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1. INTRODUCTION

We demonstrate here the existence of a pair of twin circles that can be found in
a given complete quadrilateral.

2. RESULTS

Theorem 2.1. Let A, B,C, and D be the vertices of a quadrilateral which is not
a parallelogram, arranged counterclockwise.

Let lines AD and BC intersect at point E.

Let lines AB and C'D intersect at point F'.

Let G be the circumcenter of A, B, and E.

Let H be the circumcenter of C, D, and E.

Let I be the circumcenter of A, D, and F'.

Let J be the circumcenter of B,C', and F'.

Then circles EGH and FIJ are congruent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
D has coordinates (zp,yp).

E has coordinates ((zp * yc)/(—xc *yp +yp + xp * yc), (Yo * yp)/(—xc * yp +
Yp +Tp *yc)).
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F has coordinates ((xp * yc — xc *yp)/(yc — yp),0).

G has coordinates (1/2, —(yo*xyp + (xc —1)*xp) /(2% ((xc — 1) *xyp —xp *yc))).
H has coordinates

(— (o * (g * (90 — y0) — (e — 1) % 20) +2p * (2p + 1) # o)/ (2 # ((zc — 1) *
yp —2p *xyc)), (xe — 1) * yh —yo xyp — xp x y& + (xc — 1) * 2% + (v¢ — 224) *
20/ (2% (20— 1) 5 yp = 20 % 40))).

I has coordinates

((zp *yc — zc *yp)/(2(yc — yp)), (xp * (xp — xc))/(2* (yp — yc)) + yn/2).

J has coordinates
(((p*yc—zc*yp)/(yc—yp)+1)/2, (xc —1)*(xp—xc)) /(2% (yp —yc)) +yc/2).
The circumcenter of F, G, and H has coordinates

(—(yoxy? — (2xyi+ (xc— V) *xp+xc—1)*yh +yo* (Yo +x% +2%xp + 15 — 1) *
yp — (e +2)xxpxyé — (ro—1)*xah+ (xoc— 1) (2% xc — 1) * 2% — (xc — 1)? %20 %
xp)/(4*(yp—vyc)* ((xc—1)*yp —xp*yc)), (xc—1)*yp + (xp — 2% w0 — 1) xyco *
yh—((2%xp—xc—2) %yl — (xc—1)* (2% —2%xo*Tp+ 25 —20)) *Yp +Tp * Y +
rp*(xp*(xp—2%xc+1)+2%—1)xyc) /(4 (yp—yc)* ((xc—1)*yp —xp*yc))).
The circumcenter of F,.J, and I has coordinates

(ye*xydh — 2xyl —(xe—1)x(xp+2%xc+1))*yh +yc* (y&+xp* (xp —8*xc+
)+ (xe—1)?)xyp+ap* (2xxp+xc) *y2 + (xe — 1) * 2% — (xo — 1) * (2% 20 —
Dszh+ (zo—1)?xxeoxxp)/(4* (yp —yeo)* ((xc — 1) xyp —xp xyc)), ((xc — 1) *
v — (xp — 1) *ycxyh — (vo*y2 —xo*x 1% + 1% + (v — 1)? % x0) * Yyp + Tp * Y2 —
xp*(2h —xp—(xe —2)* 20 — 1) *yc)/(4* (yp —yc) * ((xc — 1) *yp —xp *yc)))
We then verify that circles EGH and F'JI have the same radius since we calculate
that

(—(yoxyd— 2xy2+(zo—1)xxp+rc—1)*y%H+yc* (Y2 +2%+2%xp+as—1)*yp—
(wo+2)xxp*yt — (zo—1) x4+ (w0 —1)* (2xxc— 1) %1% — (10— 1)2 %20 *7p) /(4%
(yp—ye)*((xc—1)*yp—2zp*yc)) —(zp*yc)/(—rc*yp+yp+rp*yc))’ +(((xc -
)*y3 +(xp—2%xc—1)*ycxyd — ((2%xp —x0—2)*xy2 — (v — 1) % (2% — 2% xC* T+
4 —xc))*yp+axp*ys+apx(zp*(xp—2*xxc+1)+25 —1)xyc)/(4* (yp —yc) *
(re—=1D)*yp—2p*yc))—(Yoxyp)/(—rcxyp+yp+rp*ye))* —(((yoryh —(2%yé —
(ze—1)*(xp+2xxc+1))*xy5h+yc* (Yo +rp*(xp—8xxc+4)+(xc—1)%)*yp+ap*
(2xzp+zo)*yd+ (v —1)*ah —(wo—1)* (2xxc — 1) %1% +(vc—1)2*xxo*xp) /(4%
(yp—yc)* ((xc—1)*yp —wp*yc)) — (p*yc —xc*yp) /(Yo —yp))* + (v — 1) *
vy —(xp—1)*yc*yh — (vo*xyd —ro*xxh+ 15 +(xc —1)?*x0) *yp +Tp* Yy — T p*
(23 —2p — (zc —2)*xc— 1) *yc)/(4* (yp —ye) * ((xc — 1) *yp —zp*yc)))?) = 0
as desired. O
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FIGURE 1. Circles EGH and FIJ are congruent.
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