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1. INTRODUCTION

The Dao-Humenberger-Schuppar-De Villiers theorem [1] is a generalization of
Napoleon’s theorem. It demonstrates the existence of three nontrivial equilat-
eral triangles. The first two triangles were discussed by Dao, and the last one was
discussed by Humenberger, Schuppar, and de Villiers. Here, we will generalize
this theorem using ideas from [2], but will present it in the form of three different
theorems in order to simplify the usage of points and diagrams.

2. RESuULTS

Theorem 2.1. Let A, B,C, D, E, and F' form a hexagon (oriented clockwise).
Let AFG form an external (respectively internal) equilateral triangle.
Let BC1 form an external (respectively internal) equilateral triangle.
Let DEH form an external (respectively internal) equilateral triangle.
Let J be some point in the plane.

Let K be a point on line AJ.

Let L be the point on line BJ such that BL : JL = AK : JK.

Let M be the point on line C'J such that CM : JM = AK : JK.

Let N be the point on line DJ such that DN : JN = AK : JK.

Let O be the point on line EJ such that EO : JO = AK : JK.

Let P be the point on line F'J such that FP: JP = AK : JK.

Let Q) be the point on line GJ such that GQ : JQQ = AK : JK.
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Let R be the point on line HJ such that HR : JR = AK : JK.
Let S be the point on line I.J such that IS : JS = AK : JK.
Let T be the midpoint of K and L.

Let U be the midpoint of K and R.

Let V' be the midpoint of L and R.

Let lines AV, BU, and HT intersect at point W.

Let Z be the midpoint of O and P.

Let Ay be the midpoint of P and S.

Let By be the midpoint of O and S.

Let lines 1 Z, EA;, and F By intersect at point C.

Let Dy be the midpoint of M and N.

Let Ey be the midpoint of M and Q).

Let Fy be the midpoint of N and Q).

Let lines GD1, DE1, and C'F} intersect at point G1.

Then points W, C, and G form an equilateral triangle.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0, 0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).

D has coordinates (zp,yp).

E has coordinates (g, yg).

F has coordinates (zp, yr).

We split the proof into the cases where the triangles are external and where they
are internal.

Case 1: the triangles are external.

G has coordinates (zr/2 — (3Y2 % yr)/2,yr/2 + (3% x 2p)/2).

H has coordinates (zg/2 + xp/2 + (3Y2 % yg)/2 — (3Y2 x yp)/2,y/2 + yp/2 —
(32 % (25 — 7p))/2).

I has coordinates (v¢/2 + (3Y2 % yo)/2 +1/2,yc/2 — (342 % (zc — 1)) /2).

J has coordinates (z,y,).

K has coordinates (zx, T *xys/xy).

L has coordinates (((x; — 1) xxg)/x;+ 1,25 xys/x)).

M has coordinates (((z; — z¢) *xk) /) + 20, (Tx *ys + (x5 — TK) *yc)/x ).
N has coordinates (((z; —xp) *xk)/x; + xp, (xx *ys + (x5 — xK) *yp)/x ).
O has coordinates (((z; — zg) * k) /x; + zp, (xx x ys + (x7 — k) * yp) /Ty

P has coordinates (((z; — zp) * 2x)/x; + xp, (xx *y; + (x; — xK) *yp) /Ty

(@ has coordinates

((wre* (((8"2) * yp) /2 + 2y — wp/2)) [as + (xr — (3'2) * yp) /2, (xk % ys + (25 —
21) * (wp/2 + (V%) + 26)/2))2,).

R has coordinates

(% ((8"2) xyp — (32) kyp+ap+ap) +wr+(—(32) xyp+ (3Y%) xyp + 252, —
rp—xp))/(2%x)), 2xxr*y;+(x7—2r)* (yp+yp — (32 x(xg—1xp))) /(2% x5)).
S has coordinates

(g (B sxyc+ae+ 1)+ o+ (=B xyc+2x 25— 20 —1))/(2%25), (T *
v+ (@5 — 1) % (502 — ((3Y2) * (30 — 1))/2))/22).

T has coordinates

(g = 1) x2g)/zs + ok +1)/2, (T *ys)/27).

U has coordinates

).
).
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(y*((3Y2)xyp— (BY2) xyp+2xx g +xp+ap)+ax*(—(3Y2)*yp+(3Y2) xyp+2*
vy—xp—2xp))/(4%x;), (4xrr*y;+ (2 —2K)*(yp+yp—3"%x(xg—1p)))/(4*xy)).
V' has coordinates

(—(3Y2% (vgc —2y) *yp —3Y2 % (v —w))*yp — (d*x;— 25 —2p —2) % 2K — (TE +
rp+2)xxy)/(dxxy), (dxr*ys+(z5—2k)* (yg+yp —3Y2x (xp—2xp)))/(4xx5)).
W has coordinates

(2%x; —2% 2K +Tp*T) —Tp*Tx +Tp* Ty — Tp*Tx +4* x5 0K — 3% %
vyxyp + 3V 2k xyp + 3V xag xyp — 32w wpe xyp) /(2% B3x w5 — 1g)), (T *
yD+$J*yE—a:K*yD—xK*yE—|—4>x<a:K>x<yJ—|—31/2*:vD*:EJ—31/2*:1:D*$K—
3V 2xapxw;+ 32 xaprag)/(2% (3xx; — 2K))).

Z has coordinates
(2%xy—axp—zp)*xax + (xp+ap)*xxy)/(2%xy), 2% xK *y;+ (x5 — 1K) *
yr + (@) — oK) *yp) /(2 21)).

A; has coordinates

(—(3Y2x (xg —x))*yc— (dxx;—2%xp —20— 1) *2K — (2x TP+ 30+ 1)*2;) /(4%
wy), (dxagxy;+2% (27 —ag)*yr+ (v7—2x) * (yo — 3% % (vc — 1)) /(4% 5)).
Bj has coordinates

(—(3Y2x (zg —x))*yc— (dx2y— 2% —20— V) *2K — (2x xR+ o0+ 1)*2;) /(4%
wy), (dragxy;+2% (27 —2x)*yp + (v7—2x) * (yo — 3% % (v0 — 1)) /(4% 5)).
C has coordinates

((3Y2 % (xx — ) *yc — (d*xy — 2% (xp +2p) —w0 — 1) ¥ 2K — (2% (2p +25) +
xo+1)xxy)/(2x (v —3%xy)), —(dxxg*xy;— 2% (xx —xy)*yr — 2% (v — 27) *
yp — (xx —25) *yo + 32 % (wo — 1) xwg — 32 % (vo — 1) % 25) /(2% (xx — 3x17))).
D1 has coordinates
(2%xy—axp—wxc)*xxx + (xp+xo)*xxy)/(2xxy), 2% ) xy; + (T) — K ) *
yp + (x5 — o) *yo)/ (2 x xs)).

FE has coordinates

(32 % (xg —xy) *yp + (d* 2y —2p — 2% 20) * 2 + (Tp + 2% 30) *x15)/(4 *
wy),(d*xxg xys+ (x5 —xx) * (yp + 32 % 2p) + 2% (x5 — 2x) xye) /(4 % 15)).
F| has coordinates

(3Y2 % (xgx —xy)*yp + (d*2; —2p — 2% Tp) x 2k + (xp + 2% 2p) x 1)/ (4 *
wy),(d*x g xys+ (x5 —xx) * (yp + 32 % 2p) + 2% (v — 2x) xyp) /(4 * 27)).
(&1 has coordinates

(—(3Y2 % (v —xg) *yp + (d* 2y —xp — 2% (xp + 2¢0)) * i + (xp + 2% (xp +
xo))xxy)/ (2% (g —3*xxy)), —(dxxg*xy;— (rx —x5) *yp — 2% (v — 25) *
yp — 2% (xx —xg) *yc — 32 xxpxxp + 32 xxpxxy) /(2% (g — 3x1y))).
We verify that W, and WG are of the same length since we calculate that
(zw —2cy)? + (yw — yeu)* = (2w — 26,)? — (yw — ¥a,)°

= (((2%2 ) — 24T +Tp* T —Tp* T +Tp*T ) —Tp* T +4xT 2 — 3 252 7 %yp+
3Y2xx pxyp+3Y 2 %2 g xyp — 3 21w gkyp) /(2% (3x 2 —2k))) — (3 2% (g — 5 ) *yo —
(4*IJ—2*(IF+$E)—.Ic—1)*IK—(2*(JIF+LL’E)+$0—|—1)*.Z‘J)/(2*<IK—3*IJ))))2—|—
((xy*yp+as*ys—Tr*yp —Tr ¥yp+4xr g *y;+3Y 2% xpxa;— 3 250 prw e — 31/ %%
rpxx;+3Y 2% xpra) /(2% (3xx s —2))) — (— (4w e xy s — 2% (T —2 7)) ¥y — 2% (T —
r))*yp— (v —27)*yc+3" 3% (2 —1) x1 =3 2% (xe—1)*2 ;) /(2% (v —3%15)))) % —
((2%2;— 2%k +Xp*Ty—Tp* T +Tp*T)—Tp*Tr +4xTy*x — 3 2%z 7% yp+
3V 2% pxyp+3Y 5w xyp — 3V 5w yp) /(2% (3% 15— 2k ) — (—(3Y 2% (g — 2 5) *
yF+(4*Z‘J—JIF—2*($D+ch))*IK+($F+2*(ID+.TC))*.IJ)/(Q*(.TK—3*$J))))2—
((xy*yp+as*ys—Tr*yp —Tr ¥yp+4xrx*y;+3Y 2% xpx2;— 3 2 %2 prw e — 31/ %%
rp*rs+3Y  xxprrg) /(2% (3% xs—1g))) — (—(dxa g *yy— (v — 3 1) *yp — 2% (T —
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xy)xyp —2% (v —x5) %y — 32 xwpxwp +3Y 2 xxpxws) /(2% (v —3%25))))% =0
and we verify that W, and CG; are of the same length since we calculate that
(xW - mcl)Q + (yW - yCl>2 - (xcl - xGl)Q - (ycl - yG1>2

= (((2*:1:J—2*33K+$D*33J—a:D*xK—i—a:E*:vJ—xE*a:K+4*xJ*mK—3l/2*xj*yD+
3252 xyp+3V 2 xxpxyp — 3V 2 k2 xyp) /(2% 3%z —2k))) — (32 (2 — 1 7) *
yo— (dxxy—2x(xp+ap)—xc—1)*xg — 2x(zpt+ag)+txc+1)xxy) /(2% (xg — 3%
e+ ((zs*yp+ar*ys —2x*Yp — T *Yp+4*2 g *y;+3 2 xxpxa; —3Y 2% xp*
T —3Y2xxpxa s +3 2 xxprag) /(2% (3xx;—2K))) — (—(d* TR %y — 2% (T —27)*
yp—2% (v —2)*yp — (xx —25) xyc + 32 % (wo— 1) x g — 32 % (wo— 1) *25) /(2%
(xx—3%2)))2— (312 % (g —xs)*yc — (4% 25— 2% (vp+ap) —x0—1) 2K — (2%
(xp+ap)tzc+1)xzy) /(2% (xx —3%2;))) — (—(3Y2% (xx —2)) *yp+ (4% 2 —Tp —
2% (xp+xc))xxr + (xp+2x(xp+x0))*25) /(2% (v —3%1)))))? — (—(4d* 2K *
ys—2% (g —2))*¥yp — 2% (v —5) *¥yp— (T —25) ¥y +3Y 2% (vo— 1) %5 — 31/ 2%
(xc—1)xzy) /(2% (xx —3%xy)))— (—(d*x*y;— (T — ) %yp—2% (T —T ) *Yp —
2% (v —x7)¥yo — 32 xxpxax +3Y2xxpx2y) /(2% (v —3%15))))? = 0 as desired.

Case 2: the triangles are internal.

G has coordinates (2/2 + (3Y2 x yr) /2, yr/2 — (3Y/2 x 25)/2).

H has coordinates

(052 + 12 — (37 5 yp) 2+ (3725 yp) 2,y 2+ yp /2 + (32 (2 — ) f2).
I has coordinates (z¢/2 — (3Y2 % yc)/2 +1/2,yc/2 + (3% % (zc — 1)) /2).

J has coordinates (z7,y,).

K has coordinates (xg,Tx *ys/xy).

L has coordinates (((zy — 1) *zx)/x;+ 1,2 *ys/2 ).

M has coordinates (((z; — z¢) *zx)/xs + 20, (xx * Yy + (7 — TK) * yo)/x ).
N has coordinates (((x; —xp) * vx)/x; +xp, (xx *ys + (x5 — TK) * yp) /).
O has coordinates (((z; — zg) *xxx)/x) + g, (T * ys + (x5 — Tx) * Yr) /T ).

P has coordinates (((z; — zp) * 2x)/x; + xp, (xx xy; + (x; — xK) *Yyp)/T ).

() has coordinates

(5 — (wr/2+ (3Y2 ) [2)) 5 ) [ + (/2 + (3 ) [2), (e w315+ (2 —
vx) * (yr/2 — (32 % 2p)/2)) 7).

R has coordinates

(= (zp/2+ap/2—(3"7xyg) [2+(3"**yp) /2)) ¥ x) [x;+ 28 /242D /2— (3" *
ye)/2+ (32 xyp) /2, (xxcxy s+ (25— 2k ) *(yp/2+yp /2+ (3 **(vp —2D)) /2)) [2).
S has coordinates

(2 = (wc/2 = (32 ye) 2+ 1/2)) x xx) [2; + w0 /2 — (37 % ye) 2+ 1/2, (wx *
ys + (2 — o10) % (4o /2 + (32 & (zc — 1))/2)) ).

T has coordinates

(1/2)(zx + (2g — 1) % ak) /2y + 1), 2K *ys/2)).

U has coordinates

((3Y2 % (v —xy) *yg — 32 % (xg —wy)*yp + (4% 25 — 28 — 2p) * T + (T +
wp)xwy)/(dxxy), dxagxys+ (v —2x)* (yp+yp + 32 % (g —xp)))/(4*x5)).
V' has coordinates

((3Y2 % (g —wy) vyp — 3% (g —x))*yp+ (d*2) —2p —2p — 2) ¥ 2 + (T +
rp+2)xxy)/(dxxy), (dxz*ys+(x5—2x)*(ys+yp +32x (xp—2xp)))/(4xx5)).
W has coordinates

(—(3Y2 % (wgg —xy) v yp — 32 % (xg —xy) *yp + (d* 2y — 5 —Tp — 2) * T +
(xp+ap+2)xxy)/(2%(xg —3%xy)),—(d*xg*xy;— (tx —x5) *yp — (Tx —
) *yp — 32 x (xp —xp) x v + 32 % (xp —ap) * 27) /(2% (xx — 3 * 25))).
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Z has coordinates

(2*xxy—axp —xp)*ox + (xp+ap)xxy)/(2xx)), 2% x5 *xy; + (T) — TK) *
yr + (x5 —xK) *yp) /(2% x7)).

A has coordinates

(8Y%x (xx —xg)syc+(d*ay—2%xp —w0— D) *ag + (2% xp+axo+1)x35) /(4%
zy), (d*rrxys+2%(vy—2g)*yr+ (x5 —2x) * (Yo + 3% % (g — 1)) /(4% z5)).
Bj has coordinates

(3Y2x% (v —xs)xyc+ (dxx;—2%xp — 20— V) )2k + (2325 +xc+1)*25)/(4*
vy), (d*xpxys+2x%(vy—2g)*yp + (T7—2x) * (Yo + 3% % (¢ — 1)) /(4% z5)).
(', has coordinates

(—(3Y2x% (zg —x)) *yc+ d*z;— 2% (xp+28) —x0— 1) 2K+ (2% (2p +25) +
o+ 1) *xxy) /(2% (xx —3%xy)), —(dxxgxy;—2x (rx —x))*yr — 2% (g — 27) *
yE—(.IK—.%‘J)*yC—gl/Q*(.%‘C_1>*$K—|—31/2*(J}C—1)*]3])/(2*(.1‘](—3*.1‘]))).
D1 has coordinates

(2*xxy—xp —xc) *xi + (xp+2c) *2y) /(2% 2y),(2x K *Yy;+ (25— TK) *
yp + (x5 — 2k) *yc) /(2% 1))

FE has coordinates

(((zr * (=32 yp) /2425 —2p/2) + (25 — x0) * 25c) [2 5+ (3 % yp +2p) /2 +
10)/2, (4% v xys+ (7 — 2x) * (yp — 32 % 2p) + 2% (5 — 25) xyo) /(4 % 15)).
F has coordinates

(zr# (=32 % yp) /2 + 2y —2p/2) + (x) —xp) ¥ xx) J2 g + (32 5 yp + 1) 2+
rp)/2,(d* a2 *xy;+ (v) —2) * (yr — 32 % 2p) + 2% (27 —2x) *yp) /(4 % T5)).
(1 has coordinates

(32 (v —xy)*yp — (d*xy—2p — 2% (xp+20)) ¥ 2K — (2F + 2% (zp +20)) *
xy)/(2% (xg —3xxy)),—d*xg*xy; — (xg —xg) xyp — 2% (xr — Ty) *yp — 2 %
(xx —x5)xyc + 32 xapxax — 32 xxp x2;) /(2% (v — 3% 25))).

We verify that W' and WG are of the same length since we calculate that
(xw — zc,)? + (yw — e, )* — (2w — 26,)* = (yw — ¥e,)”

= ((—(3Y2x(xg —x))xyp—3"2x (v —x ) *yp+ (4*x;—2p—2p —2) %2R+ (T5+
rp+2)xxy) /(2% (2 —3%25))) — (= (3 2% (v — ;) *yc+ (d*x 7 —2% (xp+2E) — T —
Dsxg+2x(xp+rp)+rxc+1)xxy) /(2% (2 —3%27)))) >+ ((— (d*x 3y — (x5 —20 1) %
yp— (v —15)xyp—3Y2x (xp—wp) 2k +3Y 2% (xp—xp)*15) /(2% (v — 352 5))) —
(—(4xwpxy;—2% (g —25)*yp—2% (2 —T5) *yp — (Tx —27)*yo — 32 % (xo—1) *
wi+32 % (vo—1)xa) /(2% (25 —3%2,))))* = ((— (3% (xx — 1) ¥y — 3" (x5 —
) xyp+(4xr;—rp—rp—2)*rx+(xp+rp+2)*xxy) /(2% (v —3*x))) — ((3/2%
(v —wy)xyp—(dxxj—xp—2%(xp+xc))xxx —(xp+2%(xptuxc))*xy) /(2% (0K —
3x25))))? — (—(d*xg*ys— (v —25)*yp — (xx —25) xyp — 3 ** (xp—ap) * 2K +
3V 2x(xp—ap)*wy) /(2% (v —3%3)))) — (—(dxwp*ys — (T —5) *¥yp — 2% (Tx —
ry)xyp —2% (v —x5)*yc+3V 2 xrpxrg — 32 xxpxwy) /(2% (v —3%25))))% =0
and we verify that W, and CG; are of the same length since we calculate that
(xW - xcl)Q + (yW - yCl>2 - (xcl - xGl)Q - (ycl - Z/G1>2

= ((—(3Y2x(zg—w))xyp—3"2x (v —x ) *yp+ (4*2;—2p—2p —2) %2R + (T +
rp+2)*xwy) /(2% (2 —3%2;))) — (= (3 2% (v — ) *yc+ (4% x 7 —2% (2p+2E) —T0—
Dsxi+2x(xp+rp)+rc+1)xxy) /(2% (v —3%25))))+((— (d*z 3y — (x5 — 20 7) %
yp— (g —2)%yp—3 2% (vp—xp) s +3V 2% (xp—xp)*2s) /(2% (1) —3%7))) —
(—(dxxexy;—2% (v —2 1) *yp—2% (T —2 1 ) *yp— (T —21 ) *yo —3Y 2+ (xo—1)*T 1+
3V 2% (zo—1)*3y) /(2% (v —3%27))))2 — ((—(3Y %% (2 —x5) *yc+ 4%z 7 — 2% (x5 +
rp)—ro—1)xr+ (2% (vptap)frot1)*xy) /(2% (v —3%2 7)) — (3% (g —5)*
yr—(4xx;—xp—2x(xp+xc))*rK — (xp+2%(xp+xc))*3 )/ (2% (0 —3%11))))* —
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(—(dxwpry;—2% (v —2 )%y —2% (T —25) ¥y — (T — 2 5) %Yo — 3% (zo— 1)
v +3Y 2% (zo—1)*x5) /(2% (xx —3%1))) — (—(dxx g *y;— (T — 2 1) ¥y — 2% (T —
xy)xyp —2% (v —x7)*yo+3Y2xxpxag — 32 xwpxwy) /(2% (v —3x25))))? =0
as desired. g

Theorem 2.2. Let A, B,C, D, E, and F form a hexagon (oriented clockwise).
Let AFG form an external (respectively internal) equilateral triangle.
Let BC1I form an external (respectively internal) equilateral triangle.
Let DEH form an external (respectively internal) equilateral triangle.
Let J be some point in the plane.

Let K be a point on line AJ.

Let L be the point on line BJ such that BL : JL = AK : JK.

Let M be the point on line C'J such that CM : JM = AK : JK.

Let N be the point on line DJ such that DN : JN = AK : JK.

Let O be the point on line EJ such that EO : JO = AK : JK.

Let P be the point on line F'J such that FP: JP = AK : JK.

Let Q) be the point on line GJ such that GQ : JQ) = AK : JK.

Let R be the point on line HJ such that HR : JR = AK : JK.

Let S be the point on line IJ such that 1S : JS = AK : JK.

Let T be the midpoint of P and R.

Let U be the midpoint of M and R.

Let V' be the midpoint of M and P.

Let lines CT, FU, and HV intersect at point W.

Let Z be the midpoint of O and ().

Let Ay be the midpoint of L and O.

Let By the midpoint of L and Q.

Let lines BZ,G Ay, and EB; intersect at point C.

Let Dy be the midpoint of K and N.

Let Ey be the midpoint of K and S.

Let Fy be the midpoint of N and S.

Let lines 1D, AFy, and DE; intersect at point (.

Then points W, C1, and Gy form an equilateral triangle.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

D has coordinates (zp,yp).

E has coordinates (g, yg).

F has coordinates (zr, yr).

We split the proof into the cases where the triangles are external and where they
are internal.

Case 1: the triangles are external.

G has coordinates (2x/2 — (312 x yp)/2,yr/2 + (3Y/2 x 25)/2).

H has coordinates (r5/2 + 2p/2 4+ (3Y2 x yg)/2 — (32 % yp)/2,y6/2 + yp/2 —
(3% % (x5 — xp))/2).

I has coordinates (x¢/2 4+ (32 % yo) /2 +1/2,yc/2 — (3% % (zc — 1)) /2).

J has coordinates (xs,y7).

K has coordinates (xg,Tx *ys/xy).
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L has coordinates (((z; — 1) xxg)/x;+ 1, x5 *ys/T ).

M has coordinates (((x; — x¢) * xx) /2y + xc, (Tx *y; + (x5 — xK) * Yo )/x ).
N has coordinates (((z; —xp) *xk) /s + xp, (¥ *ys + (x5 — 2K) *yp)/x ).
O has coordinates (((z; — zg) * k) /2y + g, (xx xys + (v — k) * Yyr)/T 7).

