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1. INTRODUCTION

Consider the three circles whose diameters are the lines connecting a triangle
vertex to the corresponding vertex of the circumcevian triangle. We prove here a
result with a corollary that the radical center of these circles is the cevian point.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane.

Let E be a point on line AD.

Let F' be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line C'D such that CG : DG = AE : DE.
Let line C'D intersect circle EFG at point H.

Let line BD intersect circle EFG at point 1.

Let line AD intersect circle EFG at point J.

Let a be the circle whose diameter is AJ.

Let B be the circle whose diameter is BI.

Let v be the circle whose diameter is CH.

Then the radical center of a, 3, and v is D.
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Proof. A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).

D has coordinates (zp,yp).

E has coordinates (:UE,:IJE *xYp/Tp).

F has coordinates ((zp + xg * (xp — 1))/xp,zp *yp/xp).

G has coordinates (((zp — z¢) * xg)/xp + zc, (T *yp + (xp — TE) *Yc) /D).
Circle FFG is given by the equation

(x — (((zp — 1) *xzp +ap)/zp +2r)/2)*+ (y— 2% 2g xyo * yp + (xp — TR) *
ye + (zc —2g) xxp + (28 — 2c) x2p)/(2* xp * yc))* — ((xp — (((zp — 1) x 2k +
zp)/xp+zE)/2)*+ (xp*yp/rp — (2% xEp*yc*yp + (xp —xE) * Y2 + (vc — x4) *
rp+ (25 —xc) xxp)/(2*xxp x yc))?) = 0.

H has coordinates
((xp—zo)*xRp+xe*TD)*Yc*Yh — (Tp*Tp*Ys —To*Tp* Yo+ Th Y2+ To* T p*
Yo TE KT DH TR — TBO* TP T — Ta kT p+Tak Ty — T % TG+ To*TH+ T Tp — TE*
Tp)*yp+rh*ys+xp*(xp—xc)* ((xp—1)*xp—(rc—1)*2p) *xyc)/(Tp * yo *
((yp—ye)* +(zp—20)?)), (Tp*yc*yph — (2xTp*yg + 28 *Tp—To*Tp—Te*Tp+
TexTp)*Yh+yc* (Tpxy2+Th*Tp —Tp*xTp+Ti*Tp—To*Tp— 2% To*xThH+ a9+
zo*xp)*yp —(¥p—1)*xp*(vp—2p)*y2)/(xp*yc*((yp —yc)*+ (xp —2c)?))).
I has coordinates
((xp—1)*zp+zp)*yc*ybd — (xp—1)* (g —xp) * (Y& + (xc — 1) *xc) *yp +
(xp—1)*xzpxxp*xyc)/(xp*yc*(yh+ (xp—1)%)), (yp* (Tpxycxy%H — (xp—xp) *
(y&+(xc—1)*xc)*yp+(xp—1)*xp*(xp—1)*yc))/(xp*yc*(yh + (xp —1)%))).
J has coordinates

(zp*yc*yh — (xp —xp)* (Y2 + (xc — 1) *xxc) *yp +xp * ((xp — 1) * g +xp) *
yo)/ e * (vh + ), (yp * (2 * ye *yb — (v5 — 2p) * (Y& + (vc — 1) * x0) * yp +
zp * ((xp — 1) * xp + xp) * yc))/(xp * ye * (yp + B))).

« is given by the equation
(1‘—(($E*yc*y]23—(xE—:vD)*(y%+(:BC—1)*xc)*yp~|—xp*((xp—1)>|<:1:E+
zp) *yc)/ (e * (yp + 1)) /2)* + (y — ((yp * (wp * yo *yp — (w5 — xp) * (Y& +
(xc =) *xc) *yp +ap* ((xp — 1) *xp+xp) *yc))/(@p *yo * (v +21))) /2)* =
((xp*ye*xyh — (g —xp) * (Y& + (xc — 1) xxc) xyp + ap * (xp — 1) * 2 +
zp)*yc) /(e = (b +21)))/2)* + (((yp * (v * ye = yh — (x5 — vp) * (Y& + (ﬂfc N
1) s xc) *yp +ap * ((wp — 1) xxp + xp) xyc))/(xp * yo * (yh + ©3)))/2)?) =

