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1. INTRODUCTION

Napoleon’s theorem [1] states that if equilateral triangles are erected on the sides
of a triangle, then their centers form an equilateral triangle. Here, we will demon-
strate the existence of several other equilateral triangles that can be found from
this construction.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let A,C, and D form an equilateral triangle (internal or external).
Let B,C, and E form an equilateral triangle (internal or external).
Let A, B, and F' form an equilateral triangle (internal or external).
Let G be the midpoint of D and E.

Let H be the midpoint of D and F'.

Let I be the midpoint of E and F.

Let K be the circumcenter of A,G, and I.

Let L be the circumcenter of C, H, and I.

Let M be the circumcenter of B, G, and H.

Then,

1. triangles AGI, BGH, and CHI are equilateral,

2. lines AH,BI, and CG are concurrent at point J and intersect at 60 degree
angles,
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3. circles AGI, BGH, and CHI are concurrent at point J, and
4. K, L, and M form an equilateral triangle.

Proof. Without loss of generality, we will use Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

We will split the proof into two cases: where the triangles are external and inter-
nal.

Case 1: the triangles are external.

D has coordinates

(xc/2 — (3Y2 % yo)/2,yc /2 + (312 x 1) /2).

E has coordinates

(w0/2+ (32 4 yo) /2 4+ 1/2, (yo — 312 5 (zc — 1))/2).

F has coordinates (1/2,—3%2/2).

G has coordinates ((z¢ + 1/2)/2, (2 * yo + 31/2)/4).

H has coordinates ((—3Y2 % yo + z¢ + 1)/4, (yo + 3% % (vc — 1)) /4).

I has coordinates ((3Y2 x yo + zc +2)/4, (yo — 3% x z¢) /4).

K has coordinates

((ye * (yo * (yo + 3% (xe +2)) + (v0 +2)%) + 32 % (we + 1) * (28 +ac + 1)) /(4%
(Yo * (32 xyo +3) + 32 x (22 + 2¢ + 1)), (yo * (yo * (32 xyo — v +4) + 312 %
(52 +2)) — 28 + 1)/ (4 % (yo + (312 5 yo + 3) + 312 & (5 + 70 + 1)),

L has coordinates

(2*zc+1)/4, (yo* (Yo * (2% 332 %y +3) +2% 332 x (vg — 1) % v +32) — 3 %
22+ 3% a0 —1)/(4* (yo * (32 xyo + 3) + 332 % (v — 1) x 3¢ + 31/2))).

M has coordinates

(—(yor(yox (yo—3"%x(xc+1)) +22 —6x10—3) =3V 2% (20 +2)* (22, —3*xxc+3)) /(4%
(Yo (3Y/2xyc+3)+3Y2x (22, —3x2c+3))), (Yo x (yox (32 xyc+xc+3) +3Y 2% (10—
2)xxc+3%)+wox (22 —3x2c+3)) /(4% (yo* (3 xyc+3) +3V2x (22, —3x 20 +3)))).
We verify that A, G, and I form an equilateral triangle since we calculate that
(o +1/2)/2)* + (2% ye +32) /4)* = (3" x yo + e +2)/4)* + ((yo — 3'/% *
70)/4)?) = 0

and

(e +1/2)/2° + (2 *ye +3"2)/4)* = (((zc +1/2) /2 — (3" x yo + 20 +2) /4)* +
(2% yo +3Y%) /4 — (yo — 3% x 20)/4)?) = 0.

We verify that B, G, and H form an equilateral triangle since we calculate that
(wo+1/2)/2— 12 + (20 +32) /0% — (—3Y2 e+ 20 +1) /4~ 1) + ((yo +
312 % (zc = 1))/4)*) =0

and

((xc +1/2)/2 = 1)* + ((2* yo + 32)/4)* = (((zc + 1/2)/2 = (=3"2 x yo + xc +
1)/ + (2% yo + 3Y2)/4 — (yo + 312 # (e — 1))/4)?) = 0.

We verify that C, H, and I form an equilateral triangle since we calculate that
(xe — (=32 xyo+xc+ 1) /42 + (yo — (yo + 3% x (xc — 1)) /4)* — ((zc — (31 %
yo + xc +2) /4 + (yo — (yo — 3 x 2¢)/4)*) = 0

and

(20— (=3"2xyc+ac+1)/4)* +(yo — (yo +3"7 % (20 1)) [4)* = (((=3"**yc +ac+
1)/4— (32 xyc+2c+2)/4)2+((yo +3Y2 % (xc —1)) /4 — (yo — 3% % 2¢) /4)?) = 0.
Line AH is given by the equation

