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1. INTRODUCTION

There are a handful of well known results regarding concurrent cevians and non-
concurrent cevians, such as Ceva’s theorem [1|. Here, we will show that three
certain circles related to nonconcurrent cevians are concurrent.

2. RESuULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point on line AB.

Let E be a point on line AC.

Let F' be a point on line BC'.

Let lines AF and BE intersect at point G.

Let lines AF and C'D intersect at point H.

Let lines BE and CD intersect at point I.

Then circles ABG, ACH, and BC1I are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).
D has coordinates (zp,0).
E has coordinates (v, “22<).
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I has coordinates (zr, (xr — 1)(;2%)).

G has coordinates

(—(xgxzpx (xc — 1) /(xc —xc * 2 — o *xp + g *xTp), —(Tp * Yo * (xp —
)/ (xc —xc*xp —To*xp + Tp*xxp)).

H has coordinates

((z¢ =) ®ap*xp)/((zp—1)*xp —xp +2¢), (xp*yc * (xp —1))/(xc —xp —
TP+ TpxTR)).

I has coordinates

((xc *xp +xc*xp —xp *xp — o *xp *xxg)/(xc —xp *x xE), (TE * yo — xp *
xp*xyc)/(rc —xp * xTE)).

Circle ABG is given by the equation

(x—1/22+(y— (—((z¢ = V) xxp* (1/2+ ((zc — 1) *zp*x2p) /(2% (vp * zp —
xoxxp—xoxxp+c))))/(xp—1)xyc) — (xp* (xp— 1) xyc)/(2* (xpxxp —
zoxxp —roxrp+20))))? — ((1/2)+ ((—((xze¢ — ) *xp x (1/2+ ((xc — 1) xxp *
zp)/(2% (xgxxp —xo*xxp —xo*xrp+x0))))/(2r—1) xyc) — (zp* (xp — 1) %
ve)/ (2% (xp xxp —xc*p — 20 * 2p + 20))))?) = 0.

Circle AC'H is given by the equation

(x—(—((zp — 1) *y2+ (1 —2%xc)*xp+a%) *xp +xc*xxp —25) /(2% ((xp — 1) *
2p—2p+20) 2+ (y— (((#p+ 20— 1) k25— p) #y— (50— 1) £2:0:5 (2 — )
20) /(2% ((2p— 1) 525 — 2 +1¢) #50)) — ((—((r — 1) 2+ (1 — 2520) # 2+
wi)xxptaxoxrp—a2)/(2x((xp—1)*xzr—2p+20))))* +((((xp+2c—1)* 28—
rp)xyé —(xe—1)xzo*x(xp—xc)*2r) /(2% ((xp—1)*xr—zp+20)*yc)))?) = 0.
Circle BCT is given by the equation
(z—(—(zpxyd+((—2xxc—1)*xp+ad)*rp+rc*rptrc)/(2x(Tprrp—10))))?+
(y—((((zp+zc—1)*xrp—20)*Ys — (v —1)*20%(Tp—20 ) * TR+ (X0 —1)*TO* TP —
2 +23) | (25 (5 * 25— 50) #0)) — (1= (— (wp i+ (—2 520 — 1) 2 +23)
rptzoxrp+uc)/(2x(zp*xrp—1c)))*+((xp+xc—1) %25 —20) * Y2 — (TC —
Vsxex(xp—zo)*xxp+(rc—1)xx0%0p — 28 +1%) /(2% (xp*rp—20)*yc)))?) = 0.
Consider the point J whose coordinates are given by