[ is given by the equation

(z = (((((wp = 1) *xp+ap) *yc *yp — (xp — 1) = (vp — JfD)*(’y%Jr(Ic—l)*ch)*
yD+($D—1)2*$D*$E*yc)/($D*yc*( b+ (@p—1)%)))+1)/2)* + (y — ((yp *
(rp*xyc*yb — (rg —zp) * (Y2 + (v — 1) * C)*yD—l—(a:D—l)*xD*(xE—l)
ye)) /(o ye = (yh + (xp — 1)*)))/2)* = (L= ((xp — 1) * x5 + xp) * Yo * yh —
(xp—1)x(zg—zp)* (Y2 + (xc—1)*xxc)xyp+ (xp —1)**xp*xxE*yc)/(Tp * Yo *
(D + (xp — 1)) + 1)/2)* + (((yp * (w5 * ye *yh — (xp — xp) * (¢ + (xc — 1) *
ve)xyp + (wp — 1) * xp x (wp — 1) *yc))/(xp *yo * (yp + (xp — 1)*)))/2)*) = 0
v is given by the equation

(x—(zc+ ((((xp—z0)*TE+To*Tp)* Yo *yh — (Tp*Tp* Y2 —To*Tp* Yo +T5H *
Yo+ To* TR YL+ TE KT PR Tp — TR Tp*Tp —TH*Tp+ X5 xTp — T+ Th +To* a9+
rhxrp— i xxp)xyp +ahxys+xp*(xp—zc)*((xp—1)xxp— (xc—1)*zp) *
yo)/(zp*yc*((yp —yo)* +(zp —2c)*))))/2)*+ (y — (vo + (Tp*yc *yp — (2% zp*
Vit aisrp—roxrp— i xTp+Toxap)*yh+yck (Tpryitrhkrp —rp*xTp+ad*
Tp—xcxrp—2%roxrh+ah+xo*xp)xyp—(xp—1)xxpx(xp—xp)*yd)/(xp*
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yox((yp—yc)*+(zp—2c)?))))/2)* = ((zc— (zc+((((xp—zc)* TR+ TC*TD) * YO *
Yh — (Tp*Tp*Ys —To*Tp*Ys + Tk Y2+ TR Tp*Ys+TE*Tp*Tp — To*TpRT R —
TL AT+ T *Tp — XLk T+ ToxTH+xdxxp —Ti*xp)*yp +TH* Yy +xp* (vp —
zo)*((rp—1)*xp—(vc—1)*xp)*yc)/(xp*yc*((yp—yo)* +(zp—2c)?))))/2)* +
(Yo — (yo+ ((Tpxycxyh — (2xrp* Y2+ T2 % Tp —To*xTp — X2+ Tp+To*Tp) *Yh+
Yo* (Tp*yt+ a5 xxp —Tp*Tp+TE*xTp —To*Tp — 2% X0k TH+ X% +To*Tp) *
yp—(rp—1)*xp*(xp—2p)*ys)/(@p*yc*((yp —yc)*+(¥p—2c)?))))/2)*) = 0.
The radical line between « and 3 is given by the equation

(r—((zp*xyoxyh —(xp—xp)* (Y& + (xc— 1) *z0)*yp+xp*((xp—1)*xp+Tp)*
ye)/ (e = (yp +2%5)))/2)* + (y— ((yp * (T *yo *yp — (xp — zp) * (Y& + (zc — 1) *
2e) -+ % (29— 1) <25+ ) *40)) (20w (55 + T2 ~ (w5 <y
yp—(zp—2p)* (Y +(vc—1)*zc)*yp+rp*((xp—1)*xzp+zp)*yc)/(yo = (yh +
) /2% +(((yp*(zp*xycxyh— (xp—xp)* (Yo +(zc—1)*xxc)*yp+ap*((xp—1)*
rp+ap)*yc))/(Tp*yc*(yh+23h)))/2)%) — ((x—(((((xp—1) *zp+ap)* Yo *yph —
(xp—1)*(zp—xp)* (Y2 +(zc—1)xxc)*yp+(xp—1)?*xpxxE*yc)/(Tp*yc* (Y5 +
(xp—1)*))+1)/2)* +(y—((yp* (xe*yc*yh —(vp—p) * (Y& +(rc—1)*20) *Yp +
(xp—1)*ap*(rp—1)*yc))/(xp*yc* (yh+ (rp—1)*)))/2)* = (1= (((((xp — 1) *
rp+ap)xycxys—(xp—1)*(zp—zp)*(y&+(xc—1)*xc)*yp+(xp—1)**xp* T *
ye)/(@prycx(yp+(rp—1)%)))+1)/2)*+((yp*(xe*yc*yph — (v —rp)* (Yo +(x0—
D*zc)*yp+(rp—1)*xp*(vp—1)*yc))/(zp*yc* (vh + (vp —1)?)))/2)?)) = 0.
The radical line between o and + is given by the equation