y=((yc +372 % (zc — 1)) *2) /(=32 x yo + ¢ + 1).
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Line BI is given by the equation
y=((yo —3"2*2c) x (x —1))/(3"2 x yo + xc — 2).
Line C'G is given by the equation
y=(yo*x(2*xx—1) =32 (x —2¢))/(2*xc —1).
Circle AGI is given by the equation
(z = ((yo * (Yo * (yo + 32 % (we +2)) + (w0 +2)*) + 32 % (we +1) * (23 + a0 +
1))/(4* (yo * (32 x yo +3) + 32 x (22 + e +1)))))* + (y — ((yo * (ye * (317 *
Yo —ro+4)+3V 2% (22 4+2)) — 2+ 1) /(4 (yo x (32 % yo +3) + 32 % (22, + 2c +
D))? = (((ye* (ye * (ye +3"2 % (0 +2)) + (w0 +2)%) + 325 (zo +1) * (2 + 20 +
1))/ (4% (yo * (3" xyo +3) + 3% (a3 + 20 +1)))* + ((ye * (yo * (3" * yo —we +
4) 43125 (22 +2)) — 2l +1) /(4% (yo * (325 yc +3) + 32 % (22 + 10+ 1))))?) = 0.
Circle BGH is given by the equation
(z— (—(ye* (yo* (yo —3?* (xo+1)) + 2% — 6520 —3) — 342 % (20 +2) * (22 — 3%
ro+3)) (4x (o (347 o+ 3)+ 3V x (12— 3 w0+ 3))))P+ (y— (o (yo (32
Yo+ 30 +3)+3V2x (v —2) x 20 + 33+ xc* (1% — 3% 10 +3)) /(4% (yo * (312 %
yo +3)+3"2 % (a2 = 3xwe +3))))) — (= (ye * (yo * (yo — 3" % (zo+1)) + 23 —
6%xc—3) =32 (2o +2)* (22 —3xxc+3)) /(4% (yo * (312 xyo +3) +3V2 % (22, —
3xxc+3))) =12+ ((yo * (yo * (342 xyc + 20 +3) + 32 % (xc — 2) % 20 +3%2) +
wox (12— 3% 10 +3)) /(4% (yo * (3Y2 % yo +3) + 312 % (22 — 3% 2¢ +3))))?) = 0.
Circle C'HI is given by the equation
(z—((2%2c+1)/4)) 2+ (y—((yox (yox (2%33 2 xyo+3) +2%33 2% (vo— 1) x 20+ 3/2) —
3xag+3xrc—1) /(4% (yo * (332 % yo +3) + 3%« (x0 — 1) xwc +3%))))* — ((ye —
(yo* (yo* (2%33 2%y +3)+2%3% 2% (wo — 1) k20 +3Y2) = 3% 22 + 3% 20— 1) /(4%
(Yo * (33 xyo+3) + 3% (o — 1) ¥ 20 +3'/2))))* + (20 — (2* 20 +1) /4))%) = 0.
Consider the point J whose coordinates are given by
(((ye — 32 % 2¢) * (312 % yo —xc — 1)) /(2% (yo * (32 x yo — 3) + 32 % (22 —
2o +1))), —((yo + 377 (o — 1)) * (yo — 3% % 20)) /(2 % (yo * (3% x yo — 3) +
32 % (22 — 2¢ +1)))).
We verify that point J lies on the above lines and circles since we calculate that
((yo + 32 % (we — 1) * ((yo — 32 % 2c) * (37 x yo — we — 1)) /(2% (yo * (317 %
Yo —3) + 32 % (22 —2c + D))/ (=32 5 yo + w0 + 1) — (—((yo + 3% % (20 —
1) * (yo — 3% % 20)) /(2% (yo * (3% x yo — 3) + 3% % (23 — z0 +1)))) =0,
((yo =32 % 20) * ((yo — 32 % 20) * (32 x yo — a0 — 1)) /(2% (yo * (3" * yo —
3) +3"2x (a3 —xc+1)))) = 1))/ (3" xyo + 20 —2) = (—((yo + 3" % (zc — 1)) *
(yo — 32 % 20)) /(2% (yo * (312 xyo — 3) + 32 % (22, — 20+ 1)))) =0,
(o * (2% ((yo —3Y2 % 20) * (32 % yo — w0 — 1)) /(2 % (yo * (312 % yo — 3) + 312 %
& —wc+1)) —1) =32 (((yo — 32 x2c) * 32 x yo — wc — 1)) /(2 * (yo *
YV2xyo —3) +32 % (2t — e +1)))) —xc))/ (2% 20 — 1) — (= ((yo + 3"+ (vc —
)* (yo — 32 % 20)) /(2% (yo * (32 % yo — 3) + 3Y2 % (22, — 20 +1)))) = 0,
((ye 31/2*950) (3Y2xyo—xc—1)) /(2% (yo * (32 % yo —3) + 312 % (22 —xc +
) = ((ye * (yo = (yo + 32+ (10 +2)) + (we +2)*) + 342 (we + 1) * (28 + 2 +
)/ (45 (yo = (32 xyo +3) + 3125 (a3 + 30 +1))))* + (= ((yo + 3%+ (v — 1))+
(Yo —3"2x20)) /(2% (yo* (3% xyc — 3) + 312 % (22— xc +1)))) — (Yo * (yo + (3172
Yo —To+4)+3V2x (22 4+2)) — 22+ 1) /(4 (yo x (32 xyo +3) + 32 % (22 + 2 +
D))? = (((ye * (yo * (yo +3"2 % (x0 +2)) + (w0 +2)%) +32 % (zo+1) * (a3 + 20 +
1))/ (4 (yo * (3" xyo +3) + 32 (2 + 20 +1))))* + ((yo * (yo * (32 xyo — xe +
4)+312x (28, +2)) — 2, +1) /(45 (yo * (32 kyc +3) + 32 (a3 + 20 +1))))%) = 0,
(((yo =32 x20) * (32 xyo —xc — 1)) /(2% (yo * (3Y 2 xyo — 3) + 3Y2 % (22, — 2 +