P has coordinates (((z; — zr) * 2k )/x; + xp, (xx *y; + (x5 — 2K ) *yp) /).

(@ has coordinates

((@r * (((8"2) * yp) /2 + 2y — wp/2)) [ay + (xr — (3'2) * yr) /2, (xx % ys + (25 —
1) * (g2 + (3V2) * 26)/2)) 2.

R has coordinates

(zg+ ((3Y2) xyp— (3Y2) xyp+ap+ap) +Tx % (—(3Y2) *yp+ (3Y2) *yp + 2% 25 —
zp—xp))/(2%xs), 2rax*y;+ (2 —2k)*(ys+yp — (32 * (zp—2p)))/(2%2,)).
S has coordinates

(g (BY)) sxyc+ae+ 1)+ o+ (=B xyc+2x x5 — 20 —1))/(2%25), (T *
ys + (2 —xr) * (yo /2 = ((3'2) * (20 — 1)) /2)) [25).

T has coordinates

((1/2) % () — xp) * 2x) /2s +2p + (2% ((3"%) * yp — (3"%) x yp + wp + xp) +
T * (—(3Y2) xyp + (BY)) xyp + 2% x5 — x5 —2p)) /(2% 1)), 2% (v *ys + (x5 —
Ti)*yp) +2x g x Yy + (x) — k) * (Yyp + yp — 32 % (xp — xp))) /(4 x 21)).

U has coordinates

(1/2) * (x5 — 2¢) * 2x) J2s + 20 + (7% ((3Y2) * yp — (3Y2) xyp + wp +ap) +
T * (—(3Y2) xyp + (B3 xyp+ 2% x5 — x5 —2p)) /(2% 1)), 2% (v *ys + (x5 —
Tr)*yo) F2xxx xy; + (x5 —xx) * (yg +yp — 3% % (xp —xp))) /(4 * 1y)).

V' has coordinates

((1/2) % ((z) —zc) *xk) /s +T0+ (T —2F) *TK) [T+ 2F), (1/2) % (0K * Y5 +
(g —xK) *xyc)/ws + (x xys + (x5 — 2K) xyr)/27)).

W has coordinates

((3Y2 % (wg —xy) xyp — 3% (xx —x5) *yp — (d*xx; — 2% (xp + 20) — 75 —
xp)*kxx — (2% (xp+ac) +axp+ap)xxy)/ (2% (xg —3xwy)), —(d*xg *xy; —
2% (xx —x5) *xyr — (xx —25) *yp — (T — 7)) *yp — 2% (xx — 27) * yo + 32 %
(xp —ap) xxx — 3Y2 % (vp —ap) * 1)/ (2 % (v — 3% 1)))).

Z has coordinates

((1/2) % (27 — xp) ¥ xx) [+ xp) + ((xx * (((3Y) * yp) 2+ 25 —2p/2)) 25 +
(xr— (32 % yr)/2)), (1/2) % (((xx % ys + (x5 — k) *xyp) /21) + (T * Y0 + (27—
wi) * (yp/2+ ((32) x 2p)/2)) [2.1))).

A; has coordinates

(1/2) 5 ({2 — 1) 5 )2 + 1) + (@1 — 25) % 250) 25 + ), (1/2) 5 (2
yr/zg) + ((xx *ys + (27 — 2K) * yp)/21)))-

B has coordinates

((1/2) % ((xg =V xzg) /2 + 1)+ ((wx (32 xyp) 2+ 25 —xp/2)) [2+ (T —
(3Y2) xyr)/2)), (1/2) % ((wx * ys/2s) + (wx * ys + (25— 2x) * (yr/2 + ((3"/7) *
20)/2))/2.)))

(' has coordinates

(—(3Y2 % (v —ay) *xyp + (4% 2y —2p — 2% 05 — 2) %0 + (2p + 2% 25 +2) *
x7)/ (2% (xx —3%2y)), —(d*xK *y;+ (T) —R) *yp + (2% 05 — 2% Tp) * Yp —
3V 2 xapxap+3 2 xxpxay)/ (2% —6%2y)).

Dq has coordinates

((1/2) * (xx + (((#7 — 2p) * xK)/xs + 2D)), (1/2) * (K * ys/2s) + (K * ys +
(7 —2Kx)*yp)/x1)))-

FE; has coordinates
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((1/2) * (xx + (s * (BY2) xyo +2c + 1) + 2 * (—(3Y2) xyo + 2% x5 — 20 —
D)@ ), (1/2) 5 (s % o s) + (e g+ (@0 — 2xc) % (o2 — (312 »
(v~ 1))/20)/2))).

F has coordinates

((1/2)* (w5 —xp) * ) /25 +2p) + (2% ((8"%) % yo +ae +1) + g * (—(31/2) %
yo+2xxy—xc—1))/(2%3,))), (1/2) * (((xx *ys + (¥ —2x) *yp) /2) + (K *
bs + (21— 2x0) % ()2 — (V) » (n — 1))/2)22))).

(i1 has coordinates

(3Y2 % (g —ws)*yo — (d*a; —2%ap —xc — 1) %25 — (2% 2p + 210 + 1) *
15)/(2% (v —3%my)), —(d*wr*y; — 2% (v —25) *yp — (xx — T5) *yo + 32 %
(xc — 1) xxg — 32 % (xo — 1) *x27)/(2% (xx — 3% 37))).

We verify that W and WG, are of the same length since we calculate that
(2w — 2c,)* + (yw — yer)? — (2w — 26,)* = (yw — yau)?

= (3% (v —xs)xyp — 3% (v — ;) *yp — (425 — 2% (xp+20) —2p—2p) *
T — (2% (xp+ae)trpt+ap)*xry)/(2% (g —3%xy))) — (—(3Y2% (v —2;) xyp +
(Adxxyj—xp—2%rp—2)*wx + (vp+2%xp+2)xx7) /(2% (xx —3%x))))* + ((— (4%
Trxys—2%(xg —xy)*yp— (T —15) xyp— (T —x5)*yp — 2% (v — 2 ) *yo +3'/2%
(rp—2p)*xx —3Y2x(xp—ap)*x;) /(2% (2K —3*x)))) — (—(d*x g *ys+ (T —TK) *
yF+<2*Z‘J—2*JZK)*yE—31/2*Z’F*.IK—l-?)l/z*IF*J}J)/(Q*JIK—G*l’J))>2—(((31/2*
(xx —ws)*yp —3 2% (v —x5)*yp — (4% 2y — 2% (vp+20) —2p —2p)* TR — (2%
(xp+ze)+rp+ap)*xy)/(2%(xx —3%25))) — (32 % (xx —x5) *yc — (dxx s — 2%
rp—rc—1)*xxx— (2xxp+ac+1)*x2s) /(2% (g —3%x))))? — ((—(d*zR *Y7— 2%
(x—25)*yr— (T —27)*yp— (T —27)*yp — 2% (v —7) xyo+3Y 2% (xp—xp) *
v —3YV 2% (vg—ap)xay) /(2% (v —3%2y))) — (—(dxxr*ys— 2% (xx —27) *Yp —
(r —27)*yc+3Y2% (x¢ — D) *xg —3Y2% (2 — 1) *25) /(2% (xx — 3% 25))))%2 =0
and we verify that W, and CG; are of the same length since we calculate that
(zw — 2c,)* + (yw —¥er)* — (vey — 261)? = (Yoo — year)?

= (((3Y%% (v —xs)xyp — 32 % (v —x ) *yp — (4% 25— 2% (xp+2c) —2p—2p) *
v — (2% (zptao)+rptap)*ry) /(2% (xx —3%x5))) — (— (3% (g —x ) *yp+ (4%
ry—xp—2%rp—2)*xxx+(xp+2xxp+2)*xs) /(2% (v —3%x2))))? + ((— (4% x *
y;—2% (g —x5)*yr—(Tx —2 )%y — (T —21) xyp — 2% (xx —27) *yc+3Y 2 (v —
rp)*rg—3Y 2% (xp—xp)*xy) /(2% (v —3%25))) — (—(d*wr ¥y s+ (7 — 2K ) *Yp+
(2% 25 —2%2g)*yg — 3 2% xpxax + 32 xxpxxy) /(25 —6%25)))% — ((—(3Y/%%
(xx —xg)xyp+Axxy;—xp—2%0p—2)xxx+ (xp+2%xxp+2)xxy) /(2% (2 — 3%
25))) = ((3Y2% (xx —xy) *yc — (4% 25 —2%xp — 20 — 1) %05 — (2% Tp + 20+ 1) *
25)) (2% (2 —3%x5))))2 = ((— 45z *y s+ (25— TR ) %Y+ (2535 — 2% 75 ) ¥y — 32 %
Tp*r+3Y2xxpxay) /(2% wg —6%35)) — (—(d*ap*ys —2% (K —75) *yp — (2K —
z ) xyc+3" 2% (vo—1)*x g =32 (xc—1)x25) /(2% (2K —3*21))))? = 0 as desired.

Case 2: the triangles are internal.

G has coordinates (vr/2 + (3Y2 % yr)/2,yr/2 — (3Y2 x xr)/2).

H has coordinates

(wp/2+2p/2 = (32 % yp)/2+ (32 xyp)/2,yp/2 + yp/2 + (3% x (5 — xp))/2).
I has coordinates (v¢/2 — (3Y2 % y0) /2 +1/2,yc/2 + (312 % (zc — 1)) /2).

J has coordinates (z;,y,).

K has coordinates (xg,Tx *ys/xy).

L has coordinates (((zy — 1) xzg)/x;+ 1,25 % ys/2 ).

M has coordinates (((x; — z¢) * xi) /2y + 20, (T *ys + (x5 — K ) *Yyc)/x ).
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N has coordinates (((z; —xp) * i)/ + xp, (xx *y; + (x5 — xK) *yp)/x ).

O has coordinates (((x; — xg) * xx)/x) + xp, (T *y; + (x5 — xK) *Yg)/x ).

P has coordinates (((z; — zp) *xg)/x; + xp, (Tx *ys + (x5 — xx) * yr)/x ).

(@ has coordinates

(((xg = (xp/2+ (32 xyp)/2)) x2k) /25 + (2R )2+ (3Y2 % yp) /2), (2K * ys + (25 —

7) * (g /2 — (32 5 1) /2))2).

R has coordinates

(((ﬁJ—($E/2—|—£BD/2—(31/2*yE)/2—|—(31/2*yD)/2))*[EK)/ZL‘J—FLEE/Q—FQTD/Q—(31/2*

%E})l/2+(31§*y17)/27 (@rxys+(vs—2r)*(yp/2+yp/2+ (3 x (x5 —2D)) [2)) 2,).
as coordinates

(s — (we/2— (325 yo) 2+ 1/2) # 21) [25 + 10/2 — (32w yo) [2+1/2, (i

ys + (27— 2x) % (yo /2 + (3% % (xzc — 1))/2)) /27).

T has coordinates

((1/2)* (((ws —xp) *2x) [2s+2p) + (25— (@p/2+2p/2— (325 yp) /2+ (312

yp)/2))*xr) /ws+1R/241p/2— (37 xyp) 2+ (3" xyp)/2)), (1/2)* (((xx *ys +

() ) o= (e 200/ 28 o) 2) )

((1/2)* ((((zs —we) *ax) fes+xc) + (15— (wp/2+2p/2— (32 xyp) /2+ (312

yp)/2))*xK) /2y +2E/242p/2— (32 xyR) 2+ (312 xyp)/2)), (1/2)* (((xx *ys +

%%1—331()*yg)/iliJ)+(($K*yJ+(JJJ—JEK)*(yE/2+yD/2+(31/2*(xE—xD))/Q))/SUJ)))-

((1/2) = ((((xs —zc) xxk) [xs +xc) + (25 — 2p) *2K) /25 + 2F)), (1/2) * (2K *

Y+ (v —z2x) *yo) /) + (2 * ys + (x5 — 2K) * yr)/71))).

W has coordinates

(—(3Y2 % (xx —x5) *yp — 3% % (xx —x5) xyp + (dx 27 — 2% (xp +20) — 2p —

xp)*xx + (2% (xp +xc) +xp +2p)*x25) /(2% (v —3xwy)), —(d* xR * Y7 —

2% (zx —x5) *xyp — (xx —27) ¥ yp — (T —27) ¥ yp — 2% (g — 27) * yo — 3% %

(xp —xp)* 2k +3Y2 % (xp —xp) *27)/(2% (xx — 3% 17))).

Z has coordinates

((1/2) % ((zg —2p) *ax) /2y +25) + (25 — (2p/2+ (32 % yr) /2)) ¥ xx) [2 +

(/2 4+ (32 x yr)/2))), (1/2) * (((xx * ys + (27 — 2x) % yp)/2s) + (5 * Y5 +

(w5 — k) * (yp/2 — (3% x 2p)/2)) /2,1))).

A; has coordinates

((1/2) * (((zg = 1) *zx)/zs + 1) + (((2) — 2p) * 2K) /25 + 2E)), (1/2) * (2K *

ys/zg) + (@ *ys + (27 — 2K) *yp)/1))).

B has coordinates

(1/2) 5 (2 — 1) % 250) 2 + 1) + (5 — (@p/2 + (3 5 ye)/2) 5 010) 2 +

(2r/2+ (32 % yr)/2))), (1/2) * (x5 % ys/20) + (x5 % ys + (27— 25) * (yr/2 —

(32 x2p)/2)) [21)))-

C has coordinates

(32 % (v —wy) xyr — d*xy —2p — 2% 25 —2) %0 — (Tp + 2% 25 + 2) *

xy) /(2% (xg —3%xy)),—Ad*xxgxy;+ (xg—zg)*xyr+ 2x2; —2x2K) *Yyp +

3V 2xapxwp — 3V xapxxy)/(2% v — 6% 2))).

D1 has coordinates

((1/2) * (xx + () — xp) * xK) /2 + 2D)), (1/2) * (K * ys/2s) + (K * ys +

(zs — xK) *yp)/x1)))-

FE; has coordinates

(1/2) % (o + (2 — (r0/2— (3Y25c) 24 1/2)) k) [0+ 50 /2 — (32 yi0) 2+

1/2)), (L2053 )+ (1t (g —10) £ (o 3+ (3125 (30 —1)) /2))/2)).
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F has coordinates

((1/2) * (27 — ) * 2x) /2 + 70) + (25 — (302 — (32 * yo) /2 + 1/2)) #
o) /ey +ac/2— (32 xyc)/2+1/2)),(1/2) * (((zx * ys + (w5 — x) *yp) [2) +
(wx % ys + (x5 —2x) * (Yo /2 + (312 (xe — 1)) /2)) [25)))-

(&1 has coordinates

(—(3Y2 % (v — ) *yo + (4*x; —2%2p —20 — 1) %25 + (2% 2p + 20 + 1) *
25)/(2% (v —3%1y)), —(d*xr*xy; — 2% (v —25) xyp — (xx —5) *yo — 3/ *
(wo — D) * g +3Y2 % (2¢ — 1) x25) /(2% (g — 3% 1)))).

We verify that W' and WG are of the same length since we calculate that
(zw —2c,)® + (yw — yer)* — (2w — 26,)* = (yw — Y6, )

= ((—(3Y2x(xg —xy)*yp—3"2x (v —x ) *yp+ (425 — 2% (xp+20) —2E —Tp) *
T+ 2% (xp+xe)trptap)xrs) /(2% (xx —3%35))) — ((3Y 2% (2 — 3 5) xyp — (4%
Ty—xp—2x1p—2)xr — (zp+2xxp+2)*xx;) /(2% (v —3%11))))2 + ((— (d* 2 *
y;—2% (g —x5)*yr— (v —2 ) *yp— (T — 1) xyp — 2% (g —2 1) *yo — 32 (v —
wp)*rg+3YV 2% (xp—xp)*ws) /(2% (xx —3%25))) — (—(d* 2 g ¥y s+ (7 — 2K ) *Yp+
(2% 2y —2%2g ) *yp +3Y 2% xpxrg — 3V 2xaxpxxy) /(252K —6%25)))% — ((—(3Y/%%
(w —27)xyp—3Y2% (v —x5)*yp +(dx1;— 2% (vp+a0) — 15 —Tp) *Tx + (2%
(xp+ac)+rptap)*xs)/(2%(xx —3%15))) — (—(3Y2% (xx —x)) *yc + (dxx ;7 — 2%
rp—xc—1)*xx+ 2xxp+rc+1)x27) /(2% (v —3%27))))* — ((—(dxw R *y s — 2%
(xx—27)*yr— (T —27)*yp— (Tx —27)*yp — 2% (v —5) ¥yo — 3% % (xp—xp) *
T +3Y 2% (wg—xp)*ay) /(2% (v —3%xy))) — (—(d*xx*ys— 2% (xx —27) % Yp —
(x —25) %y — 32 % (xo — D) * 2+ 325 (2 — 1) *2;5) /(2% (xx — 3% 25))))%2 =0
and we verify that W, and C1G; are of the same length since we calculate that
(‘TW - 3701)2 + (yW - ycl)2 - (1'6’1 - xG1)2 - (yol - yG1)2

= ((—(3Y%% (v —2 ) *yp — 3% (v —x ;) xyp+ (4x2; — 2% (xp+20) —TE—2Tp) *
T+ 2% (xp+xe)Frptap)xry) /(2% (v —3%xy))) — ((3Y 2% (2 —25) xyp — (4%
ry—xp—2%xp—2)xr — (Tp+2%xp+2)xx;) /(2% (v —3*x7))))*+ ((—(dx 2K *
y;—2%(xx —xg) *xyp — (xx —27) *yp — (xx — 1) *yp — 2% (T — 27) *yo — 312 *
(xp—2p)*xx+32x(xg—ap)*x;) /(2% (xx —3%2)))) — (—(dxz g *y s+ (27— TR ) *
yF—{—(Q*QZJ—Q*Z‘K)*yE—{—gl/Z*.l?F*.CEK—31/2*Z‘F*Z’J)/(Q*Z’K—G*IJ)))2—(((31/2*
(v —wy)*yp— (dxxy—xp—2%xp—2)xxx — (Tp+2%xp+2)x2xy) /(2% (K — 3%
25))) = (=32 % (v —2y) *xyc +(4*xx;—2%xp — 20 — 1) * 2K + (2% Tp + 10+ 1) *
7)) (2x(xx —3%w7))))? = ((—(A*xx*y;+ (v —2K)xyr+ (2% 25— 2% 2K ) * YR +
3V 2xxpxw—3 2 xapxwy) /(25w —6%2))) — (—(drxg*y; — 2% (T —27)*Yp —
(xx —25)*yo —3Y2 % (wo — 1) v xg +3Y% % (xc — 1) x25) /(2% (v — 3% 25))))> =0
as desired. 0
Theorem 2.3. Let A, B,C, D, E, and F form a hexagon (oriented clockwise).
Let AFG form an external (respectively internal) equilateral triangle.

Let BCI form an external (respectively internal) equilateral triangle.

Let DEH form an external (respectively internal) equilateral triangle.

Let J be some point in the plane.

Let K be a point on line AJ.

Let L be the point on line BJ such that BL : JL = AK : JK.

Let M be the point on line CJ such that CM : JM = AK : JK.

Let N be the point on line DJ such that DN : JN = AK : JK.

Let O be the point on line EJ such that EO : JO = AK : JK.

Let P be the point on line F'J such that FP: JP = AK : JK.

Let Q) be the point on line GJ such that GQ : JQ = AK : JK.

Let R be the point on line HJ such that HR : JR = AK : JK.
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Let S be the point on line I.J such that 1S : JS = AK : JK.
Let T be the midpoint of () and S.

Let U be the midpoint of QQ and R.

Let V' be the midpoint of R and S.

Let lines HT, IU, and GV intersect at point W .

Let Z be the midpoint of K and M.

Let Ay be the midpoint of M and O.

Let By the midpoint of K and O.

Let lines EZ, AAy, and C' By intersect at point C;.

Let Dy be the midpoint of L and P.

Let Ey be the midpoint of N and P.

Let Fy be the midpoint of L and N.

Let lines BE1, DDy, and F'Fy intersect at point G.
Then points W, C1, and Gy form an equilateral triangle.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yc).

D has coordinates (xp,yp).

E has coordinates (g, yg).

F has coordinates (xp, yr).

We split the proof into the cases where the triangles are external and where they
are internal.

Case 1: the triangles are external.

G has coordinates (zx/2 — (312 x yp)/2,yr/2 + (3Y/2 x 2p)/2).

H has coordinates (v5/2 + 2p/2 4+ (32 x yg)/2 — (32 % yp)/2,y5/2 + yp/2 —
(32 % (zp — 2p))/2).

I has coordinates (v¢/2 + (32 % yo)/2 +1/2,yc/2 — (312 % (e — 1)) /2).

J has coordinates (z7,y,).

K has coordinates (xg,Tx *ys/xy).

L has coordinates (((zy — 1) xzg)/xs+ 1, x5 % ys/2 ).

M has coordinates (((z; — z¢) * vx) /x5 + xo, (Tx *ys + (x; — xK) * yc) /).
N has coordinates (((x; —xp) * vx)/x; + xp, (xx *ys + (x5 — Tx) * yp)/T ).
O has coordinates (((z; — zg) * x)/x; + 2p, (xx xy; + (v; — xK) * yp) /7).

P has coordinates (((x; — xp) * xg)/x; + xp, (xg xy; + (x5 — k) * yr)/x ).

(@ has coordinates

(zx = (((3Y2) % yp) /2 + 2y — xp/2)) 25 + (xp — (3Y2) % yp) /2, (2K * ys + (25 —
vx) * (yr/2 + ((3'2) x r)/2)) [21).

R has coordinates

(zs*((3Y) xyp— BY) xyp +ap+ap)+ 2% (—(3Y2) xyp + (3Y2) xyp +2% 2, —
wp—xp))/(2%2s), 2rrx*ys+ (v —2K)*(Ys+yp — (32 * (15 —2p))) /(2% 2,)).
S has coordinates

(g (B syc+ac+ 1) +ar* (=B xyc+2x 15— 20— 1))/ (2% 25), (K *
yy (2 — 2x) * (e/2 — ((32) % (z0 — 1)/2)/29).

T has coordinates

((1/2) = (2 = (((3Y2) % yp) /2 + w5 —wp/2)) /25 + (wp — (3Y2) * yr) /2) + (25
(312) xyo + 0+ 1) + 2 5 (—(372) xyo + 2 25 — 36 — 1)/ (2 5 2)), (1/2) %
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(((zx *ys + (w7 — xx) % (yr/2+ (3Y2) x xr) [2)) [25) + (2 % ys + (25 — 2) *
(yo/2 = ((3"2%) x (xc = 1))/2))/x.))).

U has coordinates

((1/2) % (((xx * (((3"2) * yr) /2 + s — xp/2)) /25 + (xr — (3Y) x yr)/2) + (2 *
(3Y2) s yp — (B2 xyp+ap+ap) g *(—(3Y2) xyp+ (3Y2) xyp +2%2; — 25 —
2p)) /(2% x1))), (1/2) * (((xx * ys + (27 — 2x) * (yr/2 + ((3"/%) x xp)/2)) /2;) +
(2xzx*ys+ (25— 2x)* (yp +yp — (3'2) * (x5 — 1)) /(2 x 2)))).

