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1. INTRODUCTION

We prove that the tangential triangle of the circumcevian triangle is in perspective
with the original triangle and that the perspector lies on the line referred to in

1.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane.

Let « be the tangent line (to the circumcircle of ABC') through A.
Let 3 be the tangent line through B.

Let ~ be the tangent line through C.

Let a and [ intersect at E.

Let « and ~y intersect at F'.

Let B and ~ intersect at G.

Let line C'D intersect the circumcircle of ABC' at point H.

Let lines AB and C'D intersect at I.

Let line BD intersect the circumcircle of ABC' at point J.

Let lines AC and BD intersect at K.

Let lines AD and BC intersect at point L.

Let line AD intersect the circumcircle of ABC at M.

Let lines EH, F'J, and GM intersect at N.
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Let lines EI, FK, and GL intersect atO.

Let 0 be the tangent line through H.

Let € be the tangent line through J.

Let ¢ be the tangent line through M.

Let 6 and € intersect at P.

Let € and ( intersect at Q.

Let § and ( intersect at R.

Then,

1. Lines AP, BR, and CQ intersect at S, and
2. S lies on line DNO.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
D has coordinates (zp,yp).

E has coordinates (3, ——2:02 v +29c)

_JCC‘H‘/C Yo )
2(:2 —1) ° 2(zc—1)
a:c—i-xc—i-yc Yo )

2z ' 2z

R l\?lH

F has coordinates (=5

G has coordinates (=<5 —¢

H has coordinates (((xcyp —xpyc)(ye(yp —yo) + (e — 1) (xp —x¢))) / (yo ((yp —
yo)? + (xp —z¢)?)), (e —1)yp — (xp — L)ye)(xeyp — xpye))/ (e ((yp — yo)* +
(rp — 20)?)))-

I has coordinates (*<¥2="24<,0).

J has coordinates ((yp(yco(yp + (vp — Dye) + (v¢ — Dze(rp — 1))/ (ye(yp +
(zp —1)%), (yp((We + (xe — Vxe)yp — (xp — Dye))/(ye(yp + (wp — 1)%))).

K has coordinates ( Zcyp ’ Ycyp .
. nyD;IDyC'H/C TcYp—xpyc+yc
L has coordinates (— DYyc Ycyp

zcyp+zpyc+yp’ —xcyp+trpyc+yp’’

M has coordinates ((zp((y¢ + (zc — )zc)yp +2pye))/(ye(yh +2B)), (yp (Ve +
(xzc — Dze)yp + xpyce))/(ye (v + 3)))-
N has coordintes
(e (e +(xe—1)*) (e +rc(re+1))(ye+a2)vp (vh+oh) — (ye+(re—1)zo) (Y& +
zo(ze +1)yp((Ye + (vc — Vxe)yp + zpye)(yp + (xp — 1)) + 2pye (vé + (vo —
Dze)((ye + (o — ze)yp + xpye) (yh + (xp — 1)%) +2(zc — 1) (48 + zo(re +
D)yp((we + (xe — Dxe)yp +zpye) e (yp + (xp — Lye) + (v — Dze(zp — 1)) —
2zcxpycyp (Y& + (xe — )xe)yp +zpye) (Yo (yp + (xp — L)ye) + (xc — 1)zo(zp —
1)) = 2(z¢ — D)xpycyp((ye + (xo — Dxe)yp +xpye) (Yo (yp + (xp — Dye) + (=
Dxc(zp—1))—2zcxp(ye+(xe—1)zc)yp (Yo +(zc—1)zc)yp — (2p—1)yc) (¥
(ro—1)ze)yp+apye))/ (Yo ((yp+ah) (o (Yo (ve+a+ao)+yo(yi+ot—re))(y
(zp—1)*)=2(xc—1)ycyp (ye(yp+(xp—1)yc)+(zc—1)zc(p—1))+2(xc—1)(y
g +ze)yp((We+ (xe—1)ze)yp — (xp —L)ye)) —2zc (ye+ 18 —xc)yp((ye + (x
Dae)yp+rpye) (yp+(xp—1)*) —2xcxpye((ye+(xc—1)zc)yp+apye) (yp+(rp—
1)?) +4(zc — Dzeyp((ye + (e = V)xe)yp +2pye) (Yo (yp + (2o — 1)yc) +(ro —
Dac(zp—1)) —4(xe — D)zerpyp((ye + (ze — Dze)yp — (xp — Dye) (& Eﬂﬁc —
)