(
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D)) — (= (ye * (yo * (yo — 3% (vo+1)) + 22 — 6x 30— 3) — 312 % (20 +2) * (22 —
3xxc+3))/ (4% (yox (32 xyo +3) + 32 % (22 — 3% 20 +3))))) %+ ((—((yo + 3%
(ze—1))* (yo — 3" x20)) /(2% (yo * (3" % ye = 3) + 32 % (23 — e +1)))) — (Yo *
(yo* (325 yo+20+3)+32 % (10 —2) %20 +3%2) twox (12— 3% 10 +3)) /(4% (yo *
(32w +3) + 32 (a2, — 3+ )2 — (= (g * (o (g — 347 (z0+ 1)) +
13 —6x10—3)—3Y2x (wo+2)* (22 — 3% 20 +3)) /(4 * (yo * (312 xyc +3) + 312 %
(28 —3%xc+3)))) = 1)+ ((yo * (yo* (3" xyc +ac+3) +3 2% (10— 2) x 10 +3%2) +
vo* (25— 3% 10 +3))/(4* (yo x (32 xyc +3) + 312 % (22, — 3x 20 +3))))?) = 0,
and

(((yo —3Y2x20) % (32 xyc —xc — 1)) /(2% (yo * (32 xyc — 3) + 3Y2 % (22, —xc +
D))= ((2*2c+1)/4)* +((—((ye +3"2+(wc — 1) * (yo =32 x2c)) /(2% (yox (312 +
Yo — 3)—}—31/2 *(22 —20+1)))) — ((yo* (Yo x (25332 xyc+3) +2x332x (vc— 1) % w0+
3V =3xat+3xwc—1) /(4% (yox (33 2xyo+3)+3% 2% (xc—1)*20+3Y%)))) 2~ ((yo —
((yc*(yc*(2*33/2*yc+3)+2*33/2*(xc—1)*xc+31/2)—3*9520—1—3*330—1)/(4*
(Yo * (3% % yo +3) + 332 % (vc — 1) xwc +3Y2))))* + (wc — (2% 20 +1) /4))?) = 0.
To show that lines AH, BI, and C'G are concurrent at 60 degree angles, we will
take a line parallel to AH, intersect it with lines Bl and C'G to form two points
N and O, and then will show that J, N, and O form an equilateral triangle.
Consider the line whose equation is given by

y=((yo+32%(xc — 1)) *2) /(-3 xyo +2¢ + 1) + 1.

We get that N has coordinates

(32 % ye —2c — 1) * (ye * (B2 + 1) xyo + 4% 2c — 32 —5) + x¢ * ((31/2 —
3) xxo — 3% +3) + 2% 3Y2)) /(2% (yo + 32 x (z0 — 1)) * (yo * (37 x yo — 3) +
3Y2x% (22 — 20+ 1)), ((yo — 32w wo) * (342 = 1) * yo — (32 + 1) xxc + 3Y/2 —
1)/(2% (ye * (32 x yo — 3) + 32 % (2% — xc + 1))))

and O has coordinates

(32 % yo —zc — 1) * (yo * (yo + 2% w0 — 32 = 1) + 20+ (2% 32 = 3) x 20 —
332 4+3) +3Y2)) /(2% (yo + 312 % (zc — 1)) * (yo * (32 % yo — 3) + 3Y2 % (2%, —
vo+ 1)), (yox (2532 = 1) xye — 2% 20 +3Y2 —5) + o * (3x 20 + 32 —3) +
32) /(25 (yo (312 5 yor — 3) + 317 x (12— + 1))

We verify that J, N, and O form an equilateral triangle since we calculate that
((((yo=3"2xac)* (32 xyc—rc—1)) /(2% (yo* (32 xyc —3)+3' 2+ (1E —wc+1))) ) —
(((3Y2xyc—xc—1)*(yox ((3Y24-1) xyc+d*xc—3Y2 —5)+ac*((3Y/2—3)xxc—3%/2 4+
3)+2+3'2)) /(2% (yo+3"2x(wc —1)) ¥ (yo* (3" xyo —3) +32x (23 —xc +1)))))*+
(~ (e +3"2% (0 — 1)) % (gor— 32x20)) (25 (s (3251 —3) 4 3% (e~ -+
D)= (((ge—3"20) 5 (32— 1)gic— (32 1) e+ 312 — 1))/ (25 (o s (317
yo—3)+3"2x (22 —wc+1))))) = (((ye =32 *20) * (32 xyc —xc —1)) /(2% (yo *
(3Y2xyo—3)+3V2x (22 —2c+1)))) = ((3Y%*yc —2c — 1) * (yo* (yo+ 2% xc — 32 —
D4zex((2%3Y2 =3) 10 —3%243)+3Y2)) /(2% (yo +3Y2 % (¢ — 1)) * (yo * (3% %
yo—3)+3Y%x (23 —xc +1)))* + (= ((yo + 32+ (z0 — 1)) ¥ (yo — 32 xxc)) /(2
(e+ (312 1y — 3) + 325 (12, —c+1)))) — (o (26312 — 1) ey — 2w+ 31/ —
5)+xo*(3xxc+3Y2—3)+3Y2) /(2% (yox (312 xyc—3) +3Y 2% (22— 20 +1)))))?) = 0
and