vy = —((zpxyd—rc*x(2xxp—xc)*rp+ro*xrp)*((((2*%xp+rc—2)*TR—TO*Tp—
ri+re)xrh—(((xe+3)*xp+as—2%xc—1)*xp—ro* (2% p+rc—1))*0p+((TC+
1)*&:,3—950)*xE—a:C*:z:D)*y%—l—(wc—1)2*xc*(xE+a:D—1:C—1)*x%+(xc—1)2*
xc*(xp o) *(zp—1)*zp))/((xpxrr—zc*rp—vo*rp+rc)**ys+((((2%2p —
1?42 (zo—1)xxc)*1% — 2500 (2% 0% —wo*Tp+2% 05 — 10— 1) * TR+ TE %1% — 2%
(xo— 1)*mc*a:D—|—2*xC 2*xc)*a:F 2*(2*xc*x%*xE+2*xD*xZE—xC*xD*xE—Z*
xc*xD*xE—xD*xEJrZ*xC*xE 2*xc*xE+wC*a:E—xC*a:D*xE—B*xc*xD*xE+
2K TE AT DR TR — 25T * T — Tk T+ 3% TE* T g+ X5 %% — 2% 2% T p+ 2% T2 %1 p+2%
vl —xdy—xi)xrp+ ((vo+1)?%0% —2xxo* (22 + 1) xxp+ 2%} — 2% a8, + 72 ) %1% —
2xxok(Toxah +1h —2xx2 kT p+ToxTp+ 248 —2x2% )k p+ri k1 — 2% (xo—1)*
xQC*xD+2*xé—2*x%)*y%—l—(wc—l)Q*x%*(xE+xD—xc—1)2*x%+2*(xc—l)Q*xQC*
(xp—xc)x(xp—1)x(xp+axp—20— 1)*xp—i—(xc 1) *xc (:z:D rc)? *xE—Q*(:UC—
1)?x2ix(xp—xc)?*xxp+(vo—1)?*adxxd — 2% (o —1)**xdxwp+al — 252l +x})
and