ShvQeQ
I

Q Qv

Dze)yp +2pye)), (e (e (e + (xe —1)°)(ye +22)vp (yh +23) + (& + oo +
D)yp((é + (vc—Dze)yp +xpye)(yp + (xp —1)?) —2pye (¥ + (v —1)ze)yp +
zpye)(yp+ (xp—1)?)) =2(zc — D)apyp((ye + (vc —1)ze)yp — (xp — ye) (Y& +
(zc —Vze)yp +2pyc)) — 2xcycyh (e + (v — D)ze)yp + xpye) (Yo (yp + (zp —
Dye)+(zc—zc(zp—1))+2(xc — 1) (ye +xc(ve+1))yp ((yé + (e — )ze)yp —
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(zp = Dye) (Y& + (xe — Dze)yp +xpye) — 2xc(ye + (2o — Dae)yh (v + (xc =
Dzc)yp — (zp — Dye)((yé + (zc — Dzc)yp + pyc)) /(e ((yh +25) (yo (y (v&

1t +xe) +yo(ye + 3 — 20))(yh + (wp — 1)%) — 2(xc — L)yeyp (yo(yp + (93D -
Dyc) + (zc — Dzc(zp — 1)) +2(xc — )(y¢ + 28 +2c)yp((ye + (xe — Dzc)yp —
(zp—1)yc)) —2zc(yg +2¢—zc)yp((ye+(xe —Dre)yp+rpye) (yp+(zp —1)*) —
2zcxpyc((yé + (xe — )ac)yp + xoyc)(yh + (xp — 1)) +4(ze — Droyp (v +
(rc — Dac)yp + xpyc)(ye(yp + (xp — Lyc) + (vc — Dac(zp — 1)) — 4(zc —
Daczpyp((y2 + (e — Dre)yp — (xp — Dye) (¥ + (zc — Dae)yp + zpyc)))-
O has coordinates

(v +zo(ze+1))((2z0 — Vyé +2(zc —1)*20)yh —yo (22 pye — yo + 4t wpye —
22292+ 2vtap —driap+2vcrp —xh+2i)yp + (xp — Dapys+ (vo — Dae(zp —
Dzpyz)/(2(((32% — 3z + 1)y + 3zt — 6z + 322)y% — yo((2zc — 1)(22p —
Dy¢ + 2(zc — Dze((2z¢ — 1)zp — xc))yp + (2p — Dapyt + (vc — Dre(zp —
Dapye)), (e (e —2(xe—Vzc)yh—ye (vt —22zc—Dap+ac(re+1))yp—(rp—
Dapyg))/(2(((32¢ —3wc + 1)yg +3w¢ — 628 4328y — yo (220 — 1) (22p — 1)y +
2(xc —xc((2xc —1)ap —20))yp + (xp — Vxpyd + (vc — Dzc(zp — 1)zpy2))).
Line DNO is given by the equation

y = (((ye((W¢ — 2(zc — Dac)yp — yo(ye — 2(2zc — ap + zc(ze +1)yp + (1 —
)2y (B — B+ 1) + Bk — 62 + 3y — yol (2 — 1)(2ep —
Dyé + 2(zc — Dao((2zc — Dzp — 20))yp + (xp — Vapyl + (v¢ — Vac(zp —
Dapy?)) = yp)(@ — xp)) /(42 + zc(xe + D) ((2re — Dyé + 2(ze — 1)*xc)yp —
yo(2xpyt — v + datxpyd — 22293 + 2xutap — datap + 2xcxp — xh + xd)yp +
(xp — Dapyt + (xc — Daclep — Dapyd)/(2(((3z4 — 3xc + 1)y + 3z — 623 +
322)yb — yo((2zc — 1)(22p — 1)y¢ +2(zc — Dac((2zc — 1)2p — 2¢))yp + (vp —
Dapyg + (xe — Dae(rp — 1)zpye)) — 2p) + yb.