V has coordinates

(1/2) % (((zg % ((3Y?) xyo +wo+ 1) + o * (—(BY2) xyc +2x 25 — 20 — 1)) /(2 %
7))+ (% ((3Y) xyg — (3Y2) xyp +xp+2p) + 25 * (—(3YH) xyg + (3Y/2) xyp +
2xa;—rp—1up))/(2xx)))), (1/2) % (((xx *ys+ (x5 —2K) * (Yo /2= ((3"2) * (x¢ —
1))/2))/xs) + (2% 2k *ys+ (x5 —2x) * (ye +yp — (3Y2) x (xp—2p))) /(2% 2.))))-
W has coordinates

(—(3Y2x(x —wy)*yr—3" 2% (g —2y) *yp+3Y 2% (v —2y) *yp — 32 (x g — 2 7)
y0+(4*$J—$F—xE—$D—.Z'C—1)*1‘K+(QZ’F+QZ’E—|—$D+$0+1)*.’L’J)/(Q*((EK—B*
xg)), —(dxxys— (T — ) *xyr— (T —7)xyp— (T — ) *Yp — (T — 1) *yo —
3V 2x(zp—xptrp—rc+1)xrg+3" 2% (xp—rptrp—2c+1)xx;) /(2% (2 —3%25))).
Z has coordinates

((1/2) * (zx + ((zg — 2zc) * zK) /25 + 20)), (1/2) * (2K * ys/2) + (TR * Y5 +
(x) — 2K) *yc)/r7)))-

A has coordinates

((1/2)* ((((xs —zc) *xk) /xs +20) + (25 —2E) *2K) [25 + 7E)), (1/2) * (2K *
ys+ (xg —2x) *yo)/xs) + (T * ys + (x5 — 2x) * yp)/27))).

B has coordinates

((1/2) * (zx + (x5 — 2p) * 2x) /2y + 28)), (1/2) * ((2r * ys/25) + (2K * ys +
(g —xK) *xyp)/Ts)))

(' has coordinates
(—(2xzy—2p—zc)*xx+ (xp+ac)*xy)/(xx —3xxy), — (2% xR *ys+ (x5 —
T) *Yp + (7 — TKx) *yc)/(vx — 3% 17)).

D1 has coordinates

((1/2) * (((xy = 1) * zx) /2y + 1) + (((xg — 2p) * 2K) /25 + 7)), (1/2) * (2K *
ys/xy) + (x *ys + (x5 — 2x) * yr)/27))).

FE has coordinates

((1/2) % ((zg —zp) *zK)/zs + D) + (25— 2F) *2K) /25 + 2F)), (1/2) * (2K *
ys+ (w5 —xx) *yp)/xs) + ((xx *xys + (x5 — TK) * yr)/27))).

F has coordinates

((1/2) = ((zg = 1) xzx) /2y + 1) + ((xs — zp) * TK) /25 + D)), (1/2) * (2K *
ys/xy) + (xx *ys + (27 — 2x) *yp)/21)))-

(1 has coordinates

(—(2%zy—ap—ap— D) sz + (xp+ap+1)*xxy)/(xx —3xxy),—(2% K *
ys+ (v —xx) *yr + (v5 — k) *yp) /(2K — 3% 7).

We verify that W' and WG, are of the same length since we calculate that
(2w —xc,)* + (yw — Yo, ) — (ew — 26,)* — (yw — Y, )?

= (=32 % (g —xy)*yp —3" %% (xx — ;) xyp+3"2x (v —2 ;) *yp — 32 % (v g —
) xyo+(@Axry—rp—rp—rp—rc— 1)1+ (vp+rp+rptac+1)x3y)/(2%
(rx —3*xy))) —(—(2%x;—2p—2c) * 2K + (xp+x0) x 1)) /(T —3%1))))* +
(—(dxxg*xy;— (xx —zy)*xyr— (xx —x5)xyp — (g —x)) *yp — (T — 1) %Yo —
3V 2x(vp—wp+ap—rc+ ) w0 +3Y 2% (xp—xp+ap—ro+1)xx5) /(2% (v — 3%
7)) = (= 2rarrys+ (2 —rx) vyp+ (5 —2K) *yo) /(T —3%x,)))* = ((—(3"/7*
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(xx —xs)*yr— 3% (v —2;) *xyp + 32 % (v —x5) *yp — 32 % (xx —x5) *yc +
Axxy—zp—xp—azp—ac—1)xxx+(xp+axp+ap+tac+1)xxy)/(2% (xx —
3xx7)))— (—(2xxyj—zp—axp—1)*xx+(zp+ap+1)*x)) /(v —3x2;)))* —
(—Aszgxy;—(rg —xg)xyr— (tg —x)*ypg — (g —x5)*yp — (T — 1) * Yo —
32 (xp—xpt+ap—wo+ D) *ag +3Y 2% (vp —apt+ap—xo+ 1) *x2s)/(2% (05 —
3xxy))) — (—2*xx*xys+ (v;—2x)*yr + (v;—vK) *yp)/(xx — 3% 17)))? =0
and we verify that W, and CG; are of the same length since we calculate that
(‘TW - x01)2 + (yW - y01)2 - (xcl - xGl)z - (ycl - yG1)2

= ((—(3Y2x (g —xy)*yr —3" %% (xg — ;) xyp+3Y2 % (v —2 ) *yp — 32 % (v —
xy)xyc+ @xry—xp—xg—xp—rc— ) xxx+ (xp+rp+arp+tre+1)xxy)/(2%
(g —3%x7)))— (= ((2%x;—xp—20c)*2K +(Tp+Tc)*1)) /(K —3%2 7))+ ((— (4%
rrxys— (v —25)*yr— (2 —x5)*yp— (T —25) *yp — (xx — 7)) *yc — 3 2% (xp—
$E+$D—Ic+1)*xK+31/2*($F—$E—|—$D—l’c—i-1)*.IJ)/(2*(JIK—3*IJ)))—
(—@xzrxys+(vs—2r)*yp+ (@) —vK) *yc) [ (xx —3%2,)))? = ((=((2*2) 25—
ro)*xgx+ (rp+ae)xxy)/(xx —3%xy))— (—((2%x;—xp—xp—1) %K +(Tp+ap+
Vxxy) /(v —3%x5)))? = ((—2*xx*xys+(vy—rr)xyp+ (v —2K) *yc)/ (vK — 3%
z7))—(—2*xxr*ys;+(v;—2K)*yr+(r;—2K)*Yyp)/(xKx —3%27)))* = 0 as desired.

Case 2: the triangles are internal.

G has coordinates (z7/2 + (32 xyp)/2,yr/2 — (3% x xp)/2).

H has coordinates

(xp/2+xp/2— (32 xyp)/2+ (32 xyp)/2,yE/2 +yp/2+ (3% % (xp — xp))/2).

I has coordinates (v¢/2 — (3Y2 % yo) /2 + 1/2,yc/2 + (312 % (e — 1)) /2).

J has coordinates (z7,y,).

K has coordinates (zx, T *xys/xy).

L has coordinates (((zy — 1) *zx)/x;+ 1, 2K *ys/x 7).

M has coordinates (((x; — z¢) * xk) /) + 20, (Tx *ys + (x5 — xK) *yc)/x ).

N has coordinates (((x; —xp) * vx)/x; +xp, (xx *ys + (x5 — TK) * yp) /).

O has coordinates (((z; — zg) *xx)/x; + g, (T *ys + (x5 — TK) * Yr) /T ).

P has coordinates (((z; — xp) x 2k )/x; + xp, (xx xy; + (x; — xK) * Yyp)/T ).

() has coordinates

(((zg = (2p/2+ (32 xyp) /2)) ¥ xxc) fxs+ (wp/2+ (32 % yp) /2), (wx * ys + (25—

vx) * (yp/2 — (32 % wp)/2)) [2g).

R has coordinates

(g —(zp/2+ap/2— (37 xyp) [2+(3"*yp) 2)) ¥ ) [x s+ 28 /247D /2— (3" *

%E})l/2+(31i12*yD)/2, (zr*ys+(xs—2K)*(y/2+yp/2+ (3Y 2% (xp—2p)) /2)) /7).
as coordinates

(s = (wc/2 = (32 % yc) /2 +1/2)) x ax) [2s +xc/2— (32 xyc) /2 +1/2, (vx *

gy + (21— 0x0) % (go/2 + (32 % (ve — 1))/2)) 7).

T has coordinates

((1/2)%((((xg = (wp/2+ (32 xyp) /2)) xxx) fos + (wp )2+ (32 *yp) 2)) + (25 —

(v0/2— (3% o) [2+1/2)) ki) [ + /2 — (3125 yo) /24 1/2)), (1/2) (e

s+ (wg — k) * (yp/2 — (37 % 2p)/2)) f25) + ((wx * ys + (27 — 2x) * (yo /2 +

(32 % (zc — 1))/2))/2.))).

U has coordinates

(1/2) 5 (g — (/24 (32 5 yp) 2)) ) [+ (/24 BV 5 ) 12) + (1) —

(xg/2 +2p/2 — (32 % yp) /2 + (32 xyp)/2)) * xx)/xs + v5/2 + 2p/2 — (3V/% %

ye)/2+ (32 %yp)/2)), (1/2)* ((wx *ys + (wg —2) % (yp /2= (32 % 2p) /2)) [25) +

((xx *ys + (25 — 2x) * (yp/2 +yp/2 + (32 % (vp — 2p))/2))/2.1))).

~

NN
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V has coordinates

((1/2) % (21— (xc /2= (32 *ye) /241/2))xxk) [ s+ 10 /2= (3P *y0) /24+1/2) +
(g = (xp/2+2p/2 = (32 xyg) /2 + (37 x yp) /2)) ¥ k) Jx; + 25/2 + 2D /2 —
(32 xyp)/2+ (3% yp)/2)), (1/2) % (((xx *ys + (x5 — k) * (yo /24 (3" % (xc —
1))/2))/2s) + ((xx % ys+ (x5 —2x) % (Yp/2 +yp/2+ (32 % (xp — xp)) /2)) /21)))-
W has coordinates

(3Y2% (xg —xs)*yr — 3% (v —x5) xyp+ 32 (w —x5) xyp — 3% % (v — 2 5) *
yc—(4*$J—$F—$E—I’D—$C—1)*1’K—(l’F+l’E+l‘D+l’C+1)*l‘J)/(2*([L’K—3>I<
ZUJ)),—(4*IK*ZUJ—(QUK—%"J)*Z/F—(JUK—JZJ)*Z/E—($K—$J)*yD—(3?K—$J)*yc+
3V 2x(zp—wptarp—rc+l)xrg—3" 2% (xp—rptrp—2c+1)*3) /(2% (2 —3%2))).
Z has coordinates

((1/2) % (zx + (x5 —z0) x2K) /25 +20)), (1/2) * (2R 2 Y5 /27 + (2K R Ys + (27 —
Tk) *yc)/xy)))-

A has coordinates

((1/2)* ((((xs —zc) *xK) /xs +20) + (25 — 2E) *2K) [25 + 7)), (1/2) * (2K *
ys+ (xg — k) *yo)/xs) + (e * ys + (x5 — 2x) * yp)/2s))).

Bj has coordinates

((1/2) % (zx +((xg—zp)*xK) v+ 2R)), (1/2) % (v *ys /27 + (TR * Yy + (25 —
TK)*Yr)/T7)))-

(', has coordinates
(—(2xxy—zp—ac)*xxx+ (xp+xo)*xy)/(xg —3*%xy), —(2x 2 *y;+ (x5 —
rx)*yp + (vg — 2x) * yco)/(xx — 3 x27)).

D1 has coordinates

((1/2) * (((zy = 1) * zx)/zs + 1) + (((xg — zp) * 2K) /25 + 7F)), (1/2) * (2K *
ys/xy) + (xx *ys + (x5 — 2x) * yr)/27))).

FE has coordinates

((1/2)* ((((xg —xp) *wx)/zs +2p) + (27 —2F) *2K) /25 + 2F)), (1/2) % (2K *
ys+ (xg — k) *yp)/xg) + (K * ys + (v7 — TK) * yr)/27)))-

Fi has coordinates

((1/2) * (((xg = ) *x2g)/z; + 1) + (((xg — 2p) * k) /x5 + 7p)), (1/2) * ((xK *
yr/xg) + (T xys + (x5 — k) *yp)/77))).

(&1 has coordinates
(—(2%zy—a2p—ap— 1) sz + (xp+ap+1)*xxy)/(xx —3xxy),—(2% 2K *
ys+ (ry —ag) *yp + (x5 —xx) * yp)/(xx — 3 *x x1)).

We verify that W' and WG are of the same length since we calculate that
(2w — 2c,)* + (yw — Yo, )? — (aw — 26,)* — (yw — Y, )

= (((3Y%x (wg —xy)*yr — 3% (v — ;) % yp +3Y2 % (xx —27) *yp — 3V %% (xx —
x)xyc— @*zy—xp—xp—arp—axc—1)*xx — (zp+axg+axp+tac+1)*xxy)/(2%
(xK—S*IJ)))—(—((z*l’J—.IE—Ic)*$K+($E+$C)*$J>/<IK—3*$J)))2+
(—dsxzgxy;—(rxg —xg)xyp— (g —xg)*xyp — (tx —x5) xyp — (T — ) * Yo +
3V2%(xp—xp+ap—wo+1)xxg =32 % (vp—xp+ap—ac+1)x2s)/(2% (2K — 3%
7)) = (=@xaxrys+ (s —rk)*yp+ (X5 —2x) *yo) [ (x — 3% x,)))* — (312 *
(xg —xs)*yr — 3% (g —2) *xyp+ 32 % (xg —x5) *yp — 32 % (xx — 7)) ¥ yo —
(4*$J—Z’F—IE—.TD—$C—1)*1’](—($F+IE—|—JID+$0—|—1)*l’J)/(Q*(l’K—
3*])J)))—(—((Q*IJ—IF—JID—1)*.I‘K+(ZL’F+.TD+1)*IJ)/(]?K—?)*ZEJ)))Z—
(—Aszgxy;—(rx —xg)xyp— (rx —xg)xyp — (tx —x5) xyp — (T — ) * Yo +
3% (xp—axp+rp—wo+ ) *a2x — 3% (xp—xp+rp—xo+ 1) *2s)/(2% (05 —
3xxy))) — (—2*xx*xys+ (v;—2K)*yr + (v;—2K) *yp)/(xx —3*15)))? =0
and we verify that W, and C1G; are of the same length since we calculate that
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(xW - xCl)Q + (yW - y01)2 - (:L‘C1 - $G1)2 - (yCl - yGl)Q

= (((3Y%x (xg —xy)*yr — 3% (wg — ;) % yp + 32 % (xg —27) *yp — 3V %% (g —
x))xyc— @xry—xp—xp—arp—axc—1)*xxx — (zp+axg+axp+tac+1)*xxy)/(2%
(g —3%2y)))— (= ((2%xy—2p—20)*2K +(Tp+c)*3)) /(K —3%2 7))+ ((— (4%
JUK*yJ—(l’K—l’J)*yF—(HUK—iUJ)*yE—(I’K—I’J)*Z/D—($K—$J)*yc+3l/2*(l’F—
rp+rp—2c+ 1) xrg —3V2%(xp —xp+ap—x0+1)*x2;) /(2% (v —3%1)))) —
(—@*zg*ys+ (s —2x)*yp+ (s —2K) *yc) /(tx —3*2,)))* = (- (2*2; -2 —
ro)xrxg+(rptxo)*xy)/(xx—3xxy))—(—((2%xv;—2xp—axp—1)*ox+ (zp+xp+
Dxay)/(wg —3%x5)))* = ((—(2%xg *xys+ (27 —2x) ¥ yp+ (27— vx) *ye) /(vk —
3xxy)) — (—2*xx*ys+ (v —wg)*yr+ (v —2K)*yp) /(v —3%17)))? =0
as desired. O

Theorem 2.4. The resulting triangles in theorems 2.1 and 2.2 are in perspective.

Proof. Case 1: the mounted triangles are external.

The line between the W coordinates in theorems 2.1 and 2.2 is given by the equa-
tion

y = (2% (g —3*xx;)*(yp+yc)xo—4*(xp+ac—1)*xzxy;— (3 2%z goxyp—3Y 252 %
yg—3Y 2% xpxyp +3V 2%z jxyp — A% Ty ¥ T+ TR T+ T p* TR +2% Tk — (Tp+ap+
2)xxy)kyp— (v —17)*%(3YV 2 xyo—xp—ro+ 1) *yp+(xx —21)* (3 xyc+rp+10—
1)*yD+((4*:UJ—:UE—xD—2)*a:K+(xE+xD+2)*xj)*yc—31/2*(;EE—Q:D)*(:EF+
vo—Dxxg+3Y2x(xg—ap)* (zp+ac—1)*2;) /(2% (vp+x0—1)* (2 —3%25)).
The line between (G; in theorem 2.1 and (] in theorem 2.2 is given by the equation
y= 2%(xxg—3%z;)*(yp—yp—yc)*xr—4x(rg—rp—rc+1)*x*xy;+(rx —x5)*
(3Y2 % (yg—yp —yo) +xp—rp—xc+ 1) *yp+ ((4d*x;—2p — 2% (Tp +30)) * T +
(xp+2x(xp+ae))*xy)*xyp— ((dxx;—xp—2%x5—2) % T+ (Tp+2%Tp+2) %)) *
yp—((4x2y—xp—2%2p—2)*xx+ (xp+2%xp+2) %1 ;) xyc+3" 2% (g —2p — 10+
Dxzpxrg—3Y2%(xp—xp—ac+1)*xp*x;) /(2% (xg—2p—2c+1)* (2K —3*1))).
The line between (' in theorem 2.1 and G in theorem 2.2 is given by the equation
y=(2x(xx —ay)*xyp+2% (rx —xy) *yp — 2% (g —xy) *yp) * (2% (xx — 3 %
vy)xx— 32 % (v —x5) *yc+ (d*xy;— 2% (xp+2p) —x0 — 1) x 0 — (—2%
(xp+2xp)—2c—1)x25))/(2% (rx —3*xy)*x (—(d*xxy— 2% (xp+2p)— 20 —
Dxaog+(@*xxy—2xxp—xc—1)xxx+ (2% (zp+xp)—zc—1)*x;— (—2%
xp—xc—1)*xxy))+ (—dxxg*xy;+2* (g —xy) *xyr+ 2% (v —27) * yp —
(xy—r)*xyc —3Y2 % (zo — 1) v ax + 32 % (wo — 1) x25) /(2 % (v — 3 % x))).
Consider the point whose coordinates are given by

(3% (zp+ap—ap)*(xx —5)*yp — 3% (xp+axp—2p)* (2K —25) *yp — 32 %
(xp+zc—1)*(xx—x5)*yc—(rp—axp—ac+1)x(dxx;—rp—2xg—2xp—20c—1)*
v —(xp—rp—zc+1)*(xptarptaptro+1)xz))xyr+ (32 % (xp—2p — 20+
Ds(xg—x))*yc+(xp+re—1)*(dxxj—xp—xp—xp—rc—1)*rx+ (xp+rc—
Dx(zptaptoptoo+1)sxy)xyp— (32 xwp*r*yc —3"2xwprag xyc—3Y2 %
Tex T *yc+3Y 2% x g xyc— 3V 2 xxpxx yxyc+ 3 2 xxprx v yc+3 2 x xR Ry —
31/2*xJ*yc+4*:pp*xJ*mKJrél*a:C*xJ*xK—4*xJ*xK—x%*xK—mE*xF*xK—
xD*$F*a7K—Z*xc*xp*a:;(—mo*xE*xK+a:E*xK—xc*xD*xK+$D*xK—x20*
rxt+rg+(rpt+re—1)*(ep+rp+rptac+1)*xy)*yp—(rrp+rp—ap)*((4%x;—
tp—Tp—2p—rc—1)*xrx+(Tp+rp+rp+ro+1)*T)) *yc+3V % (rp—xp—20+
Dx(zp+ac—1)*(vp+rp—aop)*xrx —32*% (xp—2p—xc+1)*(xp+ro—1)*(2p+
xp—xp)xxy)/(2%(xx —3*%z)*(rg—zp—zc+1)*ypr—(xp+zc—1)xyp+(zr+
ro—1)xyp+(zrp+rxp—2xp)*yc)), —(dxxgx((rp—xp—rc+1)*xyr— (rp+rc—1)*
yp+(@rt+rc—1)xyp+(xr+rp—ap)*yc)*ys— (xx —x5)* (3Y* % (ys —yp —yc) +
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rp—2p—xc+1)*ys—(rx —x5)* (yp* (32 % (yg —2%yp) —xp+arp—rp —2%TC+
2)+3Y2xy2 4w pxyp+Tpxyp —Tp*yYp — 3 2k Y+ TRy + 2% T pRYc — 2% T p Yo —
ro*yo+yc+3Vx(xp—xp—ao+1)*rp)*yr — (v —25)* (32 xyo—xp—20+1)*
Y24 (v —x )% (yox (3% (2xyp+yc) —rp+arp+rc—1)—3Y2x (v —ap) * (vp+
vo—1))xyp— (v —27) % (3 2 xyct+ap+ro—1)%y% — (v —21) % (yo x (32 xyc+2%
xF—i—xE—xD—l—xc—1)—31/2*(xE—xD)*(a:F+xC—1))*yD—(xp+xE—xD)*(xK—
xy)xy2+3Y2 % (xo— 1) x (vp+ap—ap)* (v —27)*yc) /(2% (v —3x2;) * (vp —
rp—ac+1)xyr—(xp+axc—1)*yp+ (xrp+ac—1)xyp+ (xp+2p—2xp)*yc))).
We verify that this point lies on all three lines since we calculate