y; = (—((zp—xc)*xxp —xoxrp+20)*yo* (Tp*ys —rox (2%xp —To) *TEp+T0*
zp)*((xp—1)*yt —(x¢—1)*(2xxp—xc—1)*xp+ (v —1)*2p—2i+20)) /((TE*
rr—rc*xr—ro*Tp+r0)  *ys+ (((2xxp —1)2+ 2% (vc — 1) *x0) %1% — 2% T0 *
(2% 2% —xo*xp+2%2h — 10— 1) *xrp+atxxh — 2% (xe—1)xai*rp+2x1f — 2%
TL) k% — 2% (2% Lok 09k 1%+ 2% T 0% — XL A TP TE — 2K T KT * T — Tk Te+
2x a2 k0L — 2x 1l L+ xox 1L — 2 1 h kT — 3k Xo kXL ¥ T+ 2K TH R Tp kTR — 2%
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rhxrp—rixrp+3xrixrp+aixrd —2xxdxrp+ 2%t xxrp +2x1h —1h — %) *
v+ ((ro+1)2 %23 —2xxo* (22 + 1) xxp + 252 — 2% 28, +22) % 2% — 2% x0 * (1o *
3414 —2xxixxpt+rokrp+2%xy —2x1i ) xrp+adxrh —2x(zo— 1) xxi*xp+
25— 2523 ),y + (vo—1)?x2i* (vp+rp —ro—1)* %02+ 2% (xo— 1) 2 2% x (xp —
ro)*(zp—1)x(xp+rp—xc—1)*xp+(vc—1)* %22 *(xp—xc)? %25 — 2% (xc—1)*
tix(zp—zc)?*xxp+(ve—1) ki xa% — 2% (xo—1)?*ad xxp+2s — 2% 2 +22).
We verify that J lies on all three circles since we calculate that
(—((zp*y2 —xc*x(2%xp—z0)*Tp+ro*Tp)*((((2%2p+20—2)* TR —TC*Tp—TE+
zro)*rt—((zo+3)*xp+ai—2%xc—1)*rp—xo*(2xxp+rc—1))*2p+((Tc+1)*
Tp—To)*Tp—ToxTp)*ys+(re—1) *xox(xp+ap—rc—1)*1%+ (v0—1)* %10 *
(xp—xc)*(xp—1)*xr))/(xp*rr—vc*Tr—2o*TE+20)* %Yo+ (((2%x2p—1)2+
2x(xo—1)*z0)*x 0% —2xx0* (2% 0% —xo*Tp+2%0% — w0 — 1) )T g+ 1o %1% — 2% (10—
D)kl xxp+2xxs — 2522 ) x 0% — 2% (25 x o1 x 0%+ 2% b % 2% — 02 %1 p 1L — 2% T 0%
Tp*Th—Tp*TH+24T8 %1% — 2% B2 % B+ T * T — T2k Th % T g — 3% To* T H* T p+2%
x%*xp*xE—2*x‘é*x};—x%*xE+3*xc*xE+xc*xD 2%k p+2% 2L xTp+2%
xé—x%—x%)*xF+((xc+1) * 12, — 2*xc*(xc+1)*q:p+2*xc 2% 18+ a2 k% —
Q*xc*(xc*xD—i—xD 2% XLk Tp+To*Tp+24Th — Z*Ic)*IE+JIC*$2D—2*(xc—1)*
2 xxp+25xrt—2%xd ) xyt 4+ (vo—1)*xad*x (xp+ap— xc 1) *x%—i—Z*(xc 1)%xa?*
(rp—zc)*(zp—1)*(rg+rp—rc—1)*2p+ (20 —1)? *xc (xp—xc)* 0% —2%(vc—
1) xx2x(xp—zc)?*rp+(re—1)*xxix2% —2x(rc— 1) *x3 %1 p+al —2%xd+1d) —
1/2)2+((—((zgp—zc)*xp—zo*rp+o0)*yc* (xp*ys —ro* (2% p —Tc) *Tp+To*
zp)*((zp—1)*yé —(zc—1)*(2xxp—2zc—1)*xp+(vc—1)*x2p—0i+20))/((TE*
rp—zo*xrp—roxtp+ro)txyb+(((2%xp—1)? 42 (o —1)xx0) %% — 2% w0 % (2%
v —zo*xxp+2x1i —xo—1)xxp+rixat, —2%(vo—1)xxi*xxp+2%1h — 2% 2% *
—2*(2*xc*x2D*x%—i—Q*x%*xQE—x%*xD*x%—Z*xc*xp*xQE—xD*sz—FZ*x%*
Q*xc*xE+xC*x% xc*x%*xE 3*xc*x%*xE+2*xc*xD*xE Q*xc*xE—
xc*xE+3*xC*xE+xC*mD 2% xxp+ 2% x5 xxp+2% 1L — xS — 1) *xxp+ (o +
1)2*:L‘D—Q*mc*(:EC+1)*:CD+2>|<xC—2*x0+xc)*xE—Q*xC*(a:C*xD+:ED—2>|<
zc*xp+xc*a:D+2*xC 2*xc)*$E+xC*xD 2x(ro—1)*xd*xp+2%Th — 2% 12, ) *
i+ (zo—1)**%aix(xp+rp—xc—1)*0%42x(xc —1)?x2i*(xp—xc)* (xp—1)*
(zp+rp—xc—1)kxp+(vo—1)**%2i*(xp—u0)?*0%h—2%(xc—1)*xad*(xp—xc)**
rp+(re—1)2xaixah —2x(vc—1) s 2 xwp+al —2xad +18) — (= ((ro—1) %z p*
(1/24 ((zc—1)*xpxxp)/(2x(zpxrp—xcxxp—zo*xrp+x0))))/((tp—1)*xyc) —
(rp*(xp—1)*yc)/2x(zpxrr—xc*xr—2c*2R+20))))? — ((1/2)? 4+ ((— (20 —
Dxzpx(1/24(xc— 1) *zp*xxp)/( 2% (zpxxp—xc*xrp—zo*xrp+xc))))/((xp —
) xyc) — (wp*(zp — 1) *yc)/(2x (xp*xxp —xc*0p — 20 xR +20))))?) = 0,
(—((zp*xyt —xo*(2xxp—x0)*rp+To*xp)* (2% p+T0c—2)*TE—TC*Tp—TE+
o)kt —((ro+3)*xp+ai —2%xc—1)*rp—wc*(2%xp+r0—1))*Tp+((Tc+1)*
Tp—xc)*xEp—To*xp)xyst(re—1)2*xox(xp+rp—rc—1) 2%+ (v0—1)** 20 *
(xD—xc)*(xE—1)*xp))/((xE*xF—xo*:r;F—xc*xE—l—xc)Q*yé—i—((((Z*xD—1)2+
2x(zo—1)*xo) k1% —2%x0x (2%0%h —roxxp+2%1h —x0— 1) xxp+ Ttk rh —2% (10—