0 is given by the equation

y = (((me*yp—zp*yc)*(yox(yp —yc)+(zc— 1) x(zp—2c)))/ (yox ((yp —yc)* +
(rp —2c)?)) = 1/2)* (v — (e *yp —xp *yc) * (Yo * (yp —ye) + (v — 1) * (xp —
zc)))/ (e * ((yp = ye)* + (xp — 2¢)*))))/((Ye: + (vc — 1) x xc) /(2% ye) — (((xc —
D)syp — (zp — 1) xyc) * (xc*yp —xp *xyc))/ (Yo * (Yyp —ye)* + (xp — 2¢)?))) +
((ze=1)*yp—(zp—1)*yc)* (xc*yp —2xp*yc))/ (Yo * ((yp —yc )+ (xp —2c)?)).
€ is given by the equation

y = (((yp * (yo * (yp + (zp — 1) x yo) + (z¢ — 1) *x ¢ * (xp — 1))/ (yo * (yp +
(rp —1)%)) = 1/2) % (x — (yp * (yo * (yp + (vp — 1) * ye) + (xc — 1) x 20 * (vp —
)/ (ye * (yp + (xp — 1)*)) /(e + (xc — 1) x2c) /(2 * ye) — (yp * ((¥& + (vc —
D)) 2 yp (2 1) % 5o (e (7 + (@0 — D2) + (v * (4 + (re — 1)
zc) *yp — (xp — 1) x ye))/(yo = (vh + (xp — 1)?)).

( is given by the equation

g = (20 (5 + (r — 1) +20) * 4 + 2+ 50N/ (o * (5 + 25)) — 1/2) (2 -
(@p * (& + (¢ — 1) xxc) * yp +2p *ye))/ (ye * (yp + 25))))/ (W& + (wc — 1) *
ve)/(2x ye) = (yp * (& + (zc — 1) * x¢) * yp + wp * yc))/(ye * (yb + 1)) +
(yp * (W2 + (wc — 1) x 2¢) * yp + p * yc)) /(Yo = (yh + 2D))-

P has coordinates

(— (=2t xyp+2* x5 1 p*yp — 12 *Th*Yc+TL*Tp*Yo — 2% TL*Tp*Yp — 2+ TE* Y2 *
YpTTEHYo*YH+TL* YD+ To*TH*Yc+2¥To*T p*Y2*YD —TC*T p*Yc+To*Yo*Yh —
Th*YS+TDRYE— 2R T XY HAYD —YeHFYDTYExYD) [ (2xyo* (v xxp — 2% —TCo*Th +
TO*TD—TO*YH+HTD*YE—YE+HYo*YD)), —(2%TE*YD — 2% T+ T p*Yo*Yp +TE* Yo *
Yp— 24 XL xY D+ 25X YEHRYH +TORYCHY DT *RYE— 25T pRYSFYp — T pRYE+HYEFYD—
yExyh)/(25ycx (22 *xp —ah —ro*ThH+To*Tp—ToXYH+TpRYE—YE+Yc*YD)))-
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() has coordinates

(2% xbxxp*yp —TE*yp —4* T *xp*Yp + 2% T8 *yp + 1% %1% * Yo +d* 15 % T p *
YE YD —TE*Tp*Yo + 24 XL ¥ TpkYp — 2% XL ¥ Y2 K YD T TE R Yo R YD — T *Yp — T *
Th*Yo —d* TR Tp*YE YD +TC R T *Yo +2¥ TORYGFYD — To* Yo * Yh T T * Y+
2T p*YLHYp — TpRYS+ 25T *YE*Yp — Yo+ Yp+Yeyp) [ (2rycx (e ] —at *
Tp+IEHYD — TR+ ORI —TeRYDHTL*YE — T RYE +YE YD +Yo < yp)), (2%
ThRyh — Akl xyh A%l 1YLk yh + Tk Yok yp + 25 xE Ry — Ak ToRYZ K YL — IOk
Ye*Yp = T *Yg +Tp *YE+ 2R YR YD T YS*Yp + g xyp) /(2% yo x (xf x ah — g *
Tp+TL*YL —To*TH +ToxTp —To*Yh+T5H*ys —Tp*xyba+ya*xyh+yc*yp))).
R has coordinates