(2% (2 —3%z5)* (yp+ye)* (32 x(vp+ap—2p)* (v —2 ;) *yp—3Y 2% (xp+r5—
wp)*(rx—25)*yp—3Y 2 x(vpt+ac—1)* (v —2)) *yo— (Tp—Tp—T0+1)* (d%T 57—
rp—2p—Tp—To—1)*rx —(rp—2p—2c+1)*(xpt+rptrptrot1)*z s )*yp+(3Y/ 2%
(xg—zp—ro+)*(vx—xy)xyc+(rp+rc—1)x(4d*x;—xp—rp—2xp—rc—1)%T K+
(xptre—1D)*(vptaptoptoct+1)xw ) *ys—(3Y 2%z pra gy —3Y %1 p*a g ¥ yc—
3V 2% okt oxyo+-3 25 x oxye— 3V 25 pra pxyc+3Y 25 pra pryc 43 2k x ok xy o —
32k m pxyc+Ar T prT ¥ D FARTOHRT pRT ¢ — AT PR T | — T BAT g — T p*Tp*T ¢ —Tp*
xF*:L'K—Q*xc*xF*:cK—xc*xE*:cK+xE*xK—:Cc*xD*xK+xD*xK—x2C*xK+:cK+
(xptrc—D)x(vpt+ap+rptrc+1)xe))xyp—(xp+rp—xp)*((4xxj—rp—xp—Tp—
vo—D)rg+(rptrptrptret )2 ) xyc+3Y 2% (rg—2p—2c+1)*(zpt+reo—1)*
(ZL’F+$E—ID)*ZEK—31/2*<JZE—.TD—130+1)*($F+Ic—1)*(IF+ZL’E—ZL'D)*JIJ)/(2*
(zx—3*2,)*((xp—2p—2c+1)3yr—(rpt+ac—1)*yp+(rr+zc—1)*yp+(Trt+rp—
rp)*yc))) —4x(xp+ro—1)xxg*y;— (325w xyp—3Y 252 ;v yp — 3V 251 xyp +
3V 2xx pxyp — AT FT g +T T T ¥ T +2% T g — (Tp+Tp+2)* Ty ) *yr— (T —2 5 )*
(3YV2xyg—ap—wo+1)xyp+ (v —27)* (32 xyc+rp+ro—1)*yp+((4x2; — 25—
rp—2)*rx+(xptarp+2)xxs)*yc—3 2 x(xp—xp)* (xp+ro—1)*0 K +3 2% (12—
xp)k(rptxe—1)*xxy)/(2%(xp+ac—1)* (2K —3%x;))—(—(dxrg*x((rp—xp—2C+
Dxyr—(zp+axc—1)xyp+(xp+zc—1)*yp+(xp+rp—op)*yc)*y;—(xx —xs)*
(3"2%(yp—yp—yc)trp—rp—ro+1)ryp— (T —2,)*(Yp*(3"** (yp—2%yp) —wp+
vp—rp—2%T0+2)+3Y2xy% +axpxyp+Tpryp —rp*yp—3Y 2k yE T Yo+ 2% T p*
Yo —2%xp*yc—roxyc+yc+3 % (xp—rp—rot+1)xxp)*yr— (v —5)* (3 21y —
vp—xo+1)xyb+ (v —27) % (yox (3% (2% yp+ye) —rp+arp+re—1) =32 (zp—
rp)x(zptre—1))xyp—(vx —27)* (3 2% yctrptrc—1)xys — (2K —5)* (yox(3Y/2*
yo+2*rp+rp—rptro—1)—-3YV2 % (xp—ap)x(vp+rc—1))*yp—(zp+rp—1p)*
(xx—27)*%y2+3 2% (zo— 1) *(zp+ap—ap)* (v —21)*yc) /(2% (2 —3*x5)* (25—
I’D—ch—l-l)*yp—(xF—{-QZC—l)*yE+(.TF+ZCC—1)*yD+($F+.TE—xD)*yC))) =0,
(2% (zx—3%25)*(yg—yp —yc)* (3% (xp+ap—p)*(xx —25) %y — 3% (xp+
rp—p)* (v —25)*yp—3" 2% (vp+rc—1)*x(vx —25)*yo— (xp—rp —z0+1)* (4%
rj—rp—rp—2p—rc—1)xxx—(xp—rp—rc+1)*(zp+rptrptrc+l)*z))*yp+
(3Y2x(zp—ap—2c+1)* (v —15)*yo+ (xp+ac—1)* (452 — 2 —Tp—Tp—TC —
Dxxg+(vptae—1)x(zptrptoptoot+1)*z))xyp— (325w pxx g xyc—3Y 2%z p*
Tr*yc—3Y2xxoxr gk yc+3Y 2%z g xyo — 3V 2w x pxx yxyo+3Y 2%z pra yxyo 431/ 2%
To*T ¥y —3Y 2% Ry AR T pRE D AR KT JRT ¢ —ART KT [ — D HHT g — T ¥k
xK—q:D*xF*a:K—Q*xc*xp*xK—xc*xE*xK—i—xE*xK—xc*:cD*:L’K—i—a:D*xK—:c%*
e+ (rrt+re—1)*x(zp+rp+rptrc+1)*xy)xyp— (rp+rp—xp)*((dxx;—
rp—rp—2p—rc—1)xrx+(Tptrptrptret1)kry)xyc+3Y % (rp—xp—ro+1)*
(xptze—1)*(vptrp—ap)*rx—3Y2*%(2p—2p—x0+1)*(xp+ro—1)*(2p+rE—
xp)kxy)/(2%(xx—3%x))*((rp—rp—xc+1)*yr—(xpt+rc—1)*yp+(rp+rc—1)%
yp+(xptrp—rp)*yc))) —4x(xp—rp—rc+1)*xr kY s+ (2 —25)*(3Y 2% (yg—yp —
yo)+taxg—rp—xc+1)xyp+((d*xx;j—xp—2%(xp+ac))*xrx +(xp+2%(xp+ac))*
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xy)xyp—((4dxxj—xp—2%rp—2)xx )+ (rp+2xrp+2)*x ;) *yp—((dkr j— 2 p— 2% 5 —
) xxg+(rp+2%xp+2)*2 ;) xyc+3" 2% (xp—2p—2c+1)*2p* 2K — 3 2% (xp—2p—
xot+1)xxpxxy)/(2x(xp—rp—xct+1)*(xx—3%x)))—(—(dxx g *((rp—rp—2c+1)*
yr—(rpt+re—1)xyp+(rptac—1)*yp+(xrp+re—2p)*yc)*ys— (v —x7)*(3Y/2%
(ye—yp—yc)+rp—rp—rc+1)xyp—(rx—x5)*(yp*(3"**(yp—2%yp) —rp+rE—
Tp—2%10+2)+3Y 252+ wpryp+Tpryp — T p*yp — 3 2 x YL+ T pRyc+ 25 T pFYo —
252 p*yo—roxyc+yc+3Y  x(rp—rp—xo+1)xwp)*yr—(rx —25)* (3 2 *yc—1p —
o+ 1)*yL+(zx —25)*(yox (3Y2%(2xyp+yc) —rp+ap+rc—1)—3Y2x(xp—xp)*
(zp+azc—1))xyp—(xx —27)*(3Y2xyc+ap+ac—1)xy% — (v —27) * (Yo x (312«
yc+2*ajp+xE—xD+xc—1)—31/2*(93E—xp)*(a:p+xc—1))*yD—(:cp—i—xE—xD)*
(xx—27)*y2+3 25 (zo— ) *(xp+ap—ap)* (v —21)*yc) /(2% (xx — 3% 5)* (25—
rp—zc+1)xyr— (rr+rc—1)*yp+(rr+rc—1)*yp+(Tr+rp—2p)*yc))) =0
and

(2x(wg—2 1) %yp+2% (g —25)*¥yp—2% (T —27)*¥yp )% (2% (25— 3% 7 )% (31?4 (z p+
rp—zp)*(rx —x;)xyp—32x(vp+ap—xp)* (v —25)*yp — 3% (xp+rc—1)*
(xx—x))xyc—(rp—rp—xc+1)*(d%x j—rp—rp—2p—2c—1)*r K —(Tp—Tp—TCc+
Dx(zp+ap+rptac+1)xxy)xyp+(3Y2x(xp—rp—zc+1)* (v —2 1) *yc+(vp+
ro—1)x(dxxj—xp—rxp—rp—xc—1)*x g+ (rptro—1)*(zptaxp+arptarc+1)xxy)*
yp— (325w pxa g xyc—3Y 2 xx pxx e xyc — 3V 2k w ok T ¥ Yo +3V 25w ok y o — 3V 2k pk
T yxyc+3Y 25w pxa pryo+3 2% ok x pryc — 3V 2k pryo+ A% T R R T g+ AR T ORI ¥
T — KT T — T oA T —TEXTp*T | — T DXT kT g — 2¥ XKL pHT ¢ —TOHT X T +T ¥
TR —TokTp*xTr+Tp*Ti —To*xT+ T+ (xptro—1)*(zp+rpt+ap+ret1)*x))*
’yD—(ZL‘F—I—ZL‘E—xp)>I<((4*1‘J—ZL‘F—$E—[L’D—Zlfc—1)*$K+($F—|—ZL‘E+$D—|—ZL‘0—|—1)*$J)*
yc+31/2*(xE—.ID—Ic+1)*(IF+.Ic—1)*(ZL’F+$E—$D)*$K—31/2*(.’L’E—$D—.Tc—|—
Dx(zp+xe—1)x(zp+rp—xp)*xy)/(2x(xx—3*%x))x((xg—rp—2c+1)*yr—(xp+
ro—1)xyp+(zp+re—1)*yp+(rp+re—2p)*yc))) —3Y 2% (v —x5) *yc+ (47—
2x(zptag)—ro—1) ke —(—2%(xp+rp)—rc—1)*x,))/(2%(xx —3%x ;)% (—(d*x ;—
2*($F+IE)—ch—1)*$K+(4*IJ—2*JID—xc—l)*IK—i-(—Q*(xF—i-xE)—ch—l)*l’]—
(=2%xp—xc—1)*2)))+(—dsx*xy;+2%(x g —x ) ) xyp+2% (T —2 1) *yp— (T — 2K ) *
Yo —3Y2%(zo—1)*xx +3Y2% (zo—1)*25) /(2% (2 —3% 7)) — (— (d*z i * (v —2p—
ro+1)xyr—(xptre—1)*yp+(xptrc—1)xyp+(xp+rp—2p)*yc)*y;— (T —x 5 )*
(3"2*%(yp—yp—yo)trp—rp—ro+1)*yp— (T —2,)*(Yp*(3"/** (yp—2%yp) —wp+
rp—rp—2%10+2)+3Y2xy% +axpxyp+Tpryp —rp*yp—3Y 2k yZ T Yo+ 2% T p*
Yo —2%xp*yc—roxyc+yc+3" 2 x(xp—rp—rot+1)xxp)*yr— (v —5)* (3 21y —
vp—zxo+1)xyb+ (g —27) % (yox (3Y2% (2% yp+ye) —rp+axp+re—1) =32 (zp—
rp)x(zptre—1))xyp—(vx —2)*(3Y 2% yctwptrc—1)xys — (K —5)* (yox (34 2%
yo+2*rp+rp—rptro—1)—3YV2 % (xp—ap)*(vp+rc—1))*yp—(zp+rp—1p)*
(xx—27)*%y2+3V 2% (zo— 1) *(vp+ap—ap)* (v —21)*yc) /(2% (2 —3*25)* (25—
ZED—.Tc—l-l)*yF—(l‘F+$0—1)*yE+($F+xc—1)*yD+(ZCF+ZEE—.CED)*yC))) =0
as desired.

Case 2: the mounted triangles are internal.

The line between the W coordinates in theorems 2.1 and 2.2 is given by the
equation
y=((—2%(xx—z))*yr+(xx—2))xyp+(x;—xK ) xys—2%(Tx — 1) *yc ) * (2% (x —
32 7) %2 +3Y 2% (v —2 ) xyp—3Y 2 (v —x ) *xyp+(4xx;—rp—2p—2) %K +(TE+
xp+2)xxy))/(2% (g —3*%x )% ((dxx;—2%(xp+xc)—2xp—2ap)*rK — (d%x ) —TE —
xp—2)xx+(2x(rp+ro)t+rp+ap)kx;—(Tp+axp+2)*xxy))+(—dxx*xy;+(vx —
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x)*yp—(v7—2k)*xyp+3" 2% (xp—ap)xx g —3 2% (xp—xp)*s) /(2% (2 —3*T))).
The line between G in theorem 2.1 and Cf in theorem 2.2 is given by the equation
y= 2x(xg—3*x))*x(Yyp—yp—yc)*xr—4x(rp—xp—rc+1)*T*xy;— (T — 2 1) *
(31/2*(yE—yD—yo)—xE+:vD+xc—1)*yF—i—((4*xj—xp—2*(xp+xc))*$;<+
(xp+2x(zp+ac))*xy)*yp— ((d*x)—2p—2%rp—2)%x Tk + (Tp+2%Tp+2)*x ;) *
yp—((4*xy—xp—2%xp—2)xxx+ (2p+2%x2p+2) 1)) *yc — 3 2% (vg—xp—TC+
Dxzpxrg+3Y 2% (xg—ap—ac+1)*xp*xy) /(2% (xp—2p—20+1)* (25 —3%17)).
The line between 'y in theorem 2.1 and G in theorem 2.2 is given by the equation
y= (2% (xx —zy)*xyr+ 2% (xx —xy)*xypg — 2% (xgx —xy) *yp) * (2 x (rg —
3xwy)xx+3Y2x (2 —ay)*yo+ (d*xy— 2% (vp +2p) —x0 — 1) %2R + (2%
(xp+xp)+axc+1)xxy))/ 2% (xg —3xxy)* (—(d*xxy—2%(xp+2p) — 20 —
Dxaxg+@*xxy—2%xp—xc—1)*xxg — 2x(xp+ag)+azc+1)xa,;+ (2%
xptac+ ) xwy))+ (—d*xxg*xy;+2% (g —xy) *xyp+ 2% (xx —xy) *yp —
(xy—wr)*ye + 32 % (x¢ — 1) a2 — 32 % (wo — 1) x25) /(2 % (xx — 3 % x7)).
Consider the point whose coordinates are given by
(—((83Y2x(xp+xp—2p)* (v —x5)*yp — 32 % (xp+x5 —2p) * (T — 1) *yp —
3V 2% (zptxe—1)* (2 —25)xyo+(xp—2p—2c+1)*(4%2;—Tp—Tp—Tp —TC —
Dx2zg+(rg—2p—rc+1)*(vpt+rpgtaptrc+1)xx))xyr+ (3 2% (vg—2p—20+
D#(xg—xg)xyc—(rp+xc—1)x(dxxj—xp—rp—rp—rc—1)*xx — (xp+ac—
Dx(zptaptoptoo+1)sxy)xyp— (32 xwp*r*yc—3"2*wprag*yc—3Y2 %
rexTr*yc+3Y 25z xyc— 3V 2 xxpxr  xyc+ 3 2 xxprx v yc+3 2 xxox xRy —
31/2*xJ>|<yC—4*:1:F*ajJ*xK—4*:pc*xj>ka:K+4*mJ*xK+a:2F*xK+xE*xF*a:K+
$D*I‘F*$K+2*$C*xp*$K+$C*ZEE*ZBK—[L’E*$K+[E0*$D*xK—ZED*ZL‘K—I—l'%*
rx—rx—(xptre—D)*(xpt+rp+aptac+1)xx;)xyp+(rp+rp—axp)*((4%x;—
rp—2p—Tp—To—1)*xx+(rptrptrptrctl)*ry)xyc+3 2% (xp—xp—z0+
Dx(zp+ac—1)*(zp+rp—aop)*xxx —3Y2* (xp—2p—vc+1)*(xp+ro—1)* (25 +
xp—xp)xxy)/(2%(xx —3*%z)*(xg—zp—2zc+1)*yr—(xp+zc—1)xyp+(zr+
rxo—1)xyp+(zrp+rxp—2xp)*yc)), —(dxxxgx((xrg—xp—rc+1)*xypr— (rp+rc—1)%
yp+(xr+ac—1)xyp+(xr+rp—2p)*yc)xys+(xx —27)*x (3% (yr —yp—yc) —
rptrptro—1)*yi+ (v —27)* (yp* (32 (yg —2%yp) +rp—rp+2p+2%20 —
2)+3Y2xy? —xpxyp —rp*yp +rp*yp — 3V kYL —xpryc — 2% T pRYc+ 2% T pRYC+
roxyo—yo+3" 2 (xp—xp—wo+1)*rp)*yr+ (v —25)* (3 2% yo+wptro—1)*
y2—(zx—x7)* (yox (3Y2% (2% yp+yc)+rp—2p—x0+1) =32 % (g —xp)* (xp+
vo—1))xyp+ (v —25)*(3Y2xyc—rp—r0+1)%y% + (15 — 2 5) * (Yo r (3 2 xyc — 2%
rp—rpt+arp—rc+1)—=3Y2%(zp—ap)*(vp+rc—1))*yp—(vp+rp—2p)* (K —
w) %yt =32 % (v — D) *(zp+ap—ap)* (xx —21) *yc) /(2% (v — 3% 2,) * (15 —
tp—xc+1)xyr—(rp+rc—1)*xyp+(xp+axc—1)*yp+(xr+x8—2D)*YC))).
We verify that this point lies on all three lines since we calculate that

(2% (zx—xy)xyr+(xx —xg)*yp+ (x;— T ) *yp — 2% (Tx —x7) *Yyo) * (2% (T —
3xx2;) % (—((3V 2% (vp+axp—ap)*(xx—25)*xyp—3?* (xp+ap—2p)* (2K —21)*
yp—3"%x (xptac—1)*(xx —2)*yo+(xp—rp—xc+1)*(4*2r;—2p —T R —Tp —
ro— s+ (rg—2p—rc+1)x(xp+rpt+apt+re+1)xz))xyp+ (3 2% (zg—2p—
o+ 1) x(xg—x))*xyc— (rrp+axc—1)x(dxz;—xp—axp—xp—xc—1)*rK — (Tp+
ZEC—1)*(IF+$E+Z‘D+(L’C+1>*ZL’J)*yE—(31/2*$E*I‘K*yc—gl/z*l’D*fL’K*yC—
3V 2% xcxx g xyc+3Y 2% x gk yc — 3V 2% pxra v yc+3Y 2w p*x kyc+ 3 2k x ok s+
Yo—3Y %1 pxyc — X Tp* T ¥ T — AR TORT JR T HAKT PR DK FTEAT T T p* T g+
xD*xF*xK+2*xc*xF*xK+xc*xE*xK—xE*xK—i—xc*xD*xK—xD*xK—i—x%*
rx—2x—(xptre—D)*(xpt+rpt+rptac+1)xxy)xyp+(zp+rp—xp)*((dxx;—
rp—rp—rp—xc—1)*rg+(rptrptarptrotl)xzs)*yc+3" 2% (vp—ap—10+
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Dx(zpt+ae—1)x(zptap—ap)srg—3" % (rg—xp—ac+1)*(vp+rc—1)*(vp+
xp—ap)xxy)/(2%(xx —3*%x)*(xg—zp—2zc+1)*ypr—(xp+zc—1)xyp+(zr+
ro—1)*yp+(xp+re—2p)*yc)))+3Y 2% (xx — ;) xyp — 3 2% (v — ;) xyp+ (4%
rj—xp—rp—2)xTx+(xp+tap+2)xxy))/(2x(xx —3xx))*((dxx;—2%(xp+2c)—
rp—xp)*rg—(4xry—rp—xp—2)xx+ 2% (xp+ac)+axp+ap)kr;—(xp+xp+
2)xx )+ (—dxxgxy;+(xx —25)xyp— (T —2x)*yp +3V 2% (xg—2p) * 2K — 3/ 2%
(xp—zp)*xy) /(2% (v —3%x)))— (—(d*xg*x((rp—rp—xc+1)*yr—(Tp+rc—1)*
yp+(xptac—1)xyp+(xp+ap—ap)*yc)*ys+(xx — ) *(3Y** (yp—yp—yc) —
eptap+ro—1)xyp+(rx —25)* (yp* (32 % (yp —2%yp) +&r —rp+ap+2%10—
2)+3 2%y} —xpxyp —rp*yp+ap*yp — 3V kYL —xpryc — 2kT prRyYc+2% T pRYc+
vo*yo—yo+3V 2% (xp—xp—xo+1)*xp)xyp+ (2 —15)* (3 2 xyo+aptarc—1)*
v — (v —x7)* (yox (3Y2% (2xyp+yc) +rp—xp—20+1) =3 2% (v —2p) * (vp+
vo—1))xyp+ (v —25)% (3 25y —rp—20+1)%y% + (05— 5) * (Yo r (3 2 xyc — 2%
rp—zp+rp—rc+1) =32 % (zp—ap)*(vp+rc—1))*yp—(vp+rE—2p)* (TK —
) Y2 =32 % (v — D) * (zp+ap—ap)* (xx —27)*yc) /(2% (v —3%2;) % ((vg —
xp—ro+1)xyp—(xp+axc—1)xyp+(xpt+xc—1)*xyp+(xp+rxp—2ap)*yc))) = 0,
(2% (2 —3x2))*(yg—yp —yo ) *(—((3Y*x(zp+xp—2p)* (2 —2 ) *yp—3"%* (2 p+
vp—xp)* (g —25)*yp =3 x(vp+rc—1)x (v —2 ;) *yc+(rp—rp—30+1)* (4%
xj—xp—.rE—xD—xc—1)*J,‘K+<IE—xD—Ic+1)*(IF+IE+l’D+$C—|—1)*xj)*yp+
(31/2*(a:E—a:D—azc+1)*(a:K—xJ)*yC—(a:F—i—xC—1)*(4*:1:J—xp—a:E—xD—xc—
Dz —(xpt+re—1)x(zp+rpt+rptre+1)*x))xyp— (325w pxa g xyc—3Y 25z p*
Tr*yc—3 2 xxoxx g xyc+3Y 2% x e xyo — 3V 2 xxprx yxyc+3Y 2 xx pra yxyo+31 2%
To*T xYc—3Y 2% pryo— AT pRE pFT g —ARTORT RE AR pFT DB T ERT ok
TRATDRTp*T R +2¥TOXTp*T |+ TOX TR T —Tp* T +TOXTp*T K —Tp* T +T ek
rx—2x—(xptre—D)*(xp+rpt+rptac+1)xx))xyp+(rp+rp—xp)*((dxx;—
rp—rp—2p—2c—1)xrx+(Tptrptrptret1)rry)xyc+3 % (rg—rp—ro+1)*
(xp+xe—1)*(zp+rp—ap)*2Kx—3Y%*%(2p—2p—rc+1)*(xp+ro—1)*(2p+TE—
xp)xry)/(2%(xx—3%x))*((rp—rp—xc+1)*yr—(xpt+rc—1)*yp+(rp+rc—1)%
yp+(rrp+rE—2p)*yc)))—4x(xp—rp—r0+1)*r K}y — (K —25)*(3Y 2% (yp —Yyp—
yo)—zxp+rpt+ro—1)xyp+((dsxx;—xp—2%(xp+ac))*xrx+(xrp+2%(xp+rc))*
xy)xyp—((4dxxj—xp—2%rp—2) ki +(rp+2xrp+2)*x ;) *yp—((dkr j— 2 p—2%T R —
) xxg+(rp+2%xp+2)*2 ;) xyc—3" 2 *(xp—2p—xc+1)*xp*rg+3" 2% (xp—2p—
xot+1)xxpxxy)/(2x(xp—rp—xct+1)*(xx—3%x)))—(—(dxx g *((rp—rp—2c+1)*
yr—(rptre—1)xyp+(rptao—1)*yp+(xr+re—2p)*yc)*ys+(xx —x7)*(3Y/2%
(ye—yp—vyc)—Tp+rpt+rc—1)xyb+ (i —15)*(yp* (31 2% (yg—2%yp) +xr—25+
Tp+2%x0—2)+3Y 252 —xpryp —apxyp+rpRyp—3Y KY2 — T ¥y — 25T pRYc+
252 p*yot+roxyc—yo+3 % (xp—rp—rot 1)k ) *ypt+ (2 —15)* (3 2xyot g+
zo—1)*xy%— (v —27)*(yo* (3% (2xyp+yc)+rp—xp—20+1) =3 2% (xp—2p)*
(xp+ro—1))*yp+(rx —25)* (32 xyc—xp—2c+1)*y3 + (2K —25) * (Yo * (312 %
yc—2*;1:F—xE—|—a:D—xC+1)—31/2*(xE—xD)>k(a:F+xc—1))*yD—(a:F+xE—xD)*
(xx—27)*%y2 =3 2% (zo—D)*(wp+ap—ap)* (v —71)%yc) /(2% (xx — 3% 5)* (25—
rtp—xo+1)xyp—(vp+ac—1)xyg+(xp+rc—1)*xyp+(zr+rp—2xp)*yc))) =0
and