(z—((zpxycxyh— (rp—xp)* (Y2 +(xc—1)*zc)*yp+xp*((xp—1)*Tp+Tp)*
yo) /(Yo (yp+2p)))/2)*+(y— ((yp* (Tp*ye*yp — (xp—2p) * (Y2 +(xc—1)*x0) *
yp+rp*((zp—1)xxp+rp)*yc))/(Tp*yc*(yh+1h)))/2)* = ((ze*ycryh— (25—
xp)* (Y& +(xc—1)*axc)xyp +rp* ((xp—1)*xp+rp)*yc)/(yo* (yh +1a%)))/2)* +
(((yp*(zexyo*yp— (v —2p)* (yo+(vo—1)*x0) ¥yp+rp*((xp—1)xxp+rp)*
ye))/(@p*ye*(yh+25)))/2)%) = (2= (v +((((zp —wc) xxp+T0*TD) * Yo * YD —
(Tp*Tp Yl —To*xTp* Y+ TH*YE+To*Tp Y2 +TE*Tp* T — TR T p*xTp—To*xTp+
rixxp—rixrhtrorrh+adxrp—aixap)xyp+ahxyd+arpx(zp—rc)*((xp—1)*
rp—(zc—1)xxp)*yc)/(@p*yc*((yp —yc)*+(@p—2c)?))))/2)*+ (y— (yo+ ((zp*
Yoxyh— (2% Xpx YL+ T kT p—To* T —TERTp+To*Tp) ¥ Y+ Yo * (Tpryd+ a5 *
TE—Tp*Tp+Ti*Tp—ToxTp—2%To*xrh+rh+ro*xp)*yp—(rp—1)xxp*(rp—
xp)*y2)/(@p*yo* ((yp —yc)? + (vp —2¢)?)))) /2)* = (vc — (xo + (((xp —zc) *
Tp+ro*Tp)*Yckyh — (Tp*Tp* Yl —Xo*Tp* YA+ L ¥ YL+ To*Tp*YSH+ L KT *
TE—To*Tp TR —To*Tp+Ti*Tp— T+ Th+To*Th+ri*xp —r2*%xp)*Yp+ThH*
yo+apx(rp—zc)*((xp—1)*xp—(zc—1)*xp)*yc)/(xp*yc* ((yp —yc)*+(zp—
20)?))))/2)*+ (o — o+ (Tp*yoryh — (2% p*Ye + ¢+ T g —To*T g — T *Tp+T0*
Tp)*YH+yox (Tpryi+Th*T g — T p* T+ T AT p— Tk T p— 25T ¥ TH+T5+T kT p)*
yp—(rp—1)*xp*(xp—rp)*y2)/(@p*yc*((yp—yc)*+(xp—2c)?))))/2)?)) = 0.
The radical line between § and 7 is given by the equation