(—(xl*yp — 2%} xxp*yp — 2% To * Yp + T2 x T * Yo + T2 * Tp * Yo + 4% 12 *
Tp*Yp +2x L * Yyl xyp — TL *x Yok yh + 1Lk yp — 3k To * TH R Yo — 2% Tk Tp *
Y& *Yp — Lo ¥ Tp*Yo — 2¥ To* Tp*Yp — 2% T ¥ YG * Yp +To kYo ¥ Yp + Th * Yo +
2% 1L xyo +xp*ys +ysxyp — Y xyB)/(2xyox (—xi xxp +xo*xah + oK Tp +
ToxYH — 5 —Tp*YE+Yo*xYp —y3)), —(—2% T * yhH + 2% 1L % Tp kYo * Yp — TE *
Yok Yp + 4% 1L xyh —Ax Tk Tp*R Yo *Yp — 2Xx TO R YS ¥ YH +To kYo ¥ Yp — 2% T *
Yb+Th*YE +2+Tp R YEkYp — Tp R Y+ 24 Tp ¥ Yo Yp — Yo *Yp + Y& *yp)/ (2%
Yo * (—r4 % Tp + Tox T + To* Tp +To R YH — TH — Tp kYs + Yo *Yp — yH))).
Line AP is given by the equation

y=((2xxc—1)*y2 +2xxd —2x22)xyh + (1 —2xxp) xyd + (—2 % x4 *
vp +at +xc) xyo) * yp + (@h — wp) * y&) * ) /(v + (2 + xe) * yo) * yp +
(—y&+ (2% xc —2)xxp — 2% %) *yi + (2%} — 2% 22) xxp — 2t + 2%) * yp +
(xp — ap) * yg + ((xe — x8) * 2], + (28 — xc) * 2p) * yc).

Line BR is given by the equation

y=(((2*zc—1)xy2 +2%xd —4dxal +2xxc)*yh —yc* ((2xxp — 1) *y2 +
2% (vc —1)*x2p — (vc — 1) *x¢) *yp — (xp — 1) *p *y2) * (v — 1)) /(yo * (y& +
(e —2) % (wc — 1)) *y% — (Y2 * (y2 — 2% zox (xp —2c + 1)+ 2) — (zc — 1)* *
zox (2xxp —xc))*yp — (xp — V) *xp*xyd — (vc — 1) *xzo* (xp — 1) * xp * yo).
Line C'Q is given by the equation

y=—((((2%2% —2%xc+1)*y2 + 2% —d*xxd 4+ 25 2%) xy% —yo * (Y2 — (o — 1) *
o) kyp —2x (xp—1)xxp*ylt — (2% 2% —2%xxc+1)* (xp — 1) *xxp*yd)xx — (y& +
22) % ((2xz0— 1) xy2 + 2% (xc —1)?x20) % yh +yc * (Yo +a2) * (2xxp — 1) * Y2 + 2%
(e —1)?*xp—(zoc—1)*xc)*yp+(xp—1)*xp*ys+ai*(xp—1)*xxp*y2) /(2%
ro—1)xyo* (Y2 + (xc—1)*xc)*yh — (2% xp*ys — Yo +4* 22 xxp* Yyl —d*xo*Tp*
YE+2%xp Ryl —2x1E kYl + 2% xl v p — A% x kT p+ 2% XL T p — TH+ 2% xE — %) *
yp+(2xxc—1)x(xzp—1)*xp*yd+ (rc—1)*xo* (2%x0—1)* (xp—1)*Tp *Yo).
Consider the point S whose coordinates are given by
(((((2xzo—1)*y2+2xxd, —dxa2 +2%x0 )%y D+ ((1—2%x p ) *y+((— 2% 2% +-dxw o —2)*
ep+ag—rc)*yc)*yp+(@p—ah)*y)* (Yot (@g+zc)*yc) xyh+(—yi+((2xzc—
2)kxp—2%xi ) kyd+ (252} —2xxi ) xxp—xbtad)xyp+(xp—ah ) xyd+ ((xo— k) *
2+ (12— 20 ) o)) (2 (B B+ 1yt (Bt — Gt + 3528y
yp+(((2—4xzc)xxp—ai+3xx0—2)*yd+((—4d*ad +6%2% —2xx0 ) kap—2xxd+6%
rd = 3%xt —x0)*ys —xl+3xxd —3xxb+ad) *ydh + (2% —xp+1) %y + ((4dxas — 4%
ro+1)xxd+(1—dxzl)xrp+ai+ao)*ys+((3*xxt —6xxd+ 3% 22 ) %1% + (=31l +
6xxg—3%x22)xxp)*xyc) xyh+ (2% —xp)xye+ ((2—4dxxo)*ah + (2522 +4xx0—1) *
15+ (=2x22 —1)xxp) xys+ ((—4xxd + 6% 0% — 2% 00 %15 + (vl + 4l — Trxd + 2%
ve)krh+(xg—ag)xwp) Yt ) xyp+(p—2xxh +ah ) xye+ ((2g —we) +ap +(2xr0 —
2522 ) x4+ (22 —20) %22 xyd)), ((2%x0—1)*y2+2% 28, — dx 22+ 2500 ) %y% —yo *
(2xxp—1)*y2+2%(zc—1)**xp—(vc—1)*xc)*yp— (xp—1)xxp*y2 ) * (2% x0—
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1) sy +2xxd,— 2522 ) xyh —yo*((2xxp—1)xyi+xox(xox(2%xp—1)—1))*yp+(zp—
Dxxp*y2)) /(2% (yor((3xxd —3%xc+1)*y2+3% (xc—1)2 %22 ) xyh — (d*xxo* T p*Y s —
25T p YL+ TERYE—3xxoxys 2%yt Axad xx pryd — 65 2L xx pRYZ 25 To* T pRYS+
251 kY2 — Ok k2 + 3% kY2 T okyi 1l —3xad4+-3krt — 1 ) *yh +yox (wh Ryt —
Tp*RYGHYeHARTE R Tt} Yt — Ak T ok T} yE T H*yE—dkrE ks prylAr pryd iy 4
ToxYZ+3xabkrh —6krd 203 + 35 %k 0h — 3% xE* T p+ 658 k1 p —3kTE*Tp )}y H+
(xp—1)*zp*yd* (Y2 (y& —2x((2xxc—1)*xp—2i)+1)— (w0 —1)xxo* (2% (2% 20—
Dsxp—xc*x(xc+1)))*xyp+(xp—1)* 2% xyd+ (rc— 1) *xo* (xp—1)x 2% % y2))).
We verify that S lies on lines AP, BR, and C(Q since we calculate