(2% (wg —25)*yr+2% (v — 2 7)*ys—2% (g —27) xyp ) * (2% (v — 3%z 5)* (— (312 %
(xptrp—ap)* (v —;)*yp—3Y2* (xp+rp—2p)* (2K —2)*yp—3 >+ (xp+20—
Dx(xg—z))*yc+(xg—rp—rc+1)x(dxx;j—xp—rp—axp—xc—1)*x+(xp—2p—
ro+)*(vp+ap+aptrc+1)*x))xyr+ (3 x(xp—rp—m0c+1)* (T —27) ¥yo —
(xptrc—1)*(dxxj—xp—axp—rp—rc—1)*xx—(xpt+rc—1)*(zp+rp+ap+trc+
D)xxy)xyp— (32 xpra g xyc — 32 xxpxx g ¥yc — 3 2 xwo*x o xyc+3Y 2% 1 gk y o —
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3V2%x g yxyc+3Y 251 pxa pryc 43 25 ok pryo— 3 2% pryc— A% x pra g — A%
xc*xj*:c;(—l—él*xJ*xK—i—x%*xK—l—:cE*a:F*:cK+:z:D*xF*xK+2*:cC*xF*xK+xc*xE*
TR —Tp*TK+TokTp* T —Tp*T+Textx—Ti—(vp+ro—1)x(zp+rp+rp+rc+
Dxzy)xyp+(xpt+axpg—xp)x((dxxj—xp—xp—xp—rc—1)*xk+(xp+rp+rptrc+
Dxzy)*yc+3 2% (xp—2p—vo+1)x(zp+ac—1)*(2pt+rp—2p)* 25 — 3 2% (15—
rp—rct+1)x(zptre—1)x(xp+ap—xp)*xy) /(2% (v —3*%x ;) *x(rp—xp—2c+1)*
yr—(zpt+ac—1)xyp+(zp+zc—1)*yp+(xp+rp—2p)*yc)))+3Y2% (xx —x ) *
yo+(4xx;—2x(rp+rp)—xo—1)xxx+ (2% (vpt+ap)+rc+1)*1y)) /(2% (05 —3% 2 1) *
(—(4xxj—2%(xp+xp)—rc—1) ke g+(dxr —2xrp—xc—1)*xx ) — (2% (xp+arp)+Tc+
D)xxj+ (2% ptac+1)kwy))+(—4dsx gy +2x (g —x g ) xyp+2%(x g —x 5 ) *yp— (T —
T )*Yo+3Y 2% (xo—1)xw =3 2% (xo—1) %3 5) /(2% (2 — 3% 5)) — (— (d*z g * (w5 —
rp—ret+1)xyp—(xpt+rc—1)*yp+(rr+rc—1)xyp+(rr+rp—rp)*yc)*y;+ (K —
27)*(3Y 2% (yp—yp—yc)—rptrptrc—1)xyit (v —x7)*(ye*(3Y %+ (yp—2%yp)+
Tp—rp+rp+2%r0—2)+3Y 2%yl —xpxyp —Tpxyp+Tpryp — 3/ xy2 — 2 pryc—2%
Tp*Yo+2* T pxyot+roxyo—yo+3Y 2 x(xp—xp—ro+1)*ap) xyp+ (T —x)* (34 2%
Yyo+rp+ro—1)xyh— (v —15) % (yox (3V%% (2%yp+yc) +rp—rp—10+1)—312%
(xp—rp)x(xptrc—1))*yp+ (v —27)*%(3Y 2 xyc—rp—ac+1)*ys+(wr—27)* (Yo *
(3 2xyo—2xxp—rp+rp—2c+1) =325 (xg—2p)* (xp+rc—1))*yp — (xp+r5—
wp)x (v —x)xyd =32 (xc—1)*(xp+rp—2p)* (K —11)*yc) /(2% (2 )¢ — 3% 5)*
(xg—xp—zc+)xyp—(xpt+rc—1)xyp+(xp+rc—1)xyp+(zp+rp—rp)*Yyc))) =
0 as desired. O

Theorem 2.5. The resulting triangles in theorems 2.1 and 2.3 are in perspective.

Proof. Case 1: the mounted triangles are external.

The line between the W coordinates in theorems 2.1 and 2.3 is given by the equa-
tion

y=—(((xg —3*2;)*yr+ (xx —3%x5) xyo + 32 % (xp — 20 + 1) xxx — 332 %
(xp—ze+ 1) *w))xx+2xxr* (32 (yp —yo) —2p — 20+ 1) *ys+ (=32 % 1p *
yE—|—31/2*:UJ*yE+2*a:J*xK+:UE*a:K—2*:UD*xK—wK—(xE—2*xD—1)*
) xyp+(—2p+2%x0—2)* (v — ;) *yp+ (T —27) * (32 %y +2%2p — 20 +
Dxyp+(2%xy—2%xp+ap—1)sxx+ 2*xp —xp+1)*35) xyo + 32 % (2%
(xp—xo+1)*2z;—(xp+ 1) xxp+(zc— 1) *2p +x0— 1) %25 + 372 ((xp+1) *
LL’F—(J,’C_1)*ID—Ic—|—1)*ZL’J)/((J?K—3*IJ)*(31/2*(yF—yc)—.IF—ch—i-l)).
The line between (' in theorem 2.1 and (G; in theorem 2.3 is given by the equation
y = ((2xxg*xy;+(x;j—rx)*xyr+(rj—xK)*yp)/(Tx —3%x ;) — (dkx )y ) — 2% (T —
T ) xyp—2% (T —2 ) *yp+ (25— 2K ) *yc+3Y 2% (xo— 1) kr i —3Y 2% (w0 —1) %2 5) /(2%
(xr—3%27)))*(x— (32 (v —x ) ¥yo— (dx2;—2% (xp+xg) — 10— 1) *T 5+ (—2%
(xp+ap)—vo—1)*x1;)/ (2% (2 —3%2))))/((3Y 2% (v —2 1) *yo — (4% 37— 2% (2 p+
rp)—ro—1)*xx+(—2%(zptap)—rc—1)*x)/(2%(x g —3%2 1)) +((2%2 ) —xp—Tp—
Vx4 (xpt+ap+1)xxy)/(xx —3%xy))+(—dsrgxy+2% (g — 2 5) *yp+2% (x5 —
v))xyp+ (g —x7)xyc—3Y2 % (vo— 1) x 2 +3 2% (o — 1) *25) /(2% (xx — 3% 2 5)).
The line between G in theorem 2.1 and Cf in theorem 2.3 is given by the equation
Yy = (((Q*IK*yJ—l-(.TJ—JIK)*yE—f—((L’J—IK)*yc)/(l’[(—?)*l’])—(4*$K*yJ—
(xx —x) % yr — 2% (v —27) % yp — 2% (v — 7)) *yo — 32k wpx g + 32 % wp *
27)/ (2% (g —3x2))) * (2 + (32 % (xg —2y) *yp + (dxxy— 25 — 2% (2p +20)) *
T+ (rr+2%(xp+ae))*xy) /(2% (xx —3%x)))))/(2%x;—rp—2c)* K+ (TR +
xo)*xy)/ (v —3%xy) — (3% (g —xy) *xyp+ (4% x;—2p — 2% (xp +20)) * 2K +
(xp+2%(xp+ac))*xy)/ (2% (xx —3xxy)))+ (—d*xp*y;+ (xx —x)) *yp + 2%
(xx—27)*yp+2% (x5 —27) *yc +3 2 xxpxrg — 32 xwp*xs) /(2% (v —3%15)).
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One can then verify that the following point lies on all three lines, whose coordi-
nates are given by

((6%zp*x g —6xxp*T j+6%T pxx j— 6T p*T g — 3% T T+ 3T pka r —6x 0%+ 7 +6%
TL*T g —O*TLHT j— Sk Tk T HORTLHT e+ BrT AT 6% pxy % — 65T oy -3V 25 %
Y —3Y 25z ok b+ 125w ok kg — Ok 252 prx  — 1 2% T 3T H %I | +O3T LK T p*T g +65%
TLATHT J 6K oxTR* T J— Ok T AT p*T g+ 3RTERT p*IT J+ 3K TR TR T 7 — KT T pk
xj—6*xc*x%*xK—9*xD*x%*xJ—3*x%*xF*:L’K—G*x%*xp*xJ—S*xc*ng*xK—i—
SkTL AT kT + KT pRTLAT jc+ 35T T2 H T g+ Ok TH T px T g +Ox Tk T p* T g — 35T
DKL — Ok TEH T p* T — 125 DK T # T j¢ — 65T p* T Y2+ 6% T p* T e kYZ+ 65T gk 7%
Y& —10% 2o+ T g xys —Ox T gk T kY2 — 3k T p* T pxyi+ 105 To* T oy B+ THT p* T pkY =+
KT pHT kY2 — THTDHRT R KY 5 — DKL R T K Y o+ DR kT kY 2+ DA T kT Y 2 — DK T
T HYRHAKT PR T K Y B — ST JRY oK Y- 3XT R YS kY 3K T kYo Y B — 3% kY kY —
Ok T2 40k + Ok TE AT KT je+OF TR DAL J— O TR T KT jo+ 2K TH T pkY S — 25T *
T RYEHARTERT Py AR TERT YT — AR TR T oY — AR TR T 3y — AR TERT pox Yy T —
A5 2 51 g3y 2 A Ak T 2w T kY AT KT kY — 25T R T xy R 2k 0D xRy B 353 2k
xJ*yF—3*31/2*:pK*yF+12*xC*xD*mJ—12>|<xc>kxD*xK—12*xc*xE*mJ+12*xC*
TEXTR+I*%To*xTp*x T j+0%Tp*xTp*xXj—3*To*Tp* T —O*Tp*x T p*x T — 1D% T p*Tp*
T+ 105X p* X p* T +O% T L p* T — % T g+ X p* T — 1 2% L p* T p*x X e+ 12% X * T g% T —
12% T p @ g5 X ¢ +3*%T p kYo kY p— 3% T J %Y p*kYp — 3% T g ¥ Yo XY+ 3¥T g *Yp*Yp+3*T j*
Yp*Yp—3%T kY pryp—2%3 2w ok x pryp—2%3Y 25 prw  xyo+2%3Y 2k x ok pry g+
2x3' 25 x ok gk yp 42531 2%z pra pxyp+2%31 25 pra oky o+ 243V 2k pra pry o — T
3V 2% xokx pxyp —2%3Y 2k x ok g xyp— 253 2k pxa yxyp — 253V 2k p ok yp — A%
31 2xxpra yryp—2%3Y 25w pxa e xyo — 3V 2 xx pxa yxyc+ T3 2xx ok g kyp — 312 x
Tp*x xyYp+2%3Y 25 pxx oryp+ 453 25z prx pryp+ 453 25z pra eoryp+3Y 2k px
Ty p+3Y 2% @ prx ok yo+3Y 2wz pra ok p 3% 3Y 25 g ey p— A% 3Y 250 pra vy p—
3V 2% pxx ryp—3Y 2% xpxx e xyp —3%3Y 25w pr gk yp+ 453 2w pra pryp 4312 %
Tp*l g *Yp—4%3Y 25 x pra ekyp —A%3Y 25 ek yp+4x3Y 251 pxx oy p+4% 31/ 2%
TyxTrxYp—12%roxxp*xrp*xx j+12%rc*xp*xrp* T+ 18%xo*xrp*rp*xx j— 18%xo*
Tp*Tp*L | —O0*To*T p*T p*X j+0%X %X p*X p* X |+ 24% X %X p*T J5 X ¢ — 24% T * T gk
Ty X g+ 24%To* T p* T gx T ¢ —24% T p* T p* X pH T g +24% T g T p*T g x T +4%To*X pxyo*
Yp—A* X * X JRYO*RYE—ARTOXT ¥ YO FYDF+8XT p*X J kYo *Yp+ 2% Lo+ X p*xyo*xyp+4x*
TOXT g *YCKYE—S*T DHT JHYo*YE—8* T p*T g *Yo*Yp—A*X g* X j*Yo*Yp—2%To*T g*
YD*YF— 2% TC* TR HRYo*YpHA%T DR Yoy p+8* X p* Xk *YoxYp+A%T p*X j*Yoxyp+
AT p*X g *Yo*Yp+HA¥T T jxYo*Yp+2%To* X pxYp*Yp+2%To* T Y p*Yp+2%T p*
TyxYp*Yp—A*%T p*T ¥ Yo*xYp+A%T g*T %Yo *Yp—4*T g+ X g ¥Yo*Yp—A%T p*T g %Yo*
YE—AXT X o }YO YD — 2R T T XY E*Y p— 2% L DXL pHY p*Y p— 2% L p* T kY p*y p— 10
TE*T xYpxYp—4%T p*T g *Yo*Yp+8* T p* X jxYoxYp+4% T p*X g %Yok Y p+2%T p*X i *
Yexyr+10xxp*xx ¥ yp*yp+ 1052 ¥ X g *Yp*Yp—8* X p* X yxY p* Y — 8K X p* T j¢ ¥ Y *
Yp—10% X p* T g *Yp*Yp+8* T p* T jxYp*Yp+8* X p* T ¥ Yp*Yp —8* T p* T *Yp*Yp+
8K %X j¢ kYYD — 8K T yx T j¢ kYo *Yp+ 1652 k2 g %Yo xyp— 16%x y 2 i xyp*yp+ 16%
T T gy pxyp a3V 2tk x pryp — 2% 3Y 25w prw pry — 263V 25w pryp — 431 2%
w251 pxyp —A4x3Y 250t xx e xyp + A% 3Y 2 k0t w1 pxy o+ 24 3Y 2k pr gk y S+ 2431 2%
Tp*x 3y +2x3Y 25 a0l xx pryp+ 253V 2wl kv pewy p + 5% 3Y 2522k pryp+ 4% 3 2%
w2k poryp—A4x3Y 202w w g xyo — 2% 3Y 2522 k1 pryo — 3V 2w ok pxyh — 2% 3Y 25 ok
TRy —3Y 2 x pxw gy — 3V 2kt w pxyp— 263V 2w ok y p— 3V 2R hx sy o — 5%
3V 2522k x goxyp —6x3Y 250t w1 pryp+353Y 2k 0%k pry p+2%3Y 2k w gk y o +3 2%
o gy b+ 2x3Y 25 prw pxy b3 2w pra w2 43 2wk a oxy 263 25k ok
yD+31/2*x%*xK*y0+6*31/2*:p%*xK*yF—2*31/2*m%*xJ*yF—3*31/2#@%*@]*%@—
3#3Y 252k x gk yp—2%3Y 252 pra kY — 243V 2k pra eyt — 263V 2wtk pry p— 2%
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:EK*yD*yF—i—Q*x%*xK*yc*yF+2*:1:2E*xj*yc*yF—5*.:1:%*mJ*yC*yE—5*m%*;cK*yC*
Yp+HDHRTE KT [ KY B YR — 2K Tk T | KYO Y P+ DRI LKL JRYoRY DRI AT i R YokY p— L4k
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3V 2wtk x g kyp—dx3Y kr pxatoxm pryp —4%3Y 25w pratrx gxyp — 243 25w px
w2xx pxyp—3%3Y 25w pr 02w ok Yo+ 3V 2k 0L w1 R kY A3V 2 kT pr ey p+
3V 2502 %1 pra g xyp—6%3Y 222w px 1 kYo +3Y Pk oxwt Rk 1 ok y p— 253 28w p %
T kY p+4x3Y 250 pr w2k ok y p+ 243V 2x pradoxw pryp+ 23V 25 pratorx goxy p — 4k
3V 2xakw pra gk yp —4x3V 50k pxx gy p+ 253V 2k r pxt s ok yp+ 243 2k g
w2z pxyp—2%3 2 xwpradkr gexyp+4x3Y 250 xwpr g vy — 253 2k w pra ok ok
Y —4x3Y 2k 02k x pxa goxy p+Ax3Y 2kl wa pr i oy pH Ak 3Y 2k 2w px oy A% 31/ 2%
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T 2K kYT HAKT pRY S — 2K T YD — T g Yo — Ak T [ kY o+ T kYt SR TR TRKT ] —
3*1%*331:*:17J—B*xc*:rfp*xK%—?)*m%*xF*a:K—Q*xo*a:J*y%—Q*xD*xJ*y%—ZL*mC*
T Y+ 2RTORT [ YT+ 26T DT JRY S+ 2KT BRI JRYZ+TOXT JRY o AR T ORI Y5 — 2%
TEXTRHRYS —T kT JRYE— TR |KY o — 2KT DT kY AT kT g5y )+ T kT kY S+ 2%
DT Yot 25T T JRY 25T pRT Y 2 — AT pXT K YD — DKL pHT K Y o0 — 2K T X T g%
Y2 —2%3Y 2% 2 pxyp+ 253 251 pry g+ 243 25w oy p — 3V 251 pxyp — 243V 25 o xy p+
3V 2% x g kY p+ 6% To* T p* T j—B* Lok T p* T g — SKT PR p*T  + ¥ T p*L p*T ¢+ 3% T
Tp*T j— 3T R T kT — 2% T J*Yo*xYp+2%T j*xYo*xYp+2% T i xYo*Y p+2% T y*Yo*yp—
O X p*Yp*Yp—2%T K *YC*YE— T *YD*YF — 2% T ¥ Yo * Y+ 0% T oY p*Yp+3% kY gk
YT kY DRYF— KT kY Y p— AR T kY pRY g AR T kY Ry AR pory pxy 431 2
Te*x ryp—2%3' 251 px pxyc—Ax3V 2k r ok pxy p—Ax3 2k x ok ory p— 243 25 p*
T ¥y p+2%31 252 prx kY253 25z pra pry o+ 243V 2k ok ey p+-Ax3Y 2xz ook ok
yp+2x3Y 2% xpra g xyp+ 253 2k prx yxyp — 2% 3V 2k w pra g kyc — 243V 2w g pra %
Yo—2%3 2k oxa goxyp — 3V 2k pr pryp— 253V 251 pra oy p — 3V 2k pra pryp+2%
325 x pxa oxyc 43125 pra gk yp+3Y 2xx pra pryp — 3 25 pra pry p4-3Y 25 pra o x
yD—31/2*mE*xK*yF—2*31/2*mp*mJ*yF+31/2*xF*xK*yE+2*31/2*xF*xK*yF—4*
3252 pxx oy 4531 25 i ok y g — A% 3V 2% pr T kY JH 3R EHRT R T pRT g — KT
TD*T p*E g — 3T OHT pHT p*L J+3% T ok X kT kX |+ 2% L ¥ T pxYc*Yp— 2% T 0T JYo*
YE—2% LT gk Yo*YD+2%T p*T p*Yo*Yp — 2% To* T ¥ Yo*xYp+0%To*x jxYp*yp+2%
TO*T XYk Yp—A* T p*T jxYo*Yp—2% T p* T *Yo*Yp — 2% T p* T y*xYo*xYp+To*T g*
YD*YF+ 2% T kYo *Yp — O To*x T K *Yp*YE—Tp*T g*xYo*xYp+4*Tp* T *xYyoxyp+
4*'7:E*xJ*yC*yE+2*IE*'TK*yC*yD+3*xF*xJ*yC’*yD_B*xc*xJ*yE*yF_xC*xK*
YD*Yp—4*¥T p*T pxYp*Yp+I DXL *¥YC*YF+TE*T j*Yc*Yp— A% X p*T g *Yo*Yp—T p*
T JRYCKRY | —3RT T g ¥YCKY D+ IX TR T | kY BRYp+2%T DX T kY gy p+4%T p*T e xy p*
Yp+A*Tp*X j*xYp*Yp —TE* T} Yo*Yp+2% T p* T jxYo*xYp —O0% T p*T jxYp*Yp+T p*
TRXYCKYE—2%L DXT XY p¥YF— 2% T kX pxYp*Y p—A%T p*T kY p*Y p+2%T T g%y p*
Yp—2%Tp* T kYo *Yp+O0%Tp*x T *Yp*Yp+ 2% TE* T K ¥ YR*YF — 2% T pk X kY Y p—
2% T p* X ¥ YD *}Yp+HA*To* T g *Yp*Y ] —A%T p* T g *¥Yo*Y j+ 2% T p* T *Ypryp—4*To*
TrxYp*yY g +HA*T X gk yoxy g —AxTo* X g *Yp*y j+4%T pxT e xYoxy g —4% X p*T g ¥ Y p*
Y HART T kY pFY JHAKRT R T kY Y g — AT R T kY Ry g — 2% 3Y 2k ey p+25%
325 a2 xx pxyp+2%3Y 250k w ey p — 3V 2 k0 xw pxyp — 243V 252tk w ok yp — 31/ 2%
w2xx pxyc+3Y 2kl xw oxy 243V 2502k pryp+3Y 2k 02k ok y o — 2% 3Y 2w Lk ok
Ye—2%3Y 25202 s goxyp+ 253V 2502k 1 gk y g+ 243V 25k Yoy — 2% 3V 2k gk y ok
Y2 +3Y 252 pxrycxyb+3Y 2% x pryd oy p —3Y 2% x v yoxyt — 3Y 2w w poryZky p 2631 2%
T Y2y e —2%3Y 2k ok y Ly p+-243Y 2k x ok p* 1 pxyc+ 243 2R ok T R Ry p— 2%
3125z cxx pra xyo —2%3Y 2k ok r pra pryc — 253 2k x ok pr T kY p — 2% 3V 25 o
TE*T xyp+2%3 2% x ok pra g *yc+2%3Y 2k ok prx pryc+3Y 2k x ok pra Ry p+
2*31/2*xc*:cE*xK*yD+31/2*$C*xF*xJ*yD—2*31/2*xc*xF*xK*yC—31/2*xD>|<
Tp*x pxyc—3Y xxoxaprrgryp— 3 xwoxw pra ey p+ 3 xw ok pra ey p— 312
Te*Tp* T *Yp+3Y 2% 8 prx p* T o xyc+3Y 252 g pra 2 yo+3Y 2k r ok T g T kY P+
253V 25w ok pra pryp— 3 2k x okt pra ok y p—2%3Y 25 pra pra pryp— 3V 2% pra px
Tr*yc—2%3 2k ok rpra xyp — 2% 3 2 xx prr pra pryp+2x3Y 25w prr pr gk yp+
2%31 25 x pra prx yxy g+ 253 25 pra pra kY p+2%3Y 25 pra pra pry p— 2531 251 g x
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Tp*T g *yYp+A%3 25 oxr pra g xy —2%3V 2w x pra p e gk yp — A% 3V 2k p ok g %
Y +4%3Y 25z o pra goky g —Ax3Y 25w pra pra geory g+ A4x3Y 25 x pra pra goxy  — 253 2k
Ty xycxyp*yp+3Y 2% pxycxypryp+253' 2% goryory pryp+3Y 2w prycrypryr—
3 2%z orycxypryr—2%3Y 2w pxyprypxyp — 3V 2w oryorypryp+253 5z ory pr
Ypxyp+A4%3Y 252 oxyoxypryy —Ax3Y 2w x goxy oy pry A% 3Y 25 x okyoxy pry  — A%
3V 2% x ek yprypxys+4x3Y 2 xx g xypryr*yy) /(2% (3% —2 k) *(Yyg —yp +yr—3'/2*
Tp+3 25w p—3Y 2% p 4w oRy p—T pRYC—TORYEHTERYC—TORYPHT pRYC—T pFRYp+
LUF*yD+J}E*yF—xF*yE+3l/2*$c*$D—31/2*$C*Z’E+31/2*1‘C*1’F—31/2*LL’D*1’F—|—
3V 251 pxap+3Y 2xycxyp —3Y 2 xyoxyp+3 2 xycxyr — 3V 2xypryp+31 2xypryr))).
Case 2: the mounted triangles are internal.