(z—((((xp—1)*xp+ap)*yc*yp — (xp—1)* (g —xp)* (Y& +(vc—1) *xc)*yp+
(zp—1)*,xp*rp*yc)/(xp*yc*(yp+(xp—1)%)))+1)/2)*+(y— ((yp*(Tp*yc*yph —
(zp—2p)*(y&+(vc—1)xzc)*yp+(rp—1)*p*(rp—1)*y0))/ (Xp*yc*(yp+(Tp—
D*)))/2) = (1= ((((zp—1)*xp+xp)*yc*yp —(xp—1)* (xg —xp)* (Y& +(z0 —
Dee) yp -+ (rp— 1) e g eye)/ (e wye (W + (2p— 1))+ 1)/2) (yp
(zpxycxyb—(zp—xp)* (Yo +(xc—1)*xc)*yp+(xp—1)xxp*(xp—1)*yc))/(xp*
yox(yp+(rp—1)%)))/2)*) = ((z— (zc+(((xp—2c)*Tp+Tc*TD) *Yc xyp — (Tp*
TE*YE — TR p*R Y2+ T YA+ T o T DR Y2+ TEH T PRI — TR T DRI R — Tk T p+Te*
rp—rixrhtroxrh+adxrp—atxrp)xyp+rhryd+apx(rp—zc)*((xp—1)%*
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rp—(vc—1)*xp)*yc)/(xp*yc*((yp —yc)*+(xp—2c)?))))/2)*+(y— (Yo + ((zp*
Yoxyy — (2% xp* Yl + ik Tp—To* TR —TERTp+To*Tp) *Yh+yc* (Tpxys+ 15 *
TE—Tp*Tp+Ti*Tp—ToxTp—2%To*xThH+TH+To*xp)*yp—(xp—1)*xp*(rp—
zp)*y¢)/(p *yo* ((yp —ye)* + (xp —2¢)?))))/2)* = (xc — (zo+ ((((zp — zc)
TE+To*Tp)*Ycxyh — (Tp*Tp yb —To*Tpxyb+Th*xy2+To*Tp*ys+ri*xTp*
TE—To*Tp*Tp—Ta*Tp+Ti*Tp—Ti*xrh+ro*xrh+ri*rp—xh*xp)xyp+Th*
yetap(rp—ac)x((xp—1)xwp—(zc—1)xxp)*yc)/(xp*ycx((yp—yc)*+(xp—
ve)* )2+ (e — (Yo +((xp*ycxyh — (25 p*y¢+atxvp —To*Tp—TEHTp+TC*
Tp)*Yh+yox(TpyYi+TH* T p—Tp*Tp+TE*T p—To*T p— 2% C*TH+TH+T kT p)*
yp—(xp—1)xxp*(zp—2p)*yt)/(@p*yc*((yp—yc)*+(xp—2c)?))))/2)%)) = 0.
We verify that point D lies on all these lines since we calculate that
(xp—((zp*xyc*yh— (rp—xp)* (Y2 + (xc—1)*xc)*yp+axp*((xp—1)*xp+xp)*
yo)/ (e (yb+25)))/2)* + (yp — (yp * (xp *yc *yp — (x5 — xp) * (Y& + (o — 1) *
ve)*yp+rp*((xp—1)*xp+ap)*yc))/(xp*yc*(yp+21)))/2)* = ((wp*yo =
yp — (rp—ap)* (v +(vc—1)*xc) xyp +rp*((xp— 1) *xp+2D) *yc)/ (Yo * (yp +
)2 +(((yp*(xp*yc+yp — (wp—p)* (Y& +(vc —1)*zc)*yp+ap*((xp—1)*
rp+ap)*yc))/(@p*yc*(yp+15)))/2)*) — (wp— (((xp—1)*xp+ap)*yc +yh —
(rp—1)*(zp—xp)*(y¢+(zc—1)*xc)*yp+(xp—1)**xp*rE*Yyc)/(Tp*Yyc* (yhH +
(w0 11)+1)/2)2+ (o (o (25 ety — (26— 2p)# (s + (0~ 1)) yn +
(v — 1) x5 — 1) #0)), (g0 (57 4 (25— D))/ — (1~ (((— 1)
rp+ap)*xycxys—(rp—1)*(zp—xp)*(y&+(xc—1)*xc)*yp+(xp—1)**xp* T *
4o eyox (oo~ 1)) +1)/2)+ (o (e esicnyfy — (25— p) (5B (70—
V)sxe)*xyp+(xp — 1) *ap*(xp—1)*yc))/(xp*yc* (yh+(xp—1)%)))/2)%)) =0,
(xp—((zp*xyc*xyh—(xp—xp)* (Y2 + (xc—1)*xc)*yp+apx((xp—1)*xp+xp)*
yo)/(yox (b +25)))/2)*+ (Y — ((yp*(Tp*ycxyh — (xp—rp)* (Y& +(xc—1)*20) *
yp+apx((xp—1)xxp+rp)*yc))/(@p*rycx(yp+r5)))/2)* = ((werycryh — (5 —
zp)*(ye+(xo—1)*xc) *yp+ap*((zp—1)*zp+zp)*yc)/ (Yo * (vh+1)))/2)* +
((yp*(zp*ycxyp—(xp—ap)* (Y& +(xc—1)*zc)*yp+ap*((zp—1)*xTp+ap)*
yo))/(@pxycx(yp+15)))/2)?) = (wp—(zc+((xp—wc)xwp+rc*ap) *yc*yp —
(TD*TE*YG—To*Tp*YE+TH¥YG+TO*Tp*Ye+TEH¥ T ¥ Ty —To*Tp T —Te*T g+
rixrp—rbkrh+roxrh+rdxxp—aixrp)kyp+arhryd+ap*(xp—xc)*((xp—
Dxaxp—(vc—1)*xp)*yc)/(xp*yc*((yp —yec)* +(zp—2c)?))))/2)*+ (yp — (Yo +
(zp*yc*ys — (2*xrp*yt+ri*rp—roxTp— 2% Tp+T0*Tp)*Yh+yc* (Tp*yé+
Th*Tp—Tp*xTp+Ti*rp—Toxrp—2%roxTh+1h+xoxTp)*yp— (xp—1)*xTp*
(zr —zp)*ye)/(xp*yc* ((yp —yec)?* + (xp —2c)?)))) /2)? = ((zc — (zc + ((((zp —
TO)*TR+TORTD ) *Yc*Yh— (T p*T pkYs —TOoRT pRYS+TH Y2 +To*T p*RYZ+TE%T p*
TE—TO*Tp*TEp—Te*Tp+To* Ty — T xTh+TokTh+Te*rp—1i*xp)xyp+1%*
ve+apx(xp—xc)*((xp—1)*xp—(rc—1)*xp)*yc)/(xp*yc*((yp —yc)*+(xp—
2c)))))/2)*+ (yo— (yo+ (xpxyoxys — (2% p* Y2+ x24T p—To*Tp—TE*T p+To*
Tp)*Yh Yok (Tpryi+Th* T p— T p* T p+ T AT p—To*x T p— 2% T oxTH+T9+To*Tp ) *
yp—(xp—1)xxp*(vp—2p)*y)/(xp*yc*((yp—yc)’+(rp—12c)?))))/2)*)) =0,
and