(((2xxo—1)xyd+25xd,— 2522 ) *y%+((1—2%2 p ) *yd +(—2%x2 T p+24+ 30 ) *yc) *
yp+ (x5 —xp)*xyd ) *((((2xxo—1)xyd+2% 2, —4xxt +2xxc ) xyh+ ((1—2%xp ) *yd+
((=2sx+dxzc—2)xxptag—zo)*xyc)syp+(@p—ap)xyd)* (Y& +(xg+ac) *yc)*
yh+(—yd+((2xxe—2)kwp—2%2%) *y2 + (2523, — 2% )k xp— b+ 22 ) *yp+(Trp—
o) sy +((wo—2%)xah+ (2% —x0)*xp)*yc)) /(2% ((3%x2Z —3*xo+1)*yd+ (3xxd —
623 +3xx2 ) xyc) xyh+(((2—4d*xc)xxp—1i+3% 10 —2) %yt + ((— 4%z + 6522 — 2%
To) kT p—2%TE+6x1d —3xat — 1w o) *yh — 1l +3xxd — 3kl 1l ) xyd + (2% —xp+1)*
y2+((4xxs —dxxo+1)xah+(1—4xxl ) sxp+ai+ao)*ys+((3xxt —6xxd + 3% 2L ) *
o5+ (=3xxh+6xxd, —3x2% ) *xp)*yc) *yH+ (25 —xp)*yS+((2—d*x0) %23 + (2%
v +dxxc—1)*xh+(—2%1% — 1) xxp ) *ys+((—4*xd +6 %22 — 2% w0 ) x 03 + (T +4*
1} —Txxl+2%x0)x2% + (2% —xd ) xxp ) *y2 ) *yp+(h —2xx% +22) )k y2 + (12 — 20 ) *
Tp+(2xwo—2xwg)xrp+ (e —r0)*wh) *ye)))) /(Yo +(xE +ae) vyo) xyh+(—yo+
(2%xo—2)*wp—2%22) kY + (2% xd —2x2% ) *xp — 1t +2%) *yp+ (xp — 25 * Y2 +
(zo—xL)*2h+ (22 —x0)*xp)*yc) — ((((2*%x0—1)*y2 42523, —dx a2+ 2% 20 ) *y% —
yox((2+xp—1)*xy2+2x(xc—1)*xxp—(vo—1)*x0)*yp—(xp—1)*x pryd ) *(( (2% 20—
1)xy2+2%xs, — 2522 ) x5 —yox((2xxp—1)*y2+xo*(rex (2% p—1)—1) ) xyp+(zp—
Dxxpxyd)) /(2% (yox ((3xaZ —3%xc+1) %yt +3% (vc—1) %22 ) xy}) — (dxz oz prys—
2% p*RYG+TLHRYL—3kToxy b+ 2%y L +Ax T 1 pryZ — 6k T L KT pRYZ 25T KT pRYZ A+
2k YS — Ok TS kY2 + 3% 1L kY2 + 1 oxyS+ 18— 3% +3xxh — 12 ) kYD +yox (wh*yd—
TpRYL YL +AkTERrh ) ys — Ak T ok TH R YL+ TH R YE— AT H T pRYE+ T pRYE+TERYE+
To*kYE+3xx bk rh —6xxEx 0% + 3% 1L 1% — 3k w kT p+0kTL kT p — 3% TE KT D)} YDH+
(zp—1)*xpryzx(y2x (Y2 —2x((2xxc—1)xxp—a2)+1)— (zo—1)*xo* (2% (2520 —1) *
rp—zox(xo+1)))xyp+(xp—1)*x2%*yd+(xo— 1) xxox(xp—1)%*xxh*yd))) = 0,
—(((2%2E —2xxo+1)*y2 4250 — dx i + 2522 ) xyh —yo* (ya — (xo—1)*x0) *yp —
2x(xp—1)*xp*yl— (2%2% —2%xxc+1)*(xp—1)xxp*yd)* ((((2%xc—1) xy2 + 2%
