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1. INTRODUCTION

We demonstrate the existence of a certain circle in reference to a triangle. Specif-
ically, If we let two points on each side of a triangle have similar ratios of distance
to the vertices, then the perpendiculars through those points meet at six concyclic
points whose circumcenter is the circumcenter of the original triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let G be a point on line AB.

Let H be the point on line AB such that BH : AH = AG : BG.

Let I be the point on line AC such that Al : CI = AG : BG.

Let J be the point on line AC' such that C'J : AJ = AG : BG.

Let K be the point on line BC such that BK : CK = AG : BG.

Let L be the point on line BC' such that CL : BL = AG : BG.

Let the perpendicular through I intersect the perpendicular through K at M.
Let the perpendicular through G intersect the perpendicular through I at N.

Let the perpendicular through G intersect the perpendicular through L at O.
Let the perpendicular through J intersect the perpendicular through L at P.

Let the perpendicular through H intersect the perpendicular through J at Q).
Let the perpendicular through H intersect the perpendicular through K at R.
Then,
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1. MP, NQ, and OR have the circumcenter of ABC' as their midpoint, and
2. M,N,O,P,Q, and R are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

G has coordinates (z¢, 0).

H has coordinates (1 — z¢, 0).

I has coordinates (z¢ * g, Ta¢ * Yo ).

J has coordinates (z¢ * (1 — zg),yc * (1 — zg)).

K has coordinates (z¢g * (xc — 1) + 1, z¢ * yo).

L has coordinates (x¢c + z¢ * (1 — 2¢), yo * (1 — zg)).

M has coordinates (2xrcxxg—rc—rc+1, (To*xyz+(rc—2%)*re+1i—20) /Y0).
N has coordinates (zg, (zg * (V& + (¢ — 1) x 2¢)) /yc)-

O has coordinates (zg, (1 —2z¢) * (x¢ — (1 —z¢) *x6 — 2¢)) /yc + (1 — x5) *yo).
P has coordinates

(xc +20 — 2% 20 * 20, —(To * g — T2 * Xg + Ta * Y& — vE) /yc).

@ has coordinates (1 — zg, —((zg — 1) * (y& + (zc — 1) * 2¢)) /yc).

R has coordinates (1 — zg, (vg * (v& + (zc — 1) x 2¢)) /yc).

S, the circumcenter of ABC', has coordinates (1/2, (y2 + (zc — 1) xz¢) /(2 * yc)).
We verify that S is the midpoint of M and P since we calculate

(1/2)x 2xzoxrg—2g—2c+1+xc+26—2%20%20) —1/2=0

and

(1/2) * ((xg * y2 + (xc — 22) x 26 + 2% — x0) [yc — (o x 26 — T2 x o + xo * Yo —
v2)/5) — (4. + (2 — 1) + 20)/(2  yc) = 0.

We verify that S is the midpoint of N and () since we calculate

(1/2) % (zg + 1 — 2g) — 1/2 =0

and

(1/2) # (6 * (52 + (20 — 1) * 20)) o — (w6 — 1) % (83 + (20 — 1) 20)) /yc) —
(Y& + (zc — 1) * z¢)/(2* yc) = 0.

We verify that S is the midpoint of O and R since we calculate

(1/2) * (.rg—l—l —mg) — 1/2 =0

and

(1/2) % (1 — z¢) * (vg — (1 — 2¢) * x6 — 20)) /yc + (1 — xg) * yo + (va * (v +
(zc — 1) xzc))/ye) — (Y& + (xc — 1) *2¢) /(2% yo) = 0.

Now consider the circle whose equation is given by

(2= 1/2 + (y — (g + (w0 — 1) * 20)/2 * yo))? — (56 — 1/2)° + ((we * (58 +
(zc — 1) *2c))/ye — (Y& + (zc — 1) x20) /(2% yc))?) = 0.

We verify that M, N, O, P, (), and R lie on this circle since we calculate
Z*xc*xg—xg—xc—i—l — 1/2) + ((zg* Y2 + (xc — 22) * 20 + 14 — 20) /yc —

+(zo—1) *2c)/(2xyc))* — (26 — 1/2)* + ((ze * (Y& + (o — 1) * 2¢)) /yc —
+ (¢ — 1) x2c) /(2% yc))?) =0,

(
(¢
(¢
( +(
((we—1/2)"+(
( +(
(
(
(
(

xG—l/Q) (za * (yg + (z 0—1)*%))/%—(y?;Jr(xc—l)*JJC)/(?*yc) -
(za* (Yo + (xo—1)*zc)) /yo — (W& + (e — 1) xx0) [ (2%yc))?) = 0,
rg—1/2)% + (((1—1’0) * (g — (1 —z¢) * 20 —2¢))/yc + (1 —z26) * yo — (

ye +
ro—1)xx0)/(2xyc))’ — (v —1/2)* + ((xa * (y& + (vc — 1) xx¢)) /ye — (Y& +
ze —1)*xxc)/(2xyc))?) =0,
To+rg—2*%x0%x6—1/2)* + (— (20 *x 16 — T2 * 20+ 20 * YE — y2) [yc — (Y& +
zo—1)*20)/(2*xyc))® — (e — 1/2)* + ((va * (Y& + (vc — 1) * 2¢)) /ye — (Y& +



BENJAMIN LEE WARREN 386

(e — 1) *zc)/(2* yc))?) = 0,

(I=2a—1/2)*+(=((xa—1)*(y¢+(rc—1)*xc)) /yo— (Y& +(re—1)xxc) /(2%yc))* —
(@dG— 1/2)* 4+ ((za* (y& + (e — 1) *20)) Jye — (Yo + (e — 1) *xc) /(2% yc))?) = 0,
(I—2¢—1/2* +((ze* (v& +(xo — 1) x20)) [yo — (Y& + (vc — 1) x20) /(2% yc))? —
((xccl; - 1/(12)2 + ((wa* (Y& + (zo — 1) xxc)) /ye — (Y& + (xc — 1) x20) /(2% yc))?) :IZI

FIGURE 1. Ilustration.
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