1) xx2xxp+2%1h — 2522 ) k0% — 2% (2% 1o x 09 * T+ 25T k1% — xQC*ID*:L‘E—Q*xC*

xD*x%—xD*xE—i—%xC*xE Q*xc*xE—i—xC*x%—a:C*x%*xE 3*Ic*l’D*(L’E—|—2*
Thkrp*RTE —2%TE*TE — xc*xE+3*xC*xE+xC*xD 241} kT p+ 2% T *Tp+ 2%
vl —ad—ai)xrp+(vo+1)?*0h — 2% xox (22 + 1) *xp+ 2%l — 2% 2 + 12 ) v 1% —
2xxok(Toxad +ah —2xatxrp+roxxp+2+xE —2xa% ) kT p+ri kst — 2% (xo—1)*
TiHrp+2%E —2xx8 ) xyZ+ (vo—1) 2,1t % (xp+rp—r0o—1)* %1% +2% (vo—1)?*1i *
(zp—zc)x(xp—1)x(zp+rp—xc—1)*xxp+(vc—1)**ai*(xp—xc)* 2% —2x(vo—
1)?xxi*(xp—zc)?*xp+(vo—1)**xi*xxth —2x(vo—1)* %2 xxp+al — 2% +1d) —



335 THREE CONCURRENT CIRCLES IN REFERENCE TO THREE NONCONCURRENT CEVIANS

(—((xrp—1)xy2+((1—2%zc)*xp+ad)*xp+rc*xrp—x2)/(2x((xp—1)*xp—zp+
o))+ (= (zp—xco)*rp—xo*Tp+T0)*Yo* (Tp*ys —rxo* (2%Tp —TC)* TR +T o *
JBD) (zp—1)*y2 — (xc—1)*(2xxp—20—1)*1p+(rc—1)3x2p -2 +20))/((TE*
rr—xoxTp—To*xTp+rc) *ys+ (((2%xp—1)2 4+ 2% (xc — 1) *w0) % 2% — 2% 0% (2%
rh—zoxxp+2*xri—vo—1)krptaixat, —2x(vo—1)*xixrp+2% 1 —2%x L ) krh —
2*(2*:UC*£E2D*SL‘%+2*£L'3)*%%—x%*xD*LCQE—Q*xc*SUD*Z'JQE—ID*$QE+2*x%*LE%—2*
xc*xE+xC*:cE a:c*xD*xE S*xc*xD*xE+2*xc*xD*xE 2*1:0*3(:]3 xc*azE+
3xxixxp+ i krh — 2413 % p+ 2% 0L kT p+ 2% TE — TP — xc)*xp+((xc+1) * 12—
Q*xc*(xc+1)*a:D+2*xc 2xxg+ad ) %1% — 2xxok (Tokah+ah — 2% ri *rp+To*
Tp+2xxd— 2*$c)*$E+$c*$D 2% (o —1)*x2*xxp+2%x— 2528 ) *yZ+ (vo—1)**
w2 (rptrp—ro—1)**2%+2%(xo—1) 52tk (rp—z0)*(xp—1)*(zp+rp—T0—1)*
rrt+(re—1)% 2l *(xp—rc)?* 0% —2%(xo—1)?*xi* (xp—20)?*xp+(v0—1)?*TE*
o4 —2x(zo—1)*xxdxaxp+al —2«xl+28)— (((rp+ac—1)*xp—2p)*y2 —(xc—1)*
ron(zp—ag)ar) | (2((wn—1)sar—aptac)enc)) —(((~((rr— 1) wyt(1-2>
ro)xxp+ad)xxpt+rcxrp—rs)/(2x(xp—1)xzp—zp+xc)))) > +((((zp+rc—1)*
rp—xp)xyt—(vc—1)*xc*(xp—zc)*xr) /(2% ((xp—1)*xp—2p+T0)*YC)))?) = 0,
and
(—((zp*xyt —xo*x(2xxp—x0)*rpt+xoxxp)*x (2% p+rc—2)* T —TC*Tp—TH+
o)kt —((zo+3)*xp+ai —2%xc—1)*rp—wc*(2%xp+r0—1))*2p+((Tc+1)*
Tp—To)*Tp—xoxTp)*ys+(re—1) % xox(xp+xp—rc—1)*1%+ (v0—1)* %10 *
(zp—zc)*(zp—1)*zF))/((xp*ar—rc*rp—rcrrpt+ac) Yo+ ((((2xxp—1)+2%
(xo—1)*z0)*1h—2%T0x (2%0%H —xo*wp+2x2t —xo— 1) *rp+rixad, —2x(xc—1)x
xzc*xp+2>;x‘é—2*x2c)*x%—2*(2*:1:0*3:%*xQE—i—Q*x%*x%—xQC*xD*x%—Q*wC*xD*
xE—xD*a:E+2*x?é*x2E—2*x%*x%+xc*x%—xgc*xQD*xE—3*xC*:c%*xE+2*x%*
xg*xE—Q*xé*xE—xc*xE+3*xC*xE+IC*xD—Q*xc*xD+2*xC*xD+2*xc xd—
xC)*xF+((xC+1) *12— Q*xc*(xc—i—l)*xD—i—Q*a:C 2xxd4a% ) k1L — 2% x0x (To*
2+ 1% — Q*xc*mD+xc*xD+2*xC Z*xc)*xE—i—xC*xD—Q*(mc 1)z %z p+2x
rh—2xxd ) 2yt +(vo—1)*xxix(rpt+rp—T0— 1) *xF—I—Q*(xC 1)?xa2*(xp— xc)
(rp—1)*(zp+xp—zc—1)xxp+(vc—1)* %22 % (xp—x0)* %1% — 2% (xo—1)* %2l *
(rp—xc)**xp+(vo—1)*xxtxa% — 2% (xo—1)?*xdxrp+as — 22l +2}) — (— (vp*
v+ ((—2%xc—1)xxp+ai)xrpt+roxrp+ac)/(2x(xpxrp—1c))))*+((—(zp—
To)*xTp—To*Tp+To) kYo (Tpkyt —ro* (2% p—xc)*rptrokrp)*((xp—1)*y2 —
($C—1)*(2*$D—$C—1>*$F+(I‘C—1)*,ID—SU%’—i—xc))/(($E*xp—$c*$p—$C*$E+
o) xyb+(((2%xp—1)24+2%(zo— 1) xxc) x0% — 250 * (2% 0% —T kT p+ 2505 — T 0 —