xd—4xxd+2xxc)xyh+ (1= 2%z p)*ye+ ((—2%xd +4*xc—2) % p+15 —20)*YC ) *
yp+(@p—ah)*ye)* (Y& + (@t +zo)xyc) *yh+(—yo+((2xxc —2)*xp — 2522 ) *y +
(2xxd —2%22)xxp—ab+ai)xyp+(xp—12)*yd+ ((xo—2) * 2+ (22 —20)*Tp ) *
yo))/(2x((3xx: —3xwc+1)xyd+ (3xxh — 6% 4+ 3% 23 ) xyc) *yph + (((2—4xwc) *
rp—ai+3xxc—2)xyt+ ((—4xrd +6x2% —2%x0)xxp — 2% xH+ 6%, — 3% 2% —10) *
Y& —al+3%ad —3xxl+ad )y + (2% —xp+1)*y2+ (4% xt —dxxo+1)xxh +(1—
dxzi)xxpt+ai+re)*yd+((3xxh —6xxd +3%xL ) x 1t +(—3x1h + 6528 —3xx%) *
zp)*yc)*yh+((2h—zp)*xyS+((2—dxzo)*xxh + (2% 2E +4xwo—1) %1%+ (—2% 0% —
D)xxp)xys+ ((—4xxd+6%23 —2xx0) % 2% + (v + 4% xd, — Txxl +2xx0) % 1h + (02 —
xl)*xp)*xy2)*yp+ (vh —2x 2% + 1% ) xyS + (2% —x0) *2h + (2% 00 — 2% 2L ) * 3 +
(a&—zc)*ah)*ye)) — (etat)* (2xze—1)*ye+2x(xc—1)*xz0) *yh+yc* (Y +
22)%((2xxp—1)xy2+2x(xc—1)**xp— (xo—1)*xc)*yp+(xp—1)x T p*ys+ 2 *
(xp—1)xxp*y2)/((2%xc—1)*yc* (Y2 +(rc—1)*x0) *y% — (2% T p* YL — Y&+ 4% TE *
TpxYE—A*To*Tp*RYE+2xTpxyd — 2% 1L Y2+ 2% xEx T p — Ak TL kT p+ 25 TE kT —
¢ +2xxd —aZ)xyp+ (2xxo—1)*(xp—1)*xp*ye+ (vc— 1) *xo* (2% 0 —1)* (Tp—
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Dxzp*xyc)— (((2%xc—1)*y2 4252, — ds a2 42520 ) xyh —yo* (25 xp — 1) *yd + 2%
(rc—1)?sxp—(xc—1)*x0)*yp—(xp—1)*xxpxy2)* (2% T — 1) * Y2+ 2523, — 2%
2vun2 B P T _ 2
x8)*yn—yox((2xxp—1)xyst+rex(zox(2xxp—1)—1))*xyp+(xp—1)*xp*ys)) /(2%
(yox((3*x2 —3xxo+1)*y2+3%(xc—1)*%22 ) xy], — (dxxo* T prys — 2% T p*Ys+ 15 %
Yo — 3K TR YL+ 2xys+A%a kxp Yyl — 6% XL kxR YZ+ 2k xR T RYE+ 2K TE R YE —
Ok kY2 +3xx2kyb+roryb+al —3xad+3x 1t — 1l ) vy +yox (vh*yt —rpryd+
Yo+ Axadxah xyd —dxwoxrhkyi+ahxyd —Adxrixrpryi+rpryd+riayd+rox
YE+3xwlxad — 6k krh 3%t x0%) — 3k T ik x p+6x18 %0 p— 3% 1 i * 1 p ) *YH+ (T p—
D)sxxp*yd* (Y2 (yh —2%((2xxc—1)xxp—22)+1)— (zo— 1) *zo* (2% (2% 20— 1) *
rp—zo*(xc+1)))xyp+(xp—1)* 2% xy2+ (vo— 1) *xox (xp—1)2 %% *yd)) = 0,
and

