1)xyp—(xp—1)*yc))/(yp*(yo*(yp —yc) — (xc—1)xzc)+(xp—
D)xxp*yc)+(xp*(yc*(Yp—yc)+xc*(xp—xc)))/(cxyp—zp*yc))* (—(((zc —
D)xyp—(zp—1)xyc)*(Y2*y? — Y2 * b+ 25T * T pRYCKY T — TE*YOKY 1 —TOXT p*YS*
Yp—TLATp*Yp+TE*Tp*Yp+To*xTH*yc—ToxrH*yc))/ (Yoxyh—yo*(2xyi+(xo—
D)xxe)*yh+(ye+ (2xxh — (2% xc+1)xxp+2x0% — 20 ) kyb+as —2xx+ 12 )y —
(xp—1)*xpryc*(yi+2x(xc—1)*xzc)*yp+(xp—1)* 2% *xy2 )+ (yp* (Yo (yp—yc )+
zox(vp—ac)))/(xexyp—rp*yc)))/(wc*xzp*((vc—1)*yp—(xp—1)*yc))/(yp*
(yo* (yp—yc) — (xc—1)*xc)+(xp—1)*xp*yc) — (Yp* (Yo x (yp —yc) +xc* (xp—
r¢)))/(xe*xyp—rp*yc))+(xp*(ye*(Yp—yo)+rc*(rp—rc))) /(Tc*xyp—rp*Yyc) —
((p—1)*xp*yc*((we—1)*yp—(vp —1)*yc)*(vc*yp —rp*yc))/ (Y& *yp — Yo *
(2xy2+ (zo—1)*x0)*yd+ (Yo + (2% 1% — (2x 20+ 1) % p+ 2522 — 10 ) * Y2+ T — 2%
i) xyh —(rp—1)*xp*yc* (v +2x(xc—1)*xc)*yp+(xp—1)*xx%*yZ) = 0,
((@p*yc*((xc—1)*yp—(xp—1)*yc))/(Yp* (Yo *(yp—yc) — (rc—1)*xc)+(xp—
Dxxpxyc)+(xp*(yox(yp—yc)+xcx(xp—xc)))/(xc*yp —rp*yc)) * (—((xc—
D)xyp—(xp—1)xyc)* (Y2 +ys —y2xyh + 25X o*T p*Yc*YDH — TEKYCKYDH —TO*T p*YE*
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Yp—TEHT p¥YpHIEFT pRYpFToxThRYo—ro*rh*yo)) [ (Yexyp—yor (2xye+(ro—
Dxzo)*ys+ (yd+ (2x2% — (2xxc+ 1) xxp+2% 25 —10) % Y2+ 3¢ — 2% 23 + 1% ) x Y% —
(xp—1)xxpryc*(ya+2%(xc—1)*xc)*xyp+(xrp—1)**x2%xy2 )+ (yp* (yox (yp—yc )+
zo*(zp—2c)))/(xc*xyp—xp*yc)))/(xexxp*((xc—1)*yp—(xp—1)*yc))/(yp*
(yex(yp—yc)—(rc—1)xzc)+(xp—1)*xp*yc) — (Yp* (Yo * (Yp —yc) +xc* (xp—
z¢)))/(wexyp—rp*yc))+(xp*(yex(yp—ye)+xcx(xp—1rc))) /(To*xyp—Tp*yc) —
((xp—1)*xp*ycx((vc—1)*yp—(vp —1)*yc) *(vc*yp —wp*yc))/ (Y& *yp — Yo
(2xy2+(zo—1)*z0)*xyd+ (Yo + (2% 2% — (2xx0+ 1) * T p+ 2522 — 10 ) * Y2+ T — 2%
rd42%)xys —(rp—1)*xp*yc* (Y2 +2%(xc—1)*xc) xyp+(xp—1)**x 2% *y%) = 0,
and

((xp—=1)*ycx(zcxyp—rp*yc))/(Yp* (Yo * (Yp —yc) — (vc—1)*xc)+(xp—1) *
zp*yc)+((xp—1)*(yo* (yp —yc) + (xc—1)*(zp —zc¢)))/(xc — 1) *yp — (zp —
1) xyc))*(=(((we —1) *xyp — (wp — 1) *yc) * (y& *yh — Y& *yp +2* T *Tp*yo *yh —
TLHYo* YD — TR TP RY2 % Yp — TG *Tp*Yp +THRTp*Yp + T *Th* Yo — T * T3 *
yo))/ Wi yp —yo* (2xyt +(xc — 1) xxc) *yp + (yo + (2% 2] — (2420 +1) *2p +
2512 —xo)xyt+ah —2xxd + 12 ) *yh —(xp—1)xxp*ycx (Y2 +2% (vc— 1) *xc) *
yp+(xp—1)**xh*yg) + (yp * (yo * (yp —ye) + (v — 1) xxp — a3+ 1)+ (xp —1) %
yo)/((xe—=1)*yp—(xp—1)*yc)))/(—(We*yh — (Y& +(xc—1)*x0*2p) ¥ Yyp +T0*
(xp—1)xxp*yc)/(yoxyh— (Y& +(xc—1)xxc)*yp+(xp—1)*Tp*Yyc) — (Yp* (Yo *
(yp—yc)+(xzc—1)*xp—ag+1)+(xp—1)*yc)/(vc—1) xyp — (xp — 1) *yc)) +
((xp—1)*(ye* (yp —yc) +(xc—1) x(zp —zc))) /(e — 1) *yp — (xp — 1) *yc) —
(zp—1)xzp*yc*((xc—1)*yp—(xp—1)*yc)*(xc*xyp —xp*yc))/ (Y& *yh —yo *
(2xy2+(zo—1)*z0)*xyd+ (Yo + (2% 2% — (2xx0+1) %2 p+ 2522 — 10 ) ¥ Y2+ T — 2%
rh4ai)xyh—(xp—1)*rpxyc* (Yo +2%(xc—1)*xc)xyp+(xp—1)**xxh xy2) = 0
as desired. O

FIGURE 1. Illustration.
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