(((yo=3"2xa0)* (32 xyc—ro—1)) /(2% (yo (32 xyc —3)+3' 2+ (2E —wc+1))) ) —
((3Y2xyc—zo—1)*(yo* (324 1) xyo+4xxc—32 —5) +ac* (32 =3) 10 —3%/2+
)+2+3Y2)) /(2% (yo +32 % (w0 — 1)) * (yo* (3" xyo —3) +3" 2% (a3 —wc +1)))) )+
(—((ye+3Y2x(xc—1)) % (yo —3Y2x20)) /(2% (yo * (312 xyc — 3) + 32 x (22 — 20 +
D)= (g0 — 32 x0) % (342~ 1) e — (324 1) x2-+ 32 — 1)) /(25 (yo (312
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yo—3)+3'2x (23 —wc+1))))) = (3" *xyc—wc—1)* (ye* (32 +1) xyc+dwc —
312 5)fae*((3Y/2=3)xwc—3%243)4-2x32)) /(2% (yo+3 2% (xc—1) ) * (yox (312
Yo —3)+3Y2x (2% —20+1)))) = (31 2xyc—r0—1)*(yor (yo+2*xx0—3Y2—1) +2 0%
((2%3'2=3) %20 —3%243)4+32)) /(2% (yo+3" 2% (xc—1) ) * (Yo * (31 2y —3) +-31/ 2%
(28 —2o+1))))+((((yo =32 xx0) # (312 =1)xyc — (32 4+ 1) xxo+3"7 = 1)) /(2%
(yox(3'2xyo—3)+3'2x (23 —10+1)))) = ((yox (232 =1)xyo —2xx0+3'7—=5) +
To* (3xro+3Y2=3)4+3Y2) /(2% (yo* (312 xyc —3) + 312 x (22 — 2 +1)))))?) = 0.
We verify that K, L, and M form an equilateral triangle since we calculate that
(yox (yo* (yo+3Y 2% (20 +2))+ (w0 +2)2) +3V 2% (xo+ 1) x (22 +20+1)) /(4% (yo *
(3Y2%yc+3)+3Y 2% (22 +20+1))) + (Yo x (yo* (yo —3Y 2% (zo+1)) +02 —6x30—3) —
324 (20 42) % (22, — 3% 20 +3))/(4* (yo* (32 xyc+3) +3Y2x (22, — 3% 10 +3)))) 2+
((yox(yex (3 xyo —wo+4)+3"2%(2342)) =g +1) /(45 (yox (3" xyc+3) +3'/+
(2 +zc+1))) = (yo* (yorx (32 xyc+ac+3)+3V 2% (10— 2) k20 +3%2) +wox (2 —
3xxc+3)) /(4% (yox (31 2xyc+3) +3 2% (22, —3x2¢+3))))% — (((ye* (yo* (yo+3'/ %+
(xc4+2))+(2c+2)2)+3V 26 (wo+1)* (22 +10+1)) /(4% (yor (3 25y +3) +31/ 2% (22, +
ro+1)))—(2x20+1)/4) %+ ((yox (yor (3Y 3 xyo —ro+4)+3Y 2 (22 +2)) — 23, +1) / (4%
(yo* (3 25y +3)+3Y 2% (22 +2c+1))) — (Yo x (yox (2533 2xyc+3) +2+33 2% (vc—1) *
To+3Y2) =3k 4-3xxc—1) ) (4* (yo* (33 2xyc+3) +3% 2% (vo—1)*2c+312)))?) = 0
and

<(@{c*(yc*<yc+31/2*<xc+2>>+(xc+2>2)+31/2*(xo+1)*(x%+wc+1)>/(4*(yo*
(3Y2xyc+3) +3Y2x (22 + 20 +1))) + (Yo * (yo * (yo — 342 % (xo+1)) + 14 — 6% 20 —
3)—3Y2x (o +2) * (22 — 3% 10 +3)) /(4% (yo x (342 yc +3) + 32 % (22 — 3% 20 +
3))))*+ ((yox (yox (32 xyc —xo+4)+32 % (a3 42)) —ad 4+1) /(4 (yo + (3" 2 xyo +
3)+3Y2x (22 +xc+1))) — (yor (yo* (312 xyc+ac+3) +3V 2% (20 —2) ¥ 10 +3%2) +
vo* (22 —3%20+3))/(4* (yo* (32 xyc+3) +3V2% (22— 3x20+3))))? — ((— (yo *
(yo* (yo —3Y2 % (zo+1)) +2%4 — 6% 30 —3) — 32 % (1o +2) * (2% — 3% 20 +3)) /(4%
(yox (312 xyo+3)+3Y2x (22— 3% 2c+3))) — (2xx0+1)/4)2 + ((yo * (Yo x (312 xyc -+
To+3)+3Y2x (20 —2) k20 +32) +ac* (02 —3x2c+3)) /(4% (yox (312 xyc+3) +
325 (22— 3%1c+3))) — (yor (yor (2%33 2 xyc+3) + 2433 2% (xc — 1) kw0 +31/2) — 3%
22 +3xxc—1)/ (4% (yo* (32 %yc+3) +3%2x (vo—1)*xxc+3'2)))?) = 0 as desired.