(((2%xe—1)*y2 4+ 2528 —dx a2 +2xx0) *yH —yox (2% xp — 1) xy2 + 2% (xc —1)% %
rp—(ze—1)xxc)xyp—(xp—1)xxpxy2 )« (((((2xxc—1)*yd + 252, —dxxl + 2%
o) xyh+((1—2%zp)xyd+((—2xa2+4xxc—2)*x p+at —xc)*yc)*yp+(xp—a3) ) *
ye)x((ye+ (a8 +ao) xyo) xyp + (—yo + (2% xc —2) xxp — 2527 )y + (2% 2, — 2
xzc)*xp—xé%—x%)*yp—k(xD—xzD)*yi«+((xc—:c%)*x%—l—(x?c—xc)*xl))*yc))/(Q*
(((S*x%—?)*xc—kl)*y%—l—(3*x‘é—6*x%+3*x2€)*yc)*y%—i-(((Q—él*xC)*xD xc+
3xxc—2)*ys+ ((—4*xd+6%1L —2%x0) %1 p— 2% +6% 28, — 3% 2% —x0) *YE — 8+
3xad—3xxb+ad) 2y + (25 —wp+ 1) xyd + (s —dxxc+1)xx% + (1 —4xx2) *
Tp+ri4ze)*ys+((3xxh —6xxp +3%x% )k xh +(—3x T +6xx, —3%x% )% p)*Yc ) *
yh+ (2% —2p)*y+((2—4d*xo)xxh + (2% xd +4xxe — 1) *a%, + (—2%xi — 1) *xp)*
Yo+ ((—4xxd+6x3E —2%x0) %+ (vf + 45l — Txal +2xx0) xah + (22—t ) xxp) *
y&)xyp+(xh — 2%+ 18 *yd + (22 —xo) *xah+ (2% xe —2x 28 ) x 2% + (22— x0) *
)~ D) (ot (5t (20— 20— 1))y — (s (s~ 2t (0 -+1) +
2)—(xc—1)*szcx(2xxp—2x0))*yp—(xp—1)xxp*yd — (vc—1)*xxc* (xp—1)* T p*
yo)— ((((2xxo—1)*yd +2xxd —4x a2+ 2xxc) *y% —yo* (2% xp — 1) *y& + 2% (vo —
1)2xxp—(zc—1)*xc)*xyp—(xp—1)*xp*yd)* (2% x0c— 1) % y2 + 2% xd, — 2% 12 ) *
yh—yox((2xxp—1)xyd+xo*(xo*x(2xxp—1)—1))*yp+(zp—1)*xxp*y2)) /(2% (yc*
((3%x% —3%xc+1)xy2 +3x(xc—1)* 5zl ) *y], — (dxxo*Tp*Ys — 24T p*YL+ T2 %Y s —
SxTo*YS+2xYb+ A% T x T p kYL —Ox XLk T DR YL+ 2% To* T pRYE+2x TR YL —Ox TP
YE+3xri Yt roxyt+al — 3%l +3xxh —ad) *yd +yox (h*ys —Tp Yyt ys+
4x otk YE — Ak xR TD R Y2+ T} YL — Ak DLk T pR YR+ T pRYEFTERYE+ToRYE+
3xxxwh —6xxd k% + 3kt k% —3xrh*rp+6x 1k p — 3% Lk p)* Y%+ (Tp —
Dsxpxyzo*(y2*(yé —2%((2%xc—1)*xp—23)+1)— (w0 — 1) %20 * (2% (2520 — 1) *
rp—zc*(xo+1)))*yp+(xp—1)**2%xy2+(xc—1)*xc* (xp—1)?xxhH*yd))) = 0.
We verify that S lies on line DNO since we calculate that