The line between the W coordinates in theorems 2.1 and 2.3 is given by the equa-
tion

y=((—(vg—2)*yr+ (v —27)*yp+(v;—r5)*yp+ (v7—Tx) *yc + 3% (2F —
rp+rp—zo+1)x2x+3Y 2% (2p—ap)*xrx —3Y 2% (xp—2zptap—ro+1)*T — 3/ 2%
(xp—xp)*xs)* (2% (v — 3% ;) %2 +3Y 2% (v —2 1) *yp—3Y 2% (v — 2 5) *xyp + (4%
ry—xp—2p—2)*rx+(xptrp+2)*1y)) /(2% (2K — 3%z s)* (=3 2% (xx —2 ) *yp+
3V 2x(w—xy)*xyo— (4*xy;—2p—2p—2) %K — (—d*2+Tp+TE+Tp+TOo+1)*
rx—(—xp—rp—xp—xc—1)*x;—(zpt+ap+2)*x)))+(—dxxr*y;+ (g —xs)*
yp— (x7—2x)*yp+3 2% (xp—ap)*xx — 3% (xp—ap)*xx5) /(2% (v — 3% 17)).
The line between C] in theorem 2.1 and (G; in theorem 2.3 is given by the equation
y = ((2xxg*xy;+(xj—rk)*xyp+(vs—xK)*yp) /(T —3%x ;) — (d*x ¥y — 2% (T —
2 ) xyp—2% (2 —27) *yp+ (52K ) *yc—3 2% (xo—1) %2 +3 2% (w0 — 1) xx 1) / (2%
(xr—3%27))) % (2 + 3V 2% (v —x)) xyo+ (4*x;— 2% (xp+2E) —To— 1) %2R + (2%
(xpt+xp)trc+1)xxy)/(2x(xx —3%xy))))/((2%xx;—xp—2p—1) %K+ (TFp+2p+
Dxxs) /(g —3%2)— (32 (xg —2 1) xyc+ (4xx;—2% (xp+ap) —vo—1)* x5+ (2%
(xp+ap)tre+l)xxy)/(2x(xx —3%x))))+(—4%x gy +2% (T —2 g ) % yp+2% (x5 —
) *%yp— (7 — 2 ) *yc+3 2% (xo— 1) %2 — 3% (xo— 1) *25) /(2% (xx —3*25)).
The line between (G; in theorem 2.1 and ('} in theorem 2.3 is given by the equation
y=((2*xxg*xys+(vs—zg)*yp+ (x5 —xx)*yc)/(xx —3xx)) — (4% ) * Y —
(T —xg)*yp — 2% (v —25) % yp — 2% (T — 7)) %Yo + 32 % xpxxp — 3V 2% 2 %
27)/(2% (g —3xx))) % (x— (32 % (v —x)) *yp — (4% 25 —2p — 2% (wp+20)) *
T+ (—2p—2x(xp+xc))*xy) /(2% (xx —3%21)))) /(3 %% (xx — ;) xyr — (dx2 7 —
rp—2x(rp+ac))*xrK +(—2p —2x(xp+xc))*27) /(2% (2K — 3% 7))+ ((2%2) —
rp—xo)xxx+ (xp+xo)*xxy)/(xg —3*%xy))+(—d*xgxy;+ (v —xy) xyp+ 2%
(T —27)*yp+2% (v —27) ¥ yc — 3% xpxrp +3 2 xxpx1y) /(2% (v —3%1y)).
One can then verify that the following point lies on all three lines, whose coordi-
nates are given by

((6xzp*x;—6%Tp*T K — 6T p*T g+ 6% T p* T g+ 3% Tk j— 3Tk g + 6% 1% %1 7 — 6%
LT A+ O* T LA T+ kT g — BT 24T fc — ST AT ¢ — 6%y Y 26T gy 5 +3Y 25 %
Y —3Y 25z kb — 125w ox ) % g+ 650250 pr g+ 1250 kT2 %2 ) —O*T 25T p* 1 f¢ — 6%
TLATEHT j— O D O*TIHT JHORTE AT g T g — SKTEAT p*T — SKT ORI BRI J+ 3K T T pk
T 0Tk T LT i+ KT DRI AT J+ 3K TEHRT pHT g +Ox T % T p*T g+ 3% TR TH*T o — 3%
TEHTpHT | — OKT DRI AT j¢ — KT pRTERT J— Ok T T pH T e — O T LA T p* T g+ 35T g%
TrH65TEHT kT i+ 124 0%k T p% T j¢ +65 T p*T 75 Y2 — 6+ T p*T e x Y2 —Ox T prx pxyZ+
10*3:0*.:I:J*y%+6*xE*xK*y%+3*xF*a}J*y%—10*xc*xK*y%—7*xD*xJ*y%—3*$F*
T RYE+THT DRE R 2 DT pH T kY — DXL BRI kY 5 — DR T pkY o DAL X kY 5 —
AT JRT Y - SRT JRYCKY 1 — SKT RYSKY p— ST g kYO HY 535X kY Y Ok T2 509 %
T —OkTE AT T e — O TR T KT J+ O TR T KT f¢— 2T KT Y2+ 25T KT poky S — Aok

TLAT pRYZ — AR T AT JRY b+ AR TR T [ R YE AR T AT R Y B+ AR DL T kY 2+ AT Tk
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Y2 — Ak 2w x gk y 2 — Ak 2D kT g kYA 25 TR T kYR — 25T LR T kY B+ 353V P pyp—
3*31/2*17K*yp—12*:150*36,3*xJ+12*xc*xD*xK+12*xc*xE*xJ—12*xc*xE>ka—
SkLCHkTp*xTj—O*k TPk TR T +3*kXo*Tp*x T +0*Tp* T p* T+ 1dxrp*rpxxr;—15%
Tp*Tp*x T — %X p* X p* X j+ 9% T g kT g+ 12%T p*x jx X g — 1 2% X p* X p % T g+ 12T gk
T pHRT | —3KT kY *Y P +3%X ¥ Y p*RYp+3*T KR YckYp— 3T pxYp*Yp—3*¥ T *xYp*Yp+
3k joxy pryp —2%3' 2w ok yxyp —2%3 25 pra yryo+2%3 2k x ok pry 4243 2k
TexTr*yp+2%3Y 2%z pra pryp+ 253 2k x p ek yo 4253 2k g pryc — T3 2%
rexx kY —2%3Y 2% ok vy — 253 2k pxa yxyp — 2% 3V 2w p ok yp — 4% 31/ 2%
TE*T pxyp—2%3Y 25 pra oy —3Y 2xx pra pryc+ T3 25 x ok vy p— 3V 2w pra s %
Yp+2x3Y 252 pxa eryp+Ax3Y 25z pra pry p+A4x3Y 2k prx ek yp+3Y 2 pr xyp+
3V 2% x s g xyc+3Y 2% pra g xyp+3%3 2k pra yxyp — 4% 3V 251 prx eoxyp — 31 % x
Tp*x Yy p—3Y 2% pra goxyp— 33V 252 g oy p A% 31 25 e pky p+-3Y 2k pr %
Y —A4%3Y 25 g pr ok yp — 43V 251 pxx vy p+ 453V 25 x px oy A% 3Y 25 1 g %
Yr+12%xxo*xrp*xrp*xr —12%xo*xTp* T p*x T — 18% X o*x X p* T p* X j+18% X o* T p* X p*
T HO0kTo*T p*X p*X j— Ok Lok T gk T p*X g — 245X %X p* T+ X g+ 24% X ok T g T g% ¢ —
2% T+ X p*T gx X g +24% X DX p* T y* T g — 245X g T p* X p* T ¢ — A% X o*T gxYo*xyp+4x*
TOXT xYo*xYp+A*To*X g *YoxYp—8* T p*X J*Yo*Yp—2%To*T yxYcxY p—A*T o+ X %
YoxYp+8%T p*T j*YoxY p+8%T p* X i xYc*xYp+4*T T xYc*xYp+2%To*T yxYp*yp+
2% X KT KYoRYp— AR T D} T g Yok Y p—8* T p* T ¥ Yo * Y — 4% T p*X pxYycxyp—4* T g*
T RYo*Yp —AkT p*T pYo*Yp — 2% XX T JYp*Y p— 2% TO*T | XY D*Yp— 2% T DX T 7Y p*
Yrp+4*T p*X g *xYoxYp—A* T p*X jxYoxYp+A% T g* T kYo xYp+A4% T px T pxycxyp+4x*
TR*TkYo*Yp+2%Xo* T ¥ Yp*Yp+2%T p*X xYp*xYp+2*%T p* T *Yp*yp+10%T g*
T yxYp*Yp+4%T g T ek Yo*Yp—8* T p* X pxYo*Yp—4*T kT kYK Yp— 2% p*T g ¥ Y p*
yF—1O*I‘E*IJ*yE*yF—1O*$E*IK*yD*yF—|—8*IF*LEJ*yD*yF—FS*xF*J}K*yC*yF—I—
10% 2 g je xY pxY p— 8% X X JxY p*Y p— 8% T kX ) kY p*Y p+8% X p* X g ¥Y ¥ Y p— 8T g%
TR*Yc*Yp+8*T jxT g xYoxyp—16%T y*T ¥ Yo xYp+16%T 752 g%y p*xyp— 1652 j*x %
Ypxyp+ax3Y 25025 pryp— 253V 25z pra pryd — 243 2wl kx pry p — 453V 252 k1 %
yp—4x3V 2502wz gk yp+4x3V 222k x pryc+2x 3 xw pra ok yd + 23 2xw prw gk
Yo+ 2% 3Y 25tk pkyp+ 2% 3V 2wl v g vy p 553V 2w 2w pxyp 453V 2k ko *
yp—4%3Y 2502 x 1 foxyo—2%3 250tk pryo — 3V 2k w ok pxyt — 243 2k oy —
3V 2 xxpxa pryd — 3V xad kw pryp — 243V 251l x e xyp — 3V 2k wd x xyo — 531/ 2 x
w22y p—6%3 250 5 pryp+-3%3Y 2502k pryp+ 253V 2k k0 gk y o+ 3V 2 rw ok
T kY +2%3Y 2k 2y p 3 2k w p kg kYl 3V 2k x g vy p 253 2wk a p #
Yp+3Y 2 xrb kg kyc+6%3Y 25 0%k x oxky p— 2% 3V 2502 w1 pxyp—3%3Y 2wtk pryp —
33V 252k x ok yp —2%3Y 25 pra kY — 243V 25z pra Yyt — 263V 2wk pry p— 2%
32503 xx poxyp+2%3Y 252k w oxy p -3V 2k bk x pxy p+3x3Y 2k x ok y 2531/ 2
Tp*r kY b+ 2%3 2wt xw poryp — 3V 2k r bk ok Yy — 253V 25 pry oy B35 3 2xx ok
Y2 xyp—3Y2xx pxy pryt 2% 3Y 25w oy oryt — 353V 2 ok y xy 3V 25 x pry pry B+
3V xxpexypxyt—3Y 2% w gk ypryh— Ok T AT R T T g — kTR T p*TLHT  —6x 10 *
xQD*xF*I‘J+6*I%*ZUD*LUE*./L'K—i_?)*x%*xD*xF*I'J—i_S*IC*xD*x%*xK—3*xc*xE*
KT JH KT TH KT p*T e+ OO THHT kT ) — SRTL KT DR T+ T +3KTE KT pHT gk
Tj+3%TORTpkTRHT ¢ — O TR TLHR T p* T+ Ok T DRI pHFT AT g —SKTE KT g T p*T i —
6*a:D*ﬁE*xZF*xK%—lQ*x%*xD*xJ*xK—12*x%*$E*xJ*xK—12*xc*x%*xj*x;<+
12*$%*$F*$J*$K+12*$D*$%*$J*$K_12*$E*$%*$J*$K_4*.TC*.TD*.TJ*y%«+4*
TOKRT DT R Yo+ AKX TORT T ¥ Y2 — AR TO* T kT R YS — DR TO* T X pkys+6% 1 p*
TEXT JRYE+IRTOHRT DR Y 2+ DRT KT R ek YE— Ok T XTI pXT ok YZ+ THT pRT T ik
Y& — Ok TOHTDH TR R Y T — TR KT T kY 0 — THT DHRT P+ T kYS — DR T T kT Y2+
7>|<IC*xE*xK*y%—|—5*xc*xF*xJ*y%—6*xD*xE*xJ*y%+9*xE*IF*xK*yé—5*xC*
TRRT g RY B HORT DT T [ Y 5 — AT DRT pF T pKY o AK T DRI p* T kY B AR T pXT pHT 1%
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2 *1y % — Ak

B AKT DRI T o KY 2 — AKT T kT kY — AT pRT JHT jRY 2+ AKT KT JRT [ %F
- o . 2 2 A% 32 %1 pxyoxyp — Ak 2w x g *
xF*IJ*xK*y%+4*a:D*xJ*xK*yF—4*mE*a:J*xK*yF+ *XTO*T XY C 2yD &

2 — KT HRY DKUY —
yc*yE—4*:8%*zK*yc*yD+5*x?g*a:J*yc*yF+4*xc*xK*yc*y§ S+ LT y/:é *yF2 )
5*3%*33K*yc*yp—l—2*:c%*.Q:J*yc*yp—5*23%*xJ*yC*yD—l—5*:cc>ka*yE*y2F+ To

2 KUYk
xK*yD*yF—2*x%*xK*yc*yF—2*:1:%*wJ*yc*yF+5*xF*xJ*yC*y2E+5*a:F*acK yi*
yD—5*xé*xK*yE*yp+2*x%*:L'K*yc*yp—S*x%*xj*yc*;gp—5*xF*xK*ZC*;gE+ '

2 — KT JoKY DRY AR TR T
x%*xJ*yD*yF+5*x%*xK*yc*yF—24*xF*xJ*yE*yF dxx%, K %nyiyZ *yF*yF

YRHRYF+3KT SR YcKYDRY =+ KT SR YSKYD*YF S*CL’J*yg YEXYE ; J*c+2*31/2*

3*xK*yC*yD*y%—3*mK*yé*yD*yp—i—?)*a;K*yc*yE*yF—i—B*xK*yC*yE 35 .

2 52 — KT %
x%>|<$D*atJ*yc—4*31/2*xc*$%*$J*yc+2*31/ *LL’C*,I‘D*LL’J;l;?Q./D 2*2 * T :1:D2
Tpekyo—2%3Y 2502w pra pryo+4%3Y 2xwokr kv yo+4%3 *xc*xF*xJT/yZC—Q*
3524@2 *xD*xJ*yE—2*31/2*x20*xD*xK*yD—4*31/2*x20*xE*xJ*yD;|—2*3 * T2 %

“ 2 1/2 _Ax

T xyo—3Y 2k 02wz prx pyc+6x3Y 2z ok ah kY p—3 *xc*wFT/ygj*géD

324 x ok *xK*yc—31/2*:pD*x%*xJ*yC+3*31/2*x%*xD*xJ*prrQ*E} *xc*f/g*

" 1/2., .2 N

TRy p+Ax3Y 2xalkx prw pryp+Ax3Y 25tk pra oky p+3Y *xc*xp*xlj/zy[)—i—i% i
2 1/2 4 2 *2 7 xyo—6%3Y 2 xw okl x Tk yp+ 243 2xrox L %

TEHTp*TR*Yo+2%3 “*xTH* T p*T 7 %Yo ) “ ; TR

T yxyp+3 2 xvox ok pryp+3Y 2 xwoxadxx gk yp +4%3 *xD*:szl*Q:rJ 2yD
’ 1/2 2 —3%3Y 2522k pra kY — 3 22 xR sk

Tp*TERT R xYo+3x3Y 2% r prrhx T pxyC (oD AT

yp—dx3Y 2502w pra oy p— 3V Pk x pra pryp—3Y *xc*xp*f;/é(*yl)— 2* 2

2 N I
xF*xK*yc+6*31/2*:z;2E*xF*xJ*yC—2*31/2*xc*xE*xK*yF2 3 *:z:o*xF*al% i
31/2*x0*x%*xK*yE—4*31/2*xD*x2F*xJ*yE—4*31/2*xD*xF*fg*yg—2*3 * T ok

*

2 —3x3V 25 pxa? *xK*yc+31/2*x%*xE*a:K*yF+4*3 *KTEkTp*T kY p+
P 6317 1/2 2 231 2% pka .k
3V 2xa v x pra goxy p—6%3Y 2502 k1 pra ok yo+-3Y *xc*xF*xfj*yF— >|; Tp Z

“ 1/2 et — A
:EJ*yF—|—4*31/2*a:D*m%*mK*yE—i—Q*Z’)lm*xE*aj%*.a:J*yE+2*32 *xE*a:F*xKl%D
3252 *xF*xK*yF—4*31/2*x2D*mF*xJ*yF+2*31/2*xD*xF*xK*ly/g—f—Z*B g KT ¥

. 212 — T2 kT ¥

2 *yp—2%3V 25k x pratxxgxyp+4x3Y 2522 xxpr s pryp— 253 2xrprad kg
i g 12422 V2402 seq 5 jo vy p+4% 31 2%
Yr—A4x31 2522 51 e goxy p+Ax3Y 2xa 2w e oy p4-4%3Y 25tk 1% 3 )
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e ’ 1/2 2+ 453 2% prea  xyd ok

2 1/2 2 =3k pxx Yo xypt4x FXT 7*Yer

TEXTR*Yo*Yp—3* 3 “*Tp*x T * Yo *xYp FXT ] s > TN

Yp+3Y 25 pra gk yZryp+2+3Y 2w pra pryprys+2x3Y *IE*J}K*%J/I;*yF— *

Tp*2 ¥ Yp*Y 2+ 3 2w pra ek Yoy B — A% 3Y 2w x pra gk yZ kY p—2%3 *xg*xK*gf/b;*
) ; 2 1/2 * 4x3H “x
2 4253 250 e pky pry B+ 263V 25w pr ok y pry — 243V 2k k1 ek y Ry B )
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4531250 pra goxy pry B+ Ax3Y 25w pra kY pxy s —4x3Y 21w ok pra Ry p 4% 31 2
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3V 2% xoxxprr yxyp—8x3Y/ *xc*:cE*wK*ly/lQ) 2%3Y 2%z ok p 2J31y/12)*x B