Case 2: the triangles are internal.

D has coordinates

(xc/Q + (31/2 * yc>/2, yc/2 — (31/2 * Ic)/2>

E has coordinates

(z0/2 = (32 % yc) /2 +1/2, (yo + 3" * (zc — 1)) /2)

F has coordinates (1/2,3'/2/2).

G has coordinates ((z¢ +1/2)/2, (2 x yo — 3Y/2)/4).

H has coordinates ((31% x yo + vc + 1)/4, (yo — 342 % (zc — 1)) /4).

I has coordinates ((—3Y2 x yo + z¢ + 2) /4, (yo + 342 % 0) /4).

K has coordinates

(—(ye * (yo * (yo — 3% % (¢ +2)) + (v¢ + 2)2) — 32 % (2¢ + 1) * (2% + 2¢ +

1)/ (45 (yo * (312 5 yo — 3) + 312 x (22, + w5+ 1)), (e * (i * (312 ¥ yo + i —

4)+ 325 (22 +2)) + 2 — 1)/ (4% (yo * (32 xyo — 3) + 312 % (22 + ¢ + 1)))).

L has coordinates

(2x2c+1)/4, (yo * (yo * (2% 332 xyo —3) +2% 332 % (xg — 1) x 2c + 3/2) + 3 %
—3%xxc+1)/(4* (yo* (332 xyc — 3) + 332 x (zc — 1) * 2 + 31/2))).

M has coordinates
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((ye* (yor (yo+3Y 2k (o +1))+a2 —6x30—3)+3Y 2% (20 +2) % (22— 3% 20 +3)) /(4%
(Yo (3" xyo—3)+3"2+ (2 —3%20+3))), (yor(yox (3" *+yc —wc—3)+3"2# (10—
2)x20+3%%) —wox (12 —3x2c+3)) /(4% (yo* (3 xyc—3) +3/2x (22— 3x 2o +3)))).
We verify that A, G, and I form an equilateral triangle since we calculate that
(20 +1/2)/2)2 + (2 % yo — 3Y2)/47 — (=312 5 yor + 20+ 2) [4)° + ((yo + 3V2 4
zc)/4)?) =0

and

(20 +1/2)/2) + (g0 — 3Y2) /0 — ((we+1/2) /2 (=312 5 yo 20+ 2) /4 +
(2% yo — 3Y%) /4 — (yo + 3% x 20)/4)?) = 0.

We verify that B, G, and H form an equilateral triangle since we calculate that
(w0 +1/2)/2— 12 + (2 yo — 3Y2)/4)% — (825 yo + wc +1)/4— 1) + ((yo —
312 (zc —1))/4)%) =0

and

(w0 +1/2)/2 = 12 + (25 yo — 3Y2)/4% — (w0 + 1/2)/2 — (372 % yo + 2 +
1)/4)? + (2 yc — 3'%) /A = (yo — 32 x (zc — 1))/4)%) = 0.

We verify that C, H, and I form an equilateral triangle since we calculate that
(z0 = (3% yo +ao+1)/4) + (yo — ((yo — 3" % (zc — 1)) /4))* = ((zc — (=37 *
Yo +xc +2)/4)* + (yo — (yo + 32 x2c)/4)?) =0

and

(xe = (3" xyc+xc+1)/4)* +(yo — ((yo — 3" (wc —1)) /4))* = (3" yc +ac +
1)/4—(=3Y%xyctc+2) /42 +(((yo—3Y2x (20 —1)) /4) — (yo +3Yxxc) /4)?) = 0.
Line AH is given by the equation

y=((yc =32 % (xc — 1)) x2) /(32 x yo + ¢ + 1).

Line BI is given by the equation

y=((yo+32x2c)* (x — 1)) /(=3 xyo + 20 — 2).

Line C'G is given by the equation

y=(yo*x 22 —1)+32% (2 — 20))/2*2c — 1).

Circle AGI is given by the equation

(. — (—(yo * (o * (yo — 3% % (v0 +2)) + (o +2)%) = 312 % (2o + 1) * (24 + 30 +
1)/(4 5 (o + (32 5 o — 3) + 312 5 (a2, + e+ D) + (y — (e + (o * (372 4
yo+xo—4)+3V2 % (22 4+2)) +ap — 1) /(4 x (yox (3Y2xyo — 3) + 312 % (22 + vc +
D)2~ (= (ye # (s — 3124 (20+2)) + (w0 +2)%) — 3Y24 (201 1) (a2 + 0+
1)/(4* (yo = (3" xyo —3) + 32 x (¢ + 2 +1))))* + ((ye * (yo x (32 x yo + a0 —
4) 43125 (22 +2)) +ad — 1) /(4 (yo* (325 yc —3) + 3V 2% (22 + 20+ 1))))?) = 0.
Circle BGH is given by the equation