(((ye((we — 2(zc — Dzo)yh — yo(ye — 2(2x¢ — Vap + zo(ze + 1)yp + (1 -
zp)rpye))/(2(((32E — 3w + 1)y2 + 3x¢ — 623 + 328)yD — ye((22c — 1)(22p —
Dy¢ + 2(z¢ — Dro((2z¢ — Vap — x0))yp + (xp — Dapys + (ze — Dro(zp —
Dazpyd))—yp)((2kxe—1)*yd +2%xxd, —dxat +2xxc) xyh+ (1 —2%xp) xyd +
((=2%ad+4%xc—2)%xp+ag—vc)*yc)*yp+(rp—oh) xyd ) *((ye+(ag+r0)*yc ) *
yh+(—ys+((2xxe—2)xxp— 2522 ) %yt + (2% 2, — 2% 22 ) xxp— b+ 2d ) *yp+(Tp—
x%)*yé—i—((azc—x%)*x%—l—(x%—xc)*xD)*yc))/(Q*(((S*xQC—?)*xc—l—l)*y%+(3*xé—
6*x0+3*x0)*y0)*yD+(((2 dskxo)*xrp— xC—|—3>x<a:C 2)xyd+((—4xxd+ 6522 —2%
To)*Tp—2%Th+6xx8 —3x1% —x0) xyd — b +3xad —3xx b+ ) xyd+ (25 —2p+
)xyd+ ((4*xd —dxxo+1)*a% 4+ (1 —d*xd)xxp+ri+xc) *yd + ((3* 2l — 6% 2, +
32 ) xxh + (—3*xxl+6xxd —3xxL) xxp)*yc) xyh+ (25 —xp) xyS+ ((2—4xz0) %
o+ (2xxd +4xro—1)*xh 4+ (—2x2% — 1) xxp) *yd+((—dxxd +6x 2% — 2% x0) %23 +
(¢4 4xad, —Txal +2%x0) x 1%+ (2% —xd ) *xp ) *y2 ) *yp + (D — 2% 2% + 2% ) *y2 +
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(28 —zc)*ah+(2xwc—2xa3 ) xah+ (28 — o) * 2D ) *y¢))) —2p)) / ((ye +2c(zc+
D)((2zc — 1)y +2(xc—1)%xc)ys —yo(2xpys —yo +4xiepyl — 20292 + 22t ap —
dxtrp+2rcrp—rg+as)yp+(zp—1)rpyd+(vo—1)zc(rp—1)zpyd)/(2(((3z% —
3rc+1)yd + 3zt — 628+ 325 )yh —yo((2ec — 1) (22p — 1)yd +2(xc — Do (220 —
Dzp—zc))yp+(xp—1)epys+(zc—1)zc(zp—1zpye)) —zp)+yp — (2520 —
D) xy2+2xx8 — 422 +2x20) *yh —yo* (2%xp — 1) xy2+ 2% (o —1)**2p — (20—
Dxzo)*xyp —(xp—1)*xp*xy2 )« (2xzc—1)*y2 + 2% 22 — 2% 22) xyh —yo* (2%
rp—1)*xyd+xcx(xex(2xxp—1)—1))*yp+(xp—1)*xxp*yZ)) /(2% (yo*x ((3x 2% —
3xxo+1)xy2+3%(vo—1)?xxs)xyl, — (d*xo* T p*yd — 2% xp* YL+ T2 xyd — 3k C*
Yot 25yt dxadxupHyd — 6 xg kT p*YG+ 25T R T RYE 25T HYE — BRI HYE +
3xxZxy2+woxyd+al — 3%l +3xxh — 1) x Y +yok (2 *ys — oYL +yb +4x
i xrhxyl —dxxoxrh syl +rhxydl —Ax i xrpryl +rp Y+ xyl +roxyi+
3xxlxat — 6kl krh +3xxl 2% — 3k xbkrp+6x28 xxp — 3% L kT p)*YH+ (Tp —
Dsxpxyzo(y2*(y2 —2%((2xxc—1)*xp—2i)+1)— (xc—1)*xo* (2% (2% 20— 1) *
rp—xcx(rc+1)))xyp+(xp—1)* 2% xyd+ (v —1)*xo*(xp—1)? %23 *yd))) = 0
as desired. g

FiGurg 1. Illustration.
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