D) xxpt+adsxrh—2%(vo—1) 02 *xp+2+x — 2% 12 )% 0% — 2% (2% w0 1% * T+ 2% 1% *

x%—xc*mD*xE—Z*xc*mD*x%E—:UD*mE—I—Q*xC*xE Q*xc*mE—kxc*xQE—xC*m%
xE—B*mo*x[)*xE—I—Q*xC*xD*xE—Q*xC*xE TLHRTp+3%TE T p+TE T — 25T
rp+2*rixxp+2xrt—xd—a% )k rp+((re+1)?*1h — 2% xox (22 +1)* T p+ 250} — 2%
3 2 Va2 2 | .2 2 3 2 2 .2

THHxE ) k08— 25T ox (To*TH T — 2% XEk T D+ To*T p+2% T —2%TE ) ¥ T p+TE* T —
2*(950—1)*1;20*37D+2*xé—2*x3c)*y%—i—(mo—1)2*1'20*(xE—i—a;D—xC—l)Q*x%—l—Q*
(xo—1)%%xt* (xD zo)*(rp— 1) (xgt+xp—x0c— 1)*xp+(xg 1)? *xc*(xp xc) *
1% —2x(xc—1)?%2ix(xp—rc) *xxp+(vo—1)2*xxix2% — 2% (vo—1)*xad*xxp+ad —

2xxg+ag) = ((wp+ac—1)* rp—r0)*yt — (vc—1)xxc*(rp—rc) *rp+ (o —1)*

32 2 2

roxxp—xe+as) /(2% (xpxrp—xc)*yc)))?— (1= (—(xpxyé+((—2*xxc—1)*xp+
r3)xxptroxrptaco)/(2x(xprxrp—2c))))*+((((zp+re—1)*xp—20)*YE—(TC—
V*xox(xp—xc)*xp+(rc—1)*xc*xp —2+2%)/(2*(xp*TE—20)*YCc)))?) = 0
as desired. 0
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FiGure 1. Illustration.
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