(z— (((yo* (o * (yo +3Y2% (wo+1)) + 2% —6 %30 —3) + 3% % (20 +2) * (22 — 3%
we+3))/ (4% (yox (312 xyc —3)+3"2x (12— 3xwc+3))))))* +(y— (Yo * (yox (31 +
Yo — 10 —3)+3V%x (¢ —2) x 20 +3%2) —wo* (2% —3*x 10 +3)) /(4% (yo * (342 %
yo —3)+ 32 x (2 = 3xac +3)))))* = (((ye * (yo * (yo + 32 x (xe +1)) + 2 —
6520 —3)+3V2x (xc+2)* (22 —3*xx0+3)) /(4% (yo * (32 xyo — 3) + 32 % (22, —
3xxc+3))) =124 ((yo * (yo * (312 % yo — 20 —3) + 32 % (v — 2) ¥ 10 +3%/2) —
vo* (22 — 3% w0 +3))/(4x (yo * (32 xyc —3) +3Y2 % (22, — 3x 20 +3))))?) = 0.
Circle CHI is given by the equation

(z—((2%2c+1)/4)) 2+ (y— ((yo * (yo* (2533 25y —3) 4233 2% (vo— 1) * 10 +31/2) +
Ba,— 3xac+1)) (4 (o (392 yo — 3) + 32 (30— 1) wac +3Y2)))? — (e —
((yo* (Yo * (25332 xyo —3) + 232 % (xo — 1) ¥ wc +3'2) + 3% a3 —3xxo+1) /(4%
(yo * (332 % yo — 3) + 332 % (vg — 1) x50 + 322+ (z¢ — (2% 2o +1)/4))?) = 0.
Consider the point J whose coordinates are given by

(((ye +3Y2 % 2¢) * (312 % yo + 10 + 1)) /(2% (yo * (32 x yo + 3) + 32 % (2% —
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ro+1))), ((ye =32 % (xc — 1)) * (yo + 32 % 20)) /(2% (yo * (32 xyc +3) +31/2 %
(% — w0 +1)))).
We verify that point J lies on the above lines and circles since we calculate that
(yo — 3% % (xc — 1)) * ((yo + 32 * 2¢) * (32 % yo + 10 + 1)) /(2 % (yo * (3% %
Yo +3) + 32 % (2% — 2o+ 1))/ (32 5 yo + ¢ + 1) — (((yo — 342 * (vc — 1)) *
(Yo + 32 % 20)) /(2% (yo * (32 x yo + 3) + 3Y2 % (22, — xc +1)))) = 0,
((ye + 32 xe) * ((yo + 32 xxc) * (32 % yo + 20 + 1)) /(2% (yo * (32 xyo +
8)+312x (28 —2c +1))) = 1))/ (=3 x yo + e — 2) = (((yo — 3"+ (vc — 1)) *
(Yo + 32 % 10)) /(2% (yo * (3Y2 x yo + 3) + 3Y2 % (22 — xc +1)))) = 0,
(Yo * (2% (((yo +3"2 xz0) * (32 xyo + 20 +1)) /(2% (yo * (32 % yo +3) + 37
(2. — e+ 1)) — 1) + 32 5 (g + 372+ 20) * (32 5 yo + e+ 1)) /(2 (o +
(312 o+ 3) 3021 (22— e+ 1)) = 20) /(2 ¢~ 1) = (o — 32 (i —
* (yo + 342 % $c))/(2 *(yo x (3Y2 % yo +3) + 32 % (2% — 2c + 1)))) 0,
(yc+31/2*xc)*(31/2*yc+xc+1))/(2*(yc*(31/2*y0+3)+31/2 * (22 — 1o+
) = (—(ye * (Yo * (yo — 32+ (x0+2)) + (10 +2)%) =32 (z0 +1) * ($c+ﬂfc+
/(4 (o (317 50— 3) 312 x (2, + 5+ D))+ (30 — 32 (e — 1)) #
Yo +3Y2x20)) /(2% (yo x (32 xyo +3) +3Y2x (2% — 20 +1)))) — ((yo * (yo * (312
Yo +ro—4)+3V2 % (22 +2)) +ad — 1)/ (4% (yo * (312 xyo —3) + 32 % (22 +2¢ +
D) — (= (e * (g (e — 325 (z0+2)) + (30 +2)2) — 3% (zc+ 1) (2 + 70+
1)/(4* (yo = (3" xyo — 3) + 32 x (a2 + 2 +1))))* + ((ye * (yo x (3" xyo +xe —
043125 (22, 2)) +2% — 1)/ (4 (o (325 ye — 3) + 3 x (2 -2+ 1)) = 0,
(((yo+3"2x0) % (32 yo +x0+1)) /(2% (Yo x (32 * yo +3) + 32 x (23 —zc +
D)) = (((ye* (ye * (yo + 325 (wo+1)) + 2% — 6510 —3) + 3V 2% (w0 +2) * (22 — 3%
wc+3)) /(4% (yo* (312 xyc —3) + 32 (2 — 3xxc +3)))))* + (((yo — 3" * (w0 —
1)) % (g0 + 347 520)) /(2 (yo % (347 o+ 3) +37 (2, — 6+ 1)) — (o (g »
(32 xyc — 20 —3)+ 32 % (1o —2) * 20+ 3%?) —xo * (2% — 3% 20 +3)) /(4 * (yo *
(312 xyc —3) + 32 x (28 — 3xxc+3)))))* — (((ye * (ye * (yo + 37+ (zc +1)) +
23 —6x10—3)+3Y2x (wc+2)* (22 —3x 10 +3)) /(4% (yo* (312 xyc — 3) + 342 %
(22 —3%2c+3))) — 12+ ((ye* (yor (342 xyo — 10 —3) + 3V 2% (10— 2) ¥ w0+ 3%/2) —
vo* (12 —3xx0+3)) /(4% (yo x (32 xyo —3) + 32 % (22, — 3x2c+3))))?) =0,
and
((((yo +3"2x20) % (32 xyo +x0+1)) /(2% (yo x (32 * yo +3) + 32 x (23 — zc +
D) — (2204 1))+ (g0 — 3425 (0 — 1)) (go + 32 50)) /(25 (g (3724
yo+3)+37%x (23 —xc+1)))) = ((yo* (yox (26 3% xyc —3) + 233 % (z0 — 1) ¥ 20 +
8Y2)+3xag —3xxc+1) /(4% (yox (3% xyc —3)+3%2x (v0 1) 20 +3"2))))* = ((ye —
(yo* (yo* (2%332xyo —3) 42+ 33 2% (1o — 1) s 10 +3Y2) + 3% 2% —3*xxc+1) /(4%
(Yo * (3% xyc = 3) + 3% % (vo — 1) x 10 +3'2))))* + (vc — (2% 20 +1) /4))?) = 0.
To show that lines AH, BI, and C'G are concurrent at 60 degree angles, we will
take a line parallel to AH, intersect it with lines BI and C'G to form two points
N and O, and then will show that J, N, and O form an equilateral triangle.
Consider the line whose equation is given by
y=((yc — 3% (wc — 1)) x2) /(32 xyo + 2c + 1) + 1.
We get that NV has coordinates
(—((8"2 % yc+ac+1) * (yo * (32 = 1) xyc — 4 x 20 — 32 +5) + 2c + (32 +
3)xxe — 332 —=3) +2x3Y2)) /(2% (yo — 32 % (xc — 1)) * (yo * (312 x yo +3) +
32 (23, — xc + 1)), (yo + 32 5 a0) = (32 + 1) xyo — (32 = 1) xwe + 317 +
1)/(2* (yo = (32 % yo + 3) + 82 % (a3 — 2¢ +1))))
and O has coordinates
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(B2 xyc+ e+ 1) * (Yo * (Yo + 2% xc + 32 = 1) —xo* (2% 32+ 3) x 20 —
332 —3) = 3Y2)) /(2% (yo — 32 % (wo — 1)) * (yo * (32 x yo + 3) + 32 % (22, —
ro+1), (e x (2%3Y2 4+ 1) xyo +2*x2c +3Y2 +5) — 20 * (320 — 32 - 3) +
3Y2) /(2% (yo * (32 % yo +3) + 32 % (22 — 2¢ + 1)))).