(zp—(((((xp—1)*xp+ap)*yc*yh —(wp—1)*(xp—2p)*(y&+(vc—1)*zc)*yp+
(zp—1)*xxp*zp*yc)/(@p*yc* (yh+(xp—1)*)))+1)/2)*+ (yp — ((yp* (xE *yc *
yp—(zp—xp)* (Y2 +(zc—1)*xc)*yp+(zp—1)*xp*(Tp—1)*Yc))/ (Tp*Yc* (yp+
(00~ 120)/22 (1~ (e~ 1) 55 +-20) sycey — (2p—1)# (v — ) (g +
(re—1)*zc)*yp+(xp—1)**xxp*xrpxyc)/(xp*yc* (y5+ (xp—1)%)))+1)/2)*+
((yp*(zp*yc*xyh —(xp—xp)* (Yo + (xc—1)*xc)*yp+(xp—1)*xp* (xp—1)*
yo))/(@p*rycx(yp+(zp—1)%)))/2)*) = ((zp—(zc+((((xp—zc)*Tp+Tc*TD)*YC *



BENJAMIN LEE WARREN 350

Uh— (Tp*Tp*Y2 —To*Tp*Ys + TR Y2+ TR Tp*Ys+TE*Tp*Tp — ToXTpRTp —
TLRTp+TE*T g — ek X%+ Tk T+ X5 T p —T2*Tp ) xYp+TH*ys+Tp*(xp—Tc)*
((xp—1)xzxp—(zc—1)*xp)*yc)/(xp*yc*((yp —yc)*+(rp—20)?)))) /2)*+(yp —
(Yo+((Te*yoryh — (2% T p*Ye +aE* 0 g — 20 *TE —TE*Tp+To*Tp) ¥Yh+yo* (v p*
YEHTh AT — T p* T+ XL T —To* Ty — 2% To* T +a%h+xoxTp)*yp— (xp—1)*
wp*(rp—rp)*yt)/(@p*yc*((yp—yc)*+(rp—20)?))))/2)* — ((xc—(vc+((((zp—
TO) KT E+ToxT D) ¥ Yok s — (T p*T p*YS—To*T prYb+Th* Y2 +ToxT pkys+Ti*T p*
TE—To*Tp*Tp—To*xTp+Ti*rp—Ti*xrh+ro*xrh+rd*rp —x2*xp)*yp+Th*
yo+apx(rp—rc)*((xp—1)*xp—(rc—1)*xp)*yc)/(xp*yo*((yp—yo)*+(rp—
20)?))))/2)*+ (o — o+ (Te*yoryh — (2% p*Ye + ¢+ T g —To*T g — T *Tp+T0*
Tp)*YH+yox(Tpryi+Th*T g — T p*Tp+TE* T p— Tk T p— 25T ¥ T +TH+T kT p)*
yp—(xp—1)*xp*(xg—xp)*y2)/(@p*yc* ((yp —yo)*+(xp—2c)?))))/2)?)) = 0
as desired. 0

c

I

FiGurg 1. Illustration.
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