Tp*Tpkyc+A%3Y 2 x pHr pra g * Yo —4%3 *xD*:cp*x{;kzquL * c 2,331%*

yp—2%3Y 25 x ok pra pryp+8%3Y 2k kg kY p+2%3 *xc*xp*xj*ly/g—i— *

xF*x *xK*?JD+6*31/2*acD*xF*xJ*yD+4*31/2*xp*xp*xK/*yC+4*3 *IE*I];*

CHTR o -

1/2 —2x3V 2%y ok p T e xY g+

T yxyc+2%3 25 x ok pra gk yp— 8% 3V 2k x ok pra pryp— 243 CXTp Y
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3V 2%x pxa gk jxyp— 65325 x pxx pra s xyp—6%3Y 250 prr prx kyp — 643 251 g
Tp*xyxyp—A%3Y 25 prx prx gk Yo+ 8% 3V 2k x ok xp R ok yp — 8% 3V 2T pR T R T ok
yp—4x3 252 pxa pra pryp+6%3Y 25 pra pra joxy pA-6%31 252 pra pra yxy p4-6x31/ 2%
ZEE*IF*IK*yD+4*31/2*I‘D*.%‘F*J}K*yF+4*31/2*$E*$F*$J*yF—6*31/2*1’5;*(1}}7*
Ty p+8%3Y 2xx ok x ok yp—8x3Y 25 p¥x p & o xy o —Ax3Y 25 pra pr e F Y p—8%
3V 2%z ok ¥ x vy p+8%3Y 2w g ¢ i ¥ Yo — 8% 3V 2w ok px g kY p— 8% 3/ 2k p
T ¥ oy p+-8+3Y 25w px i px ok y p— 4k 3L 25w prycxypryp+4x3Y 2xa pryorypryp+
A3V 250 ey xy pry p— A% 3 252 ek yoxy gy p— 24K TR T pRE T pRT oA+ 2A%T X T ¥
Tp*T T +8* Lo T p*T Yok Yp —S*kTo* T p*X j*xYo*x Y —S*kTo* T p*T | *Yo*Yp —
Axxo*xTp*T pxYo*xYp+8*To* T p*T y*xYc*Yp+8*¥To*x T p* T ¥ Yo *Yp+4*To* T p*x g*
YoxYp+A*To*x T p*& g *YoxYp—4*To*Tp*T pxYo*xYp+2%To*Tp*T j*Yp*Yp—S*To*
LUD*LL’K*yC*yF—4*$C*1’E*$K*yc*yE+4*xc*$F*Ij*yc*yE+4*Ic*$F*xK*yC*
yD_10*1‘D*xF*xJ*yC*yD_Q*xC*xD*xJ*yE*yF_Q*xc*xD*xK*yD*yF_]-0*~TC*
TEp*T gxYpxYp—A+xxo*xTp*xT g *YoxYp+10%x p*x pxx jxycxyp+10%T p* T p*T g *yo*
YD 2% T p* T p*T jxYoxYp+2%xo*xTp*T g *xYp*xyYr+10xro*xxp*xT yxypxyp+10%xxo*
TE*T R *Yp*Yp—A*To*x T T xyp*yYp— L0XT p* T p*X g} Yo kY p— 2% T p*T T yxYo*
YE—2*%Tp*xTp*x T *xYoxyYp — 10*To*x X p*x X g} Yp*Yp+ 4% To*xTp*X jxYpxYp+4%ro*
Tp*T*Yp*Yp—A%Tp*Tp*X j*xYp*Yp —8*k T p* T p*T kYo *Yp+2%T p* T p*X i *Yo*
Yp—A*T X T p*T g ¥ Y p¥Yp+8* Lo+ X 7+ X g *Yo*Yp+A*T p*Tp*T kY pxY p+4*%T p* T p*
TR*YD}Yp+8*T T kT kY p*Yp+8+X p* X p*X j xYc*Yp—S8*To* T J* T g ¥ Yo *xYp—4x*
TDXT T KYR*Yp —SkT gk T p* X jxYpxYp—8* X p¥ T p*T kY p*Yp—+ 10K T kT 7+ jo
YoxYp+8*Tp*xTp* T *xYp*xYp— 16T o*T p*x T *Yp*Yp+8*% T p*T 7T *Yo*xyp— 16
TR*T  *T g *YoxYp+ 165X * X j* T ¥ Y p*Yp—8* T p* X j+ X g *xYoxYp+ 16%T pxx j+ X %
YoxYp—16*Tp* T * T g ¥ Yo *xYp+8*¥ T p* X kT *¥Yp*Yp — 8+ Tp*T p*x T *Yp*Yp+4*
3V 2%z oxx prr pra pxyc— A3V 2% r ok x p*x pra g * Yo — 6% 3 2k x ok pR T pRT R Y D —
83 2% xcxxp*rp*T  *Ypr+6%3 2% o xp T pH T ¥k Yp+6%3Y 2% Lok T p R T pRT
Yp+6%312xxoxxprrprr yxyp —8x 3V 2k x prx pxx prx yxyc+ 853 2k x ok p* T g *
Tr*yp—6%3Y 25 x ok prap* e xyp —6%3Y 2k ok pHr pra kY — 6% 3 2k r ok pk
Tp*T*yp+8%3 2 xxpxrpxr pra g kyc+6%3V 2k x ok xR p T ¥y +8% 3 2Rz 0%
Tp*T & g xYo+4%3Y 25 x pra pra prx ey p—8x3Y 2k r ok pra ¥ g kYo — A% 3Y 2 p*
TE*Tp*T g *Yp+8%3 2% x ok p¥a y ¥ 2 o xyp — 8% 3V 2%z pxx prx yrx g kYo — %3/ 2%
TEHTpFT g T kY 8% 3V 2% ¥ p ¥ Xy T oy — 8% 3V 2k p T pr ¥ gy -8 31/ 2%
TE*T pi X g kY p 453 25 ok pxyoxy pryp— 453 25w ok pryoxy pryp —4Ax 31 2%
To*TgRYoxypxypt2%3Y 2 pra prycxy pry p+Ax 3 xr ok goryoxy pryp—2x31 2
LT ¥ Yoky gy p—2%3Y 2% p* X kYo kY p ¥y p— 2% 3V 25k g pry oy pry p 42531/ 2%
Tp*T kYo kY gy p4-2%3Y 25 prx pryory pry p+2%3Y 252 s okyoxy pryp— 43 2k
Tp*T R Yoy pryp —2%3Y 2% 1 prx ik Yoy gy p+Ax3Y 25 x pra pryoxy pryp+4%3Y 2k
Tp*TE kY Yp Yy —4x3V 2 xwpx ek ycrypryr) /(2% (3xx—2 k) * (yo+yp+3/2%
ro—3Y2xxp—3Y2) % (yp—yp—yr—3"*xxp+3 2 xx5— 32 xxp —xc*Yp+TD*YC+
TORYE—TEXYo+TORYF—TE*Yo+TpRYr—Tp*Yp—Tp*yp+Tpxyp+3Y 2 xzc*xrp—
31 2xxcxxp+3" 2% xoxrp—3' 2, xprrp 43 2 xx g p 431 25y oxy p — 3V 2 xyoxy p+
3V 2xyoxyr—3Y 2 xypryr+3Y 2 xypxyr)), (3xxpr y— 3% xpx1 pc+ 3% 0Lk s — 35 %
T —2KT kYY) — AR T Yo+ 2K T [ kYD + T g Y o+ AR T [ Y o — TR kY — SR TR Tk T  +
SkTZ AT pHT J+3KTOHRTER T — SRTEATpRT i+ 2¥TORT JkY %+ 25T p* T pxYE+ 4% T 0%
TRy —2KT KT [oRY By — 2% T DRI | RY 2 — 2K T pHT JRYS— TOKRT pRY b — AT O* T kY 2%
TEHTRHRYSHTpRT JRYE TR T R Y P+ 24T DRI Y b — AT pH T pRY D — T kT kY2 — 2k
T DT K Y 5— 2T T JKY o— 2K T T g RY 5 KT T kY 2+ 25T T fkY 26T 5T g%
Y2 —2%3Y 2% 2 pxyp+ 253 251 pry g+ 243 25w oy p — 3V 251 xyp— 243V 25 e xy
3V 2% x gk yp— Ok To* T pH T j+O* Lok Tp*T |+ 3T p*Tp*T ) — 3T p*T p*T j¢ — I*T
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Tp*T j+3%T p*T p*T ¢ +2%2 j*Yo*Yp—2%T jxYo*Yp— 2% T g %Yo *Y p— 2% X j*Yo*xyYp~+
Ox2 % Yp*Yp+2%X g *YoxYp+T yxYp*Yr+25T g *YoxYr —O* T xYp*yp—3*T jxyp*
YP— TR RYDRYF+3XT kY Ry AR T kY pxy g — AR T kY Ry g — Ak ory pay g H4x31 2
Texx pryp—2%3' 252 pxx pryc—Ax3V 2k r ok pxy p—Ax3Y 2k x ok ory p— 243V 25 p*
Ty p 4253V 25 x pra oy o423V 25 x g pryo+-253Y 25w ok x pry p A3 2xp ok ok
Yp+2%3 2%z pxa gk yp+ 253 2% x pra pryp — 2% 3V 2w x pra ek yo — 2% 3V 2w pra sk
Yo—2+3Y 25z cxa gxyp—3Y 2k pra pryp — 253V 2% g oxyp — 3 2k i pry p 42
31/2*:UF*xK*yc+31/2*xD*xK*yF—i-?)l/Q*xE*xJ*yF—31/2*xp*xJ*yE—i—?)l/z*xF*xK*
yD—31/2*xE*xK*yF—2*31/2*xp*:rj*yF+31/2*xF*xK*yE—i—Q*Sl/z*xF*xK*yF—zl*
3252 pxx oy +4%3Y 25 i vy g — A% 3V 2% L pr T kY g — BT OHRT pRT R g+ 3R T
TPFRTp* T +3*ToXTR*Tp* T — 3% To*TR*Tp* T — 2% To*T j*xYo*Yp+2%To* T g
YOKYEF2XTo*T | ¥Yo*Y D —2% T p*T J*Yo*Yp+2%To* T jxYo*xYp—O*To* T p ¥y p*yp—
2% XX T g} YoFYEFART DX T pxYoxY g+ 2% T p*T ¥ Yo*Yp+2%X g*T J*Yo*Yp—To*T g
YDRYF — 2% Tk T Yok YF 0T o* T *Yp*Yp+T DRI px Yok Yr— 4% T p*T K *Yo*Yp—
A%X *T J*Yc*Yp— 24X *T |k YC*YD — 3T p* T J*Yo*Yp+3* Lo+ X J¥Yp* Y p+To*T k*
YD*Yp+AXT p*T J*YD*YF — T DXL XY KYF —LE*T pxYc*Yp+A* T p* T gxYyo*Yp+T p*
T JRYCKY EFIRT pH T g} Yo*Y D —IKT T K KYEFYp—2% X DXT pkY p*Yp—AkT p*T o xY p*
Yp— 4K T p*T kY p*Yr+T kLK RYoKYF— 2% TpRT j Yo Yp+O0kT kX jxYp*yYp—Tp*
TRKRYOCKRYE+2RT DRI Y p*Y 2% L p*T kY kY p+A%T pkT gk Y p*Y p— 2% X pXIT kY p*
YFF2% X p* T *Yo*Yp — Ok T p* T} Yp*YE — 2% TRk T KYR*Yp+ 2% T p* X jxYp*yYp—+
2¥Tp* T ¥ YD *}Yp — AR T T kY p*Y JHART DX T g} Yo *Y g — 2% T T e %Y gy p+4*To*
T RYE*Y ] —ART g ¥ Yo *Y JH AR T o* T ok Y pxY g — AR T p* X g} Yo *Y g A% T p*X Y gk
Y — AT R (RY DFY g —AKT T Y prRY g ART T kY Yy g — 243V 2kl xm pryp+ 2%
325 a2 xx pxyp+2%3Y 250k wporkyp — 3V 2 k0 k1 pxyp — 243V 25t kv ok y s — 31/ 2 %
w2xx pxyc+3Y 2kl ww pory 243V 25 02 51 pryp+3Y 252k ok y o — 2% 3V 2w Lk ok
Yp—2%3Y 2522 s gk yp+ 253V 2502k 1 g kY p+ 243V 25 Yoy — 2% 3V 2k g Ry ok
Y2 +3Y 252 pxrycxyb+3Y 2% x prydayp —3Y 25 x e v yoxyt — 3Y 2w peryZky p+ 2631 2%
T Y2y e —2%3Y 2k ok y Lk y 243V 2k x ok x p* 1 pxyc+ 243 2x ok R Ry p— 2%
31/2*xc*Z'D*IK*yC—2*31/2*1’0*.1‘5;*.1"]*yc—2*31/2*$c*ID*$K*yD—2*31/2*ZL’0*
TE*T ¥yp+2%3 2% ok pra g ¥ yc+2%3Y 2k ok x prx pryc+3Y 2k x ok pra pryp+
243 2% xoxxpx v xyp+ 3 2k xoxxpra yxyp — 253 2 xx ok prx g *yo — 3V % p
Tp*T Yo —3 2% xoxx p*x vy p — 3V 2 x ok x gk yp 43 2k ok s pra pry p— 34/ 2%
TorTprT*Yp+3 2 a praprx g xyc+ 3k w pra pr pryc+ 3k poxr pra kYt
2531 25z oxx pra yxyp—3Y 25 x ok pr kY p— 253V 25k prx prx pxy p— 3 2w x g
T *yo—2%3 2% x ok pra oxyp — 253V 2% x pxx prx kY p 4253V 258 p R R kY p+
253V 25 pxa pr Y 4253V 25k pRx i ok y 2531 25 x prx pra pryp—2%3Y 251 gk
IEF*JIK*yE+4*31/2*Ic*$D*IK*yJ—2*31/2*JIE*.Z’F*LL’K*yF—4*31/2*Ic*ZL’E*I‘K*
Y +4x3' 25 okt pra oxy y—Ax3Y 25 pra pra oy +4A%3Y 25 x g pra poky  — 231/ 2%
Tyxyc*xyp*yp+3Y 2 xx pxycxypryp+2%3Y 252 okyoxy pxy 3 252 pxycky gy p—
31/2*xK*yC>|<yD>|<yF—2*31/2*xJ*yD>x<yE>|<yF—31/2*xK*yC*yE*yF+2*31/2*xK*yD*
Ypkyp+4%3Y 251 oxyoxypryy —Ax3Y 2w x ok y oy pry + A% 3 2w x okyoky pry  — A%
BV 2xxporyprypry s +453 2 xa exyprypxys) /(2 (3xx s —xk ) * (yp —yp—yr— 3%
Tp+3Y 2% g =320 p—roxyp+ T pRYc+ToRYE— T ERYCHTORY P —T pRYc+HT pRYp—
Tp*yp—Tpryp+rexys+3 2% roxrp —3 2 xxoxaxp+3 2 xxoxrp—3Y 2% pra p+
3251 pxap+3Y 2 xycxyp —3Y 2 xyoxyp+3 2 xycxyr — 3 2xypryp+31 2xypryr))).

U

Theorem 2.6. The resulting triangles in theorems 2.2 and 2.3 are in perspective.
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Proof. Case 1: the mounted triangles are external.

The line between the W coordinates in theorems 2.2 and 2.3 is given by the equa-
tion

y= (((xg—2))xyr+2% (g — ;) xyc+ (7 —2x) ¥yo — 3% (vp—2p+Tp —TC +
D*xg —3Y2x(xp—ap) 2k +3Y 2% (vp—xp+op—20+1)*2;+3 2% (2 —2p) *
) x (2% (w —3%xy)*x—3 2% (g —x)) *yp+ 3% (v — 2 ) *yp — (—4*a 7 +2%
(xp+zc)+rptap) ok —(—2%(xp+rc)—rp—2p)*xs))/(2% (2K —3*x ;)% (312 %
(xr —xg)*yp — 32 (v —x))*yc+ (d*2)—2p —2p—2p— 10— 1) % T+ (—4*
ZL’J+2*($F+$C)+IE+ID)*ZL’K+(—2*(ZEF+ZE0)—.’L’E—CL‘D)*ZL’J—F(wF—i—IE—FJ?D‘F
o+ 1)*xxy))+(—dxxgxy;+2x (v —xg)*yr — (x5 —xK)xyp — (T — 2K ) *yp +
2% (v —x5)xyo — 32 % (xp—ap)* 2k + 3% % (v —xp)*25) /(2% (v — 3% 1))).
The line between C in theorem 2.2 and G in theorem 2.3 is given by the equation
Yy = (((Q*xK*yJ—i—(xJ—xK)*yF—i—(xJ—xK)*yD)/(xK—?)*xJ)—(4*xK*yJ—|—(a€J—
T )kyr+ (2%x; — 2% 1) *yp — 3V 2k wpxw g +3YV 2k wprwy) /(252K —6x2 ) * (2 +
(3Y2x (v —x ) *yp+ 4%z —xp—2%Tp—2)* T+ (2p+2xx5+2) %2 ;) /(2% (v —3*
)/ ((2%x5—rp—2p—1)kx g+ (xp+rp+1)x1y) /(0 —3%3 1) — (3 25 (25— 1) *
yr+(dxzy—rp—2%xp—2)xx+(xp+2xxp+2)xxy) /(2% (g —3%xy))) — (4T )0 %
Y+ (ry—2g)*yp+ 2%z ;=252 ) *yp — 3 2 xxpx g +3 25 x pray) /(2% —6%2 ).
The line between (G; in theorem 2.2 and C'; in theorem 2.3 is given by the equation
y=((2*zxxys;+ (x;j—xg)*yp + (v —2x) *yc)/(xx —3*x5) — (4 % vK *
y;— 2% (xx —x5) *yp + (v7 — 2x) *yo + 32 % (xo — 1) x v — 32 % (xc — 1) *
27)/(2% (v —3*3y))) * (x— (32 % (2 —2)) *ye — (x5 —2%2p — 20— 1) *
i+ (=2xa2p —xc — 1) *25) /(2% (xx — 3% 25)))) /(32 % (v — ) *yo — (4%
xg—2%xp—cc— 1) xxx+ (—2%ap—xc—1)*xx;) /(2% (xx —3%xxy))+ ((2 %
rxy—xp—x0) %+ (xptxo)*xxy) /(g —3%xy)) — (d*xg*y; — 2% (T — ) *
yp+ (wy— i) *yo +3Y2% (v — 1)k xg — 325 (xe — 1) x25) /(2% (wx — 3% 25)).
One can then verify that the following point lies on all three lines, whose coordi-
nates are given by

((3%wp*x g —3* T p*T ¢ —Ox X2k T +6x Tk T e +6x T2k T 4+ 35Tk J— 65 TEk T — 3%
T3rw g H AT Ry R — ATk yn — 3V 2k w ey 43V 2k ek Yyt — 12502 xw p R s+ 6T *
xD*xJ+12>ka*x2E*:BJ+12*1%*1:17*xK+12*x%*xE*a:J—G*x%*xp*x;(—G*x%*xE*
:EJ—12*$C*x2E*xK—6*mo*x2F*xJ—12*;1:20*3313*3:;(—B*xzc*xp*xj—S*mc*x%*xpL
Ok TEHT T jc+3RTE T i j+ 05X T4 T j + 1 BAT pRT AT j+ 35T E KT prT i +6% 2%
Tp*T+3F TR TH T+ O T R THk T — 3% T3k T p* T — ID* T D+ X9k T f¢ — IR T p* T3k

Ty — 6% %X pH T e — Ok T LRI p*T g — Ok T DR Tk T j¢ — Ok T g Tk T 7+ 95T p* X 2H T fr+ 6%

TLAT T+ 05T p*k 5w T+ 125004 T g5 i — A% T p*T pRYE+H A% T p*T gk YE+ A5 Tk
xj*y%—10*xc*xj*y%—4*xE*J;K*y%—5*xF*xJ*y%+10*xc*xK*y%—|—7*xD*a:J*
Yh+DHT PRI gk YS — THT DT [k Y 5 — VKT pH T g+ Y2+ KT pH T kY T+ 3HKT px T kY7 — 3%
xF*xK*y%—4>|<xJ*xK*y%—3*xJ*yC*y%+3*xJ*y(3}*yF+3>x<xK>x<yC*y}g’,—3>x<xK>x<y%>|<
Yp— 6% T2 502K T g+ Ok T2 ATk T o+ Ox DD % DK T 7 — Ok kL4 T o+ A5 TH* T pry s — 4%
TLRT kY2 2K TR T Y2+ Ok TE AT pkY 5 — 25 DK T f kY — O T2k T Y2 — Ok TE %1 g%
Yr— 25T KT kY B+ O DTk T kY G+ 25T KT fo Y T — AR DI T kY T Ak Do 4T kY 5o — 2k
3V2%x pxyp+2%3Y 252 sy 4253 2w x o xyp — 3V 2k pryp — 253 2k e ky p+31 2 x
Tr*Yp+O0xro*xrp*xr ) —0%xTo*xTp*x T —O*xTo*xTp*x X+ 0% o*x X p*x T — 3% Lo T px
TyH0*T p* X p*x j+3*%To* T p* X g —O* T p* T p*T g+ 9% T p* T p*x j—9*T p*X p*x g — 3%
TE*Tp*T 4+ 3% T X p*x T+ 12%X p* X kT g — 12% X p* X g% X ¢+ 12% 0 p* X g* 2 g —4* T g%
Yo*Yp+AXT jxYoxyYp+4AXT g RYo YD —DRT gk Yok Yp —AXT K Yo YE+IXT JRYp*RYF+
BT g ¥ YC K Y —D*T R Y B Y g — DHL g kY Y p+D*T kY gy p 453 2k s ok a pryp — 2%
31/2*xD*xJ*yC—4*31/2*xc*xj*yE—4*31/2*mc*xK*yD—4*31/2*xD*xJ*yD—|—2*
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Ypkyp—A4%3 2% ok yoxypry s+ A% 3 2w x ok y ok y gy — A3V 251 o xyoxy pry s+ 4%
3V 2xxpexypryprys—4x3V 2 x g xypryrryy) /(2% (3xx 5 — 15 ) * (yp —yp—yr—3'/ %
Tp+3Y 2% g =320 p—roxy p+ T prYc+ToxYE— T ERYCHTORY P —T pRYc+HT pRY P —
Tp*yp—Tp*yp+rexys+3 2% xoxrp —3 2 xxoxxp+3 2 xxoxrp—3Y 2% prap+
312xx prap+3'2xyoxyp—3' 2 xyoxyp+3 2 xyoxyr— 3 2xypryr+3 2 xypryr))).
Case 2: the mounted triangles are internal.

The line between the W coordinates in theorems 2.2 and 2.3 is given by the equa-
tion

y=(((xg —2))xyp+2%(xx — 1)) xyc+ (17— 2K ) ¥yc+ 32 % (vp—xp+Tp —TC+
1)*xK—|—31/2*(mE—xD)*xK—31/2*(:UF—:BE+33D—:1:C+1)*:UJ—31/2*(a;E—:UD)*
2y)* (2% (v —3%x;) %2+ 32 % (2 —x)) *yp — 3V 2% (v —2)) xyp + (dx 2y — 2%
(xp+ac)—zp—ap)*rx+ 2% (xptac)+arptap)*ry)) /(2% (v —3xx ) *(—3Y2%
(x —x5)*yr+3Y 2% (v —x ) *yo — (dxx; — 2% (xp+20) —Tp—2p)* TR — (—4*
rjt+axpt+apt+aptre+)xxg— 2x(rp+xc)+rp+ap)kr;—(—xp—xp—Tp—
vo—1)*x;))+(—4*2g*y;+2x (v —27) *yr — (T5 —2x) *ye — (07— Tx ) *yp +
2% (vgc —x) *¥yo + 32 % (vp —ap) k2K — 3V % (xp—wp) *3s) /(2% (xK — 3% T5)).
The line between (] in theorem 2.2 and (; in theorem 2.3 is given by the equation
y=((2xxgxy;+(zj—xg)*xyr+(r;—xK)*yp)/(xx —3*%x)) — (dxx ) %Yy ;+ (T 7 —
T )*xyYp+ (2% 2 — 25w ) xyp+ 3V 2k wprag — 3V 2 xxpxay) /(2% 0K —6%35)) % (0 —
(3Y2x (g —x ) *yp— (452 —2p—2%05—2) % T +(—2p—2%105—2)*2 ;) /(2% (2 — 3%
)/ ((3Y2%(x g —x ) xyp— (432 —2p—2%Tp—2)* T+ (—2p— 2505 —2)*1 ;) / (2%
(x—3xxy))+((2%x;—xp—zp—1)*xx+(xpt+rp+1)*xy)/(xx —3%2)))— (45T K *
Y+ (s —rg)*yr+ (252, —2%x g ) *yp+3 25w pra e — 3 25w pray) /(2% m g — 6% ).
The line between G in theorem 2.2 and C in theorem 2.3 is given by the equation
Yy = (((Q*xK*yJ—l—(xJ—xK)*yE—i—(:EJ—xK)*yC)/(J:K—3*xJ) - (4*1‘[(*
ys— 2% (v —x5) *yp + (27 — x) xyo — 32 % (we — 1) % 2 + 32 % (e — 1) *
25)/ (2% (xx —3*35))* (x+ (32 % (xx —xy) *yc + (dx2;—2%2p — 20— 1) *
rx+2xxptre+1)*xxy)/(2x(xx —3%xxy))))/(2*x)—2p —x0)*TK + (TR +
vo)xxy)/(rx —3xx)) — (32 % (v —2y) *yc + (d*xy—2%2p — w0 — 1) * T +
2xzpt+azc+1)xxy)/(2% (xx —3xxy))) — (dxxg*y;— 2% (xx —xy) *yp +
(xy—wr)*ye — 32 % (xo — 1) xax + 32 % (we — 1) x25) /(2 % (xx — 3 xx7)).
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One can then verify that the following point lies on all three lines, whose coordi-
nates are given by

((3*xp*Tf —3*Tp*T g +0kTLHT j—Ox Tk T i — 64 TEkT J— 3T 54T g+ 6% TE* T i+ 3%
T3k g — 4K T gy AT ok yE —3Y 2k w ey 43V 2k ek y b 12502k w pR Ty — GR T *
Tp*x —12%Tox %% T ;— 125024 T p* T e — 125225 T j+ 0k T 5 pr e+ 0T 51 %
xJ+12*xc*$%*xK+6*xc*x%*xJ+12*x20*xE*xK+3>x<x%*xp*xj—l—?)*xc*x:}*xJ—
6*x%*xE*xK—3*x?é*xF*a:J—6*xc*x%*xK—15*xD*x%*$J—3*:B20*.:EF*xK—6*:1:2D>k
Tp*T g —3kT oA T*T ¢ — Ok pRILAT j+ 3% TE %X p* T e+ 1552 p* T3k j¢ + 9T pH T3k
T gH6x2L kT pH T +O* DKL p* T JH65 T p*x XK T e+ 65T R+ T g — 9T pr1 25T ¢ — 6%
TLHT kT —Ox Tk Thx g — 125094 T px X i A% T p* T 5k YE — A% T p* T gk YZ — Ax Tk
T Y2+ 105 o* T pxy b+ A% T g Tk YE+ DR T pxx gk yd — 105 Dok T kY5 — THTp*T gk
Yh— DA p* T kYS+ THT DRI Y+ D% T pH T gk Y5 — DX T g T kY 2 — SKT p* T Y 2o+ 3k
TRHT kYRR T J 5T kY 3RT JRY K Y — SKT JRYS kY p— ST | KYOHY o+ 3K T K Y%
Yr+65TE kL% T 7 — Ok T2 ATk T ) — Ox 0% % Tk T 7+ 0k DD kDL 4T o — Ak TH * T gy 2+ 4%
:52D*wK*y%—2*$2E*xJ*y%—G*x%*xj*y%—l—Q*x%*:L'K*y%+6*x%*mJ*y%+6*z%*$K>|<
Yht 25T KT g5y — Ok LA T kY — 2K TH T fe kY o+ AR T LA T pry 5 — AR T LA T kY T — 2%
3V2%x pxyp+2%3Y 252 yxyp+ 253 2w x o xyp — 3V 2k yryp — 253 2k o ky p+ 312 %
Tr*Yp—O0xTo*xTp* T +0*%To*xTp*x T +0%To*Tp*xx j—O0%xTo* T p*X g+ 3% T o*T p*
Tj—0*%Tp*Tp*T j—3*To* T p*T g +0%T p*T p*X gk — 9+ X p* X p*T j+9% X p*T T g+ 3%
TE*Tp*T j— 3% Tp*Tp*xT — 12%T p*X % T+ 12% X p*X g% X ¢ — 1 2% T p* &y g +4% T g%
YoxYp —4*X pxYoxYp— 4% T g ¥Yo*xYp+D*T yxYoxY p+4% T g *Yo*xYp—D*T j*xYp*Yp —
S*xK*yC*yF+5*xJ*yE*yp+5*xK*yD*yF—S*xK*yE*yF+4*31/2*a:C*:UJ*yD—2*
31 2xxpxa yxyc—4x3Y 2k xoxa yxyp —4x3Y 2k x ok v yp — A% 3V 2k pxa pxyp + 2%
3V 2% px e xyc+2%3 2 xx pra yxyc+5% 3 2xwoxa pryp +4% 3 2k x ok gk yp+ A%
3252 pxx pryp+4%3Y 25z pxa oxy p+2%3Y 25w pra pry p — 253V 251 g ok yo+3Y 2 x
Tp*T yxyc—b*3V 2 xxox vy p — 3 2w pra pryp— A% 3 25w pxx oy p— 253 25 ¥
zyxyp—2%3Y2xxpraxyp —3x3Y 25w pra pryp — 3V kw pr ok yo+3Y 2k w p R i
yr+3%3 2% pxa yxyp+ 243 25 pra g kyp+3%3 2k pra yxyp+ 3% 3 2w pra ok
yp—3%3 2% x gk yp—2%3Y 25w prx pryp — 3% 3V 25w pr e kY4253 2k ok g %
yr—4%3 2%z jxx poxyp+ 453 251 pr gk y g+ 453V 250 px ek yp+ 12520k T p * Tk
Ty—12%xo*x X p* T E* X +HO0X TR T p*Tp* T j—O*%Xo* T p* X p*X g +HOKTo*Tp* T p*x j—
O*T T p*L p* I+ 245X * X DXT kT j¢ — 245 L ¥ T pH T JH T g+ 245X %X ¥ X g5 g — 24%
Tp*Tp*Ty*x T +24% T p*xTp*xT yx X — 4% To*xX %Yo *xyYp+4xro*xx xYyo*xyp+4*ro*
TR*Yc*Yp —A%T T % Yc*Yp —2%TO*T jxYo*Yp— A% To*T ¥ Yo *Yp+4%T p*T p*yo*
Yp+A%T p*T ¥ Yo*Yp+8* T p*X J*Yo*xYp+2%To*X p*Yp*Yp—+2%To* T g *Yo*xYp—4*
TD*TKYOKYE— 8T p*T g ¥YoxYp—8*T kX kYo *Yp+8FTp* X jkYc*Yp— 2% T o* T g%
YE*YF —2%To* T *Yp*Yp— 0% T p* T jxyp*Yp+8* T p*x yx Yok Yr+8* X p* Tk *Yc*
YE—S*Tp*T kYo *Yp—S*Tp*T g *xYo*xYp+2%To* T *xYpxyYpr+10%T p*x jxyp*yp+
10%x p*x g *Yp*Yp+2%T T %Y p*Yp—8* T p* X g %Yo *xYp+8* T p* X pxYo*Y p+8*%T p*
Tr*}YoxYp—10% X p*x T ¥ Yp*Yp — 2% Tp* Ty Yp*Yp— 2% T p* T g *Yp*xYp —A* T p*x y*
Yp*YF —8*kL pr Tk} YK Yp+2%T pr Tk} Y prYp+ AT pr pxY gy p+ AT pRE g ¥ Y p Ry p—
AT p*X kYR *Yp+8% X J*T | ¥ Yo *Yp —S* X p* T ¥ Yo xYp+ 16%2 yx T xyoxyp— 16
T T g xY p*RYp+ 1652 3T ok Y pry p— 253V 2522k pkyp— 453V 2522 % x pxy o+ 2+ 31 2%
T p*T g xye+2%3Y 2k rt xx pryp+ 24 3Y 25k a kw ok yp+4x3Y 252w v gexy o — 2431 2%
Tp*T g x Y —2%3Y 2k g pryd — T 3Y 2k 22k pkyp — 243 2w 02w g wy -+ A% 3 2%
2k x pryo+3Y 2w ok pry b2 3Y 25 x prw g yd 3V 2k w ey 353V 2l ks ok
yF—|—3*31/2*x%*xj*yc—k?*?)lﬂ*x%*m;(*yF+2>x<31/2*x%*xj*yp—31/2*x%*xj*yp—
45312522 w0 g yo— 3 2w ok ok y B — 253V 25w prw pryt—3Y 2w prw oy —3x31/ 2%
2k kY —3x3Y 2k b ok x gk yo — 253V 2522k gk yp 6531 2k a2k x pry p+3Y 2tk
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T pxyp+3Y 252k x gy p 253V 25 pr ok YA 263V 2w pra pryE — 653V 2k ke pok
yp—3Y 2 %225z pryp— 32522k w gk yp — 2% 3V 25w pr ok y b+ 3V 2w 0Lk gk yp 2%
3Y2xx pxy2 vy p— 2% 3V 25 pry 2wy — 2% 3Y 2k gk y 2k yp+4%3Y 251 prycoxyt— 31/ 2%
T Y2y p+253Y 25w goky 2k yp—3Y 2k x pry pryt—Ax3Y 2k x oy ory 31 2k poky 2k
Yr+3Y 252 pxypry i3V 25 a oxy pry s — 3 2k x goky pryE — 6x 02 KT p* T pRT 7+ ORT*
Tp*TEHT j+ORT T H* T p*T j+ Ok T2 AT p* T p* T+ 3% TERT DT p*T j— IxTO*T p*
TEAT | —BKTOHRT R UKL g — Ok TR TH R T p* T — OF TR TR T+ T — 3R TEAT D+ T pk
T — O TLHRT T p*T j+ 3K ORI pFT kT ¢ +OKT o T T p* T +65 T p*x X p*TH*T 5+
Ok X2k TRk Tp* T —O* Tk TRk Dok T — 124 TE 4T p* T g+ T+ 12% T2k T p*T 75 T+
12430 * T3k T kT jg — 125 T2k T p* T 5T je — 125D DTk T T je + 125X kD% H T 74T —
OkT o+ T p*T JkYE+O*TORT PRI ek Y2+ 6K TR T pHT g3 y2— Ok Tox T p*T o xy2 — 3% T o
TRRT pRY2 0T pXT pHT pkY2 +DRTORT DRI JKY 2+ 3K TORT XTI kY2 — BT DRI g+ T g%
Y2+ THT DRI pHT pRYE —DRTOHRT DHRT kY 2 — THT KT KT JKY 0 — THT DR T T f kYo — Dk
T E*T T pRYS+ TRTCHRT RHT iKY ot SR T ORT pRT pkY - — Ok T DX T p*T pkY B+ DRT T pk
TRHYE—IRTOHRT pH TR R Y2+ BT DR T kT ¥ Y b — BT p*x T p* T Y+ OkT pkT p*T ik
YrA-OkT p*T px T kY — AKX DRI KT e kY2 — X T pHT pH T kY o+ 4K T kT kT kY S — Aok
TOXT KT Y+ AKT T JRT R Y S —AKT DR JRT kY B AXT pXT KT gy 5 — SRTE T %
YOKRY P+ TERT JRYDRYF+IRTERT (kYo * Y — 25 DD KT JRYc*Y P+ 3R THRT JxYc*Yp—
SRIZ KT JRYEHYF — ST KT [ KYDKRYF+ 2 TH ¥ T |k YOKY 2K T X T JRYCKY F— KT
T JRYCRYE— KT KT [ RYCHRY D+ IXTEHT [ kY BFYF — 2KT LR T ) KYOKY ST IHT pkY o *
yF+3*x%*xK*yc*yE—3*x%*a:K*yc*yp~|—3*xj*yc*y,3*y%+3*xJ*y%*yD*yF—3>|<
T HYCKYEFY T —BRL JRYERY BRYF — SKT K HKYCKYD *Y o — KL K KYSHYDHFY P 35T gk Yok
Yp*Y ot 3% kY2 kY pryp+Ax3Y xr ok k pryo+2x3Y 2kt xw pra pryc— 43 2%
Toxrh* i *yo—4x3Y 252 k1 pxx pryp — 2% 3V 2k xlkw p kYo — 2% 3 2k 2L K ok
T kYo —2%3 2k x okt x pryo+ax3Y 2xxlkx prw pryp+Ax3Y sk w prx peky p+2%
32522 xx pxw pryp+243Y 250tk r pra v yo+3Y 2k 02 xw pra pryo— 243V 2w ok x
T yxyp+3%3Y 2 xxoxatxx pryp+ 253 25w okt x w g kYo — 3V 2k 2 p 2Rk T p Y+ 3%
3V2x22 xxpra pryp—4x3Y 2502 xx pxwpokyp — 243V 25wl kw pra pry p— 23 222 %
Tp*T*Yp —3x3 25wtk r pra pryp — 3V 2402 w1 pra kYo — 653V 2522 kT px 2 Ry
2*31/2*xc*xQD*xK*yF—6*31/2*xc*x%*xJ*yF—3*31/2*xc*x%*xJ*yE—3*31/2*xc*
22 pexyp—2%3Y 25w pradkx pryp+3Y 2k x pr 2Lk 1 g kYo +3%3Y 2k prat R pRYo—
3%3Y 2502 kw px kY — 3V 2kl kT prx pxyp+ 253V 2k a2k w pr ok y 363 22 %
Tpxx gy p+3x3Y 2%tk wprw ok yp +6%3Y 2k 0t xx pr kYo — 243V 2R L kv p R T g *
Yo+6x3 2 xxox a2k ek yp+3Y 2k poxr ik gy p+3x3Y 2xw ok adxx exyp+ 2431 2%
rp*rtxx pkyp+2x3Y 2k wprrt kg kyp+4x3Y 2 xwpxalkr ryp —3x3Y 2k w gtk
TrRYo+3V 2wtk r pra ok yp — 2% 3Y 2k a2k v px pryp — 3% 3V 2wk kw pra ok y 2%
32522 xxpra exyc—3Y 2k wox b x gy p— 253V 2k pra i w pryp — 2631 2xx prax
TRy p—4%3Y 25 pradoxw pryp— Ak 3Y 2k 1 pra k1 kY p+ 263V 2k 0L w0 T gy 2%
325w pxatxw g xyp+2%3Y 2k prad s x pryp+-4x3Y 2k r pratrr oryp+4x3 2k x
Tpxxpxyp—2%3Y 25 x pratxr okyp —4x3Y 2502 x 2 g ok yp — 463V 20 % kxR ok
Yp+dx3Y 25 xdxx px ok y p+-Ax3Y 2k 22w pra oxy Ak 3Y 2wtk pxa poky o+ 4% 31 2%
TLkx px 1 kY p—Ax3Y k1 ra ok y p— 243 2xm ok pryoxy B+ 3x3Y 2k oxa prydok
yr+2%3Y 25w pra pryZryp —3Y 2 xx ok pryp Ryt + 253V 2w ok gk yoxyE — 3631 2%
ToxT ey xyr—3Y 2% xpxx pxyoryn+3%3Y 25w pxw prydryp — 2% 3Y 2xw prw pxyd ok
yp—2x3Y 2%z pra ek ydxyp +3Y  xwpxa kY2 xyp +3Y 2k woxx pxypry s +3Y 2k w ok
T Yy —2%3Y 251 pxa prypry R +3Y 2k 2 pra g xyory s —3x3Y 2k x p R ok YZ R YR+
3%3Y 2% x pra prycky s —3Y 2k x prw gyl xyp 253V 2k w pra ek ydkyp — 3V 2k x pxw %
yé*yE—?)l/Q*xF*xK*y%*yD—31/2*xc*ajK*yE*y%—l—2*3l/2*xD*xJ*yE*y%—I—Q*?)I/z*
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Tp*T e *Ypxy e —3x3Y 2k pra gk yoxy B+ 3Y 2k pra ok yZ kY p+3%3Y 2k R pRyoF
Y2 —2%3Y 25 pkx pry2kyp+3Y 2k pra kY kyp — 243 2w pra ok y pryS — 3% 31 2%
Tp*T Yoy n+2%3Y 2w w pr ek yZryp +4x3Y 2w x g gk yZoxyp — 4% 3V 2w ek
Y2xyp+4x3Y 25 pxa poxy oyt +dx3Y 2 pra ok yryp— A% 3Y 2k x px i geory pry -4k
325w pxw ey pryt+-8x3 2xwoxwpra ryp —8x3V 2w ok x p Ry s —8x3 2x o
xD*xK*yD—4*31/2*m0*xE*xJ*yD—2*31/2*mc*xp*xJ*yC+4*31/2*xD*:pE*xJ*
yo—2%3 25 x ok prx pryp+8%3Y 2w ko kY 453V 25w ok pra yxy 431 2%
Te*Tp*T g *Yp+6%3Y 2% xoxr pxa yryp+2%3 2k w ok prr g kYo —4x3Y 2w xRz ¥
Tr*yo—4%3Y 252 pxx prx pryc+-2%3 25 r ok pra goky p— 243 2w p ok pra pry p—A%
3125 xcxx pra gk yp—6%3Y 2 xx ok pra pxyp—6%3Y 25w ok s pra gk yp— 643 2k px
Tp*xyxyp+4%3 2k pxrp kYo +4% 3V 2k x pra pra pryc+ 253 ks ok T R i ¥
Y4325 x ok pra ey p+6x31 25 x ok pra kY p— 8% 3Y 2k pra pra yxy p4-6x31/ 2%
ZED*ZEF*ZEJ*yE+6*31/2*ID*]}F*IK*yD+6*31/2*J]E*ZEF*ZL’J*yD—4*31/2*$E*(L’F*
Tr*yc—A4%3 2 xx okt pra ey p+8%3 2k pxax pra g xyp — 453V 2k x px pr kY p—
6%3'/ 2 xx prapxx kyp— 653V 2 xw prapr pryp — 653 2 xw praprrxyp+4% 31/ 2k
Tp*Tp*T gk yp+4%3 2k x prapra yxyp+643 2% x g prr gy p+8%3Y 2k r ok %
Txyp—8x3Y 25w pxa pxx kYo — Ax3Y 2 xx pra pra oy p — 853V 2k w ok xRy p+
83V 2% pxx kg kYo — 832w xoxr y ¥ T kY p — 8% 3 2w pxx y ¥ 1 ek yp 48531/ 2 x
Tp*x T g xyp+Ax3Y 25 x pryoxy pryp—4x3Y 25w pryoky gy p—A4x3Y 25 x ok yory px
Yp+Ax3 250 oxy ok y pry pA 24K T R T DRT pRT T jo — 24K T KT T pRT T AR T O*
ZED*IJ*yC*yD—4*Ic*$D*IJ*yC*yE—4*$C*J}D*$K*yc*yp—8*$C*$E*$J*yc*
Yp—A*T kT pXT JkYo*kYpHART kT DX kYR Yp+8* T T g X jxYo*xYp+8* T o*x g
Tr*Yc*Yp+10%xo*xT p*x jxYp*Yp+4*To*xT p*T g *¥Yc*Yp—A¥To*T T J¥Yc*Yp—
Sk XX T p* T ¥Yo*xYp— 2% T p*Tp*T yxYoxyp —10%xo*x T p*x pxypxyr—10% o * T p*
TRFYD*]Yp —2%TO*TE*T g xYp*Yp+A¥To* T g T kYo *Yp+2%Tp*Tp*T yxYo*xYp+
2% p* T T *YoxYp+ 105 g T pxx pxyoxyp+ 105 T * T p*T ¥ Yp*Yp+2%To* T g*
T RYp*Yp+2%To*TE* T *Yp*Yp+A%T p T p*X Yo *Yp — 2% T p*Tp*T g *Yo* YR —
10xx pxxp*xx yxyoxyp—10%T p* T p* X g *Yo*Yp — 2% T o*TE*T g ¥YE*Yp— 8% T p* T p*
I‘J*yD*yF—4*ID*,I‘F*xK*yc*yF+4*l’E*$F*l’J*yC*yF+10*(L’E*.TF*LL’K*yC*yE—
S*Ic*J]J*IK*yC*yD—|—8*1}D*J]F*Z'J*yE*yF+8*ZED*ZL’F*J]K*yD*yF+4*J,’E*IF*$J*
YD¥YF—AKT X X g} Yok Y pH8* T ¥ X J X K ¥ Yo Y p— 8% T p* T p* X g ¥Yp*Y p—4*X g
Tp*T pxYp*Yp — AT p*xTp*x X g xYp*Yp— 16% T o* T 75X g} Yo kY p+ A% X T p* X g Y g*
Yp+10%To*T %X g %Y p*Yp— 8% T p* X p* T *YoxYp+ 165X p* T p X g xYoxyp—106%xo*
T kT RYERYP+E*T g T pk X gk YoxYp — LO¥ T p* T px T g x Yo xYp+10% T p*x p* 1 g ¥y ok
Yp— 8% T p* T kLK *YD*Yp+S*T p* T % T ¥ Yp*yp—4%x3 2% x ok p*r ¥ s ¥ yo+4%
32500k p*a @ g ¥ Yo +6%3Y 2k x ok x p T pra yxyp+8% 3V 2k x kT pRT pRT K Y p—
6%3Y2xxokxp*rprxkyp—6%3Y 2% xokx p* T pr g kyp — 653 2k T ok T R T prL K
yD—|—8*31/2*LL’D*.Z’E*.TF*.IJ*yC—8*31/2*xc*l‘D*JIE*xK*yF+6*31/2*l’c*LL’D*(L’F*
Tr*Yp+6x3 2 xxoxxprrpra kyp+6x3 %ok pr p R kY p —8%x3V 2k pxr g
Tp*T g *yYc—6%3 2k xokr g p* ¥y + 853 2k ok T p Ry Rk kYo —Ax3Y 2w p*
Tp*Tp*x g xyp—8% 3V xxokr pra px v xyo+ 453V xa prrpra p T vy p+ 8431/ 2%
TekTp* T * T kYp— Sk 24T px X px T s * T %Yo — 8% 3V 2k x ok T pH T * T kY p+ 8%
3250 pra prx px i g kYo — Sk 3Y 24k pR T pr ki g kY p 8% 3V 2k gk p R T ¥ T kY —
A3 25z ok pryoxyp Ry p+As3Y 2 x ok v yoky pry p A3 25 r ok gk yoky DRy R —
253V 25 pxx pryckypxyp—Ax3 25w ok gk Yory Ry p 4253V 25 x pRra p Ry Ry pRy P+
2531251 px g *yokY prY 4253V 25 pra pry oy p Ry p —2%3Y 2R T DT R Y oY Ry —
2%3'/ 252 pxax pxycxypryr—2%3Y 252 g x ok Yok Y p Ry p 453 2% pra pRyoxy p Ry R+
2*31/2*a:E*xK*yC*yE*yF—4*31/2*xp*xJ*yC*yE*yF—4*31/2*xp*xK*yc*yD*yF+
45325 xprxpcxyoxypryr) /(2% (3xx;— 2k ) * (yo+yr—3Y2 %20 +3Y2 %2 p4-31/2) %
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(ye—yp+yr—3"2xxp+3 25053252 p+To*yp—Tp*Yc—To*YE+TERYc—To*
Yr+T p*Yc —T pxYr+Tpxyp+r pryr—Tpryp+3Y 2k rokr p—3Y 25w oxw p+3Y 21w ok
rp—3Y2xxpxxp+3 2% x prap 432 xyoxyp — 3V 2 xycxyp+3Y 2 xycxyp — 31 2%y px
Yr+3Y2xypxyr)), (3% T p* s — 3% T px T g+ 350242 — kDI AT | — ¥ T ¥y — 2% T 1%
Yh A% T kYD +3RT Y B+ 2K T kY8 — SRT K Y B — BT KT AT+ 3K TE R T p* T 7+ 3%
TOXTEAT i —BRTEHRT kT ¢ HART KT Y5+ 25X OHT kY5 — AKX OHT KR Y T — KT OHT k
Yh— 2K X KT | KY 2+ SKT AT Y2+ KT R T K Y — 2K T kT YTy — SKT p* T kY2 — Aok
TpkT g kYL 258 R kY B AT R T kY S+ 243 2k w pxyp — 2%3Y 2k pxy p— 2431/ 2%
Tr*yYp+3Y 2 xx pxyp 4253 25 x gk yp— 3V 2k gk yp — Bk H T R HOxTOoRT pRT g+
S*TD*T p*L J—3kT DX Tp*T | —I¥T p¥ T p* T+ 3T p* X p*x T +6%T ¥y p*yp+T 7 xyp*
Yr—O6%L g} Yp*YE+TJ¥YE*YF —T K *¥YD*YF — TR ¥YE*YFP —4RT g ¥Yp*Y ) +HA* T K *Yp*
Y +Asa gy pry;—Ax3Y 25 xoxx pxyp+4%3Y 25w ok kY p+ A% 3 2k ok joxy p— 2%
325z oxx pryp— 4% 3 2wz ok a geoxyp —2%3Y 25k pxa pry g+ 253 2xx ok ok y p— 3 2%
T p*x yxyp+2%3Y 252 px oy 4253V 25 px oy p— 3V 25 x pra pry p 43 2% pra ok
yF—i—Bl/Q*xE*xJ*yF—2*31/2*xE*xK*yE—31/2*xp*xJ*yE—i—Sl/z*xF*xK*yD—31/2*
TE*T ey p+3Y 25 x pragxyp—A4x3Y 2w pra oxy  + 4% 3Y 2w pra ok y y — 4% 3V 2k px
TR*Y]—3*TO*Tp*Tp* T+ 3% To*Tp*Tp* T+ 3% TO*TR*Tp* T j— 3% To*T p* T px
T —4A*Tp*T g ¥Yo*Yp —O0*xTo*X p*xYp*Yp+2%X p*X pxYcxYp+4*T p*T g *xyoxyp+4*
TE*T p*Yo*Yp —TO*T gxYp*Yp+0%¥To*T K ¥Yp*Yp—3*Tp* T *Yo*Yp —2%T