We verify that J, N, and O form an equilateral triangle since we calculate that
((((yo+3"72x20) % (32 xyotac+1)) /(2% (yox (32 yc+3)+3"2+ (12 —wc+1)))) —
(—((3Y2xyc+zc+1)* (yox (342 —1)xyc —4xxc — 32 4+5) + 20+ ((3Y/24+3) * 10—
332 —3)+2x3Y2)) /(2% (yo — 3% % (xc — 1)) * (yo * (312 xyc +3) +31/2 % (xc—xc-l—
D))+ ((((yo—3"2#(x0—1))*(yo+3"*x2¢)) /(2% (yo * (312 xyc +3) +3'/ 24 (23—
ze+1)))) = (((ye +3"72xwc) (32 + 1) xye — (32 = 1) xxc + 32 +1)) /(2 (yo *
(32 xyc+3)+3"2x (28 —2c+1))))) = (((((yo +3"2x20) % (3 yc +ac+1)) /(2%
(Yo (32 5yc+3) +3"2% (23 —wc+1)))) — (3" *yc +ac+1)* (yo * (yo +2xac+
32 1) —wo* (2532 4-3) %20 — 32 —3) —31/2)) /(2% (yo — 3% % (o — 1)) * (yo *
(3"2xyc+3)+3"2x (2t —xc+1)))))* +((((ye =3+ (we — 1)) * (yo +3"*xx0)) / (2%
(yo* (3Y2xyo+3)+3Y2x (22 —xc+1)))) — ((yc*((2*31/2—|—1)*yc—|—2*xc+31/2—i—
B)—wc*(3xxo—3"2=3)+3Y2) /(2% (yox (3 2xyc+3) +3' % (27 —1c+1)))))?) = 0
and

(e 432520 (32 xyc+x0+1)) /(25 (Yo * (32 *yc+3)+31 2% (1¢ —rc+1)))) —
(—((3Y2xyc+ac+1)*(yox (342 =1)xyc —4xxc — 32 +5) + 20+ ((3Y/24+3) * 10—
3%/2 —3)+2x312)) /(2% (yo — 3" * (we — 1)) * (yo * (32 xyo +3) + 32 % (22 —xo +
D))+ ((((ye =3 (ze—=1))* (yo+3"2xac)) /(2% (yox (3" xyc +3) +3" 2+ (22, —
ro+ D))= (((yo+3"2x20)*((3V2+1)xyo— (312 —1)*x2c+3Y24-1)) / (2% (yo x (31/2%
yo+3)+3' 2% (22 —1c+1)))))* = (= (3" **yc+ro+1)x(yox (37 —1)xyc —d*ac —
31245) +wox((3"243)xwc—3%2=3)+24312)) /(2% (yo —3" 2 (xo—1) ) * (yo (3"
Yo+3)+3Y2% (22 —204+1)))) = (312 *yc+zo+1)* (yo* (yo+2%xc+32 —1) —z 0%
((2%3Y24-3)x2c—3%2—=3)—32)) /(2% (yc —3" % (zc—1) ) * (yo * (3Y/ 25y +3) +31/ 2%
(22 —2c+1)))))2+((((yo +3Y2x20)* (32 4+ 1) xye — (312 = 1) k20 +3Y241)) /(2%
(yox (31 2xyc+3)+3Y 2% (22 —20+1)))) — ((yo* (2532 +1) xyc+2* 10+ 32 +5) —
vo*(3xxc—3Y2=3)+3Y2) /(2% (yo * (32 xyc +3) + 32 % (22, — 20 +1)))))?) = 0.
We verify that K, L, and M form an equilateral triangle since we calculate that
(—(ex(yox(yo =3+ (vc+2)) +(wc+2)%) =32 (zo+1) # (13 +ro+1)) /(4% (yox
(3Y2xyc—3)+3Y2x (22 +2c+1))) — (yor (yo* (Yo +3Y %% (o +1)) +04 — 6520 —3) +
324 (20 +2) % (15— 3% 20 +3)) /(4 (yo* (342 xyc —3) +3Y2x (22, — 3% 10 +3)))) 2+
((ye* (yox (32 xyo+ac—4)+3V 2% (22 42)) + a8, —1) / (4% (yo* (32 xyc —3) +31/2 %
(2 420+1))) = (yox (yox (31 2xyc—r0—3)+3Y 2% (10— 2) %10 +3%?) — 0% (22— 3%
ro+3))/ (4% (yox (3Y2xyc—3)+3Y 2% (22 —3x2c+3)))) 2 — ((— (Yo * (yo * (yo — 31/ %
(we+2))+(wc+2)*) =3 2w (zc+1)x(xgtao+1)) /(4 (yex (31 2oy —3)+3Y/ 2 (a3 +
z0+1))) = (2xzc+1) /4 +((yor (yox (3 *ryotae—4)+3" 2% (22 42)) +ad—1) / (4%
(yox(3Y2xyc—3)+3V 2k (22 +2c+1))) — (yor (yox (2%33 2xyc—3) +2% 3% 2x (20— 1) *
To+3Y2)+3x22 —3xxc+1) /(4% (yox (332 yc—3) +3% 2% (xo—1)*20+312)))?) = 0
and

(= (e * (ye* (yo =32 % (z0+2)) + (wc +2)?) =32 ¢ (we + 1) * (23 + 20 +1)) /(4%
(yo* (342 xyc—3)+3Y2x (22 +2c+1))) — (yo x (yo x (Yo +3Y** (xc+1)) + 1% — 6%
To—3)+3Y2x (2o +2)* (15 —3xxc+3)) /(4 (yox (342 xyo —3) +3Y/ 2 (22 — 3x v+
NP+ (g (o (37 wge+ e 4)+ 3125 (a2 4+2) +— 1) (Ax (g s (3o —
3)+3Y2x (22 +xc+1))) — (Yo * (yox (3% yo —xc —3) +3V 2% (20— 2) ¥ 10 +33/2) —
vo* (22 —3%20+3)) /(4% (yo* (342 xyc —3) +3Y2x (22 — 3% 20 +3))))? — (((yo *
(Yo * (ye +3Y2 % (zo+1)) + 2% —6x10—3) +3Y2 % (0 +2) % (22, —3*x2c+3)) /(4%
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(yo* (32 %y —3) +3V2% (12, — 3% 2c +3))) — (2x2c + 1) /4) %+ ((yo * (yo * (3% *
yo—1c—3)+3V %% (x0—2) k20 +3%2) —wo* (2% —3x 10 +3)) /(4 (yo x (32 yo —
3)+3Y2% (22 —3x 20 +3))) — (o x (yo* (2% 3% 2 xyo —3) +2x 33 2% (vo — 1) x 20 +
3Y2) 4-3% 22 —3xx0+1) /(4% (yo * (332 yo —3) +3% %% (2¢ — 1) ¥ +3%)))?) = 0
as desired. O

FIGURE 1. Triangles AGI, BGH, and C'HI are equilateral.
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FIGURE 2. Lines AH, BI, and C'G are concurrent at point J and
intersect at 60 degree angles, and circles AGI, BGH, and CHI are
concurrent at point J.



F1GURE 3. The circumcen ters of AGI, BGH, and C'HI form an
equilateral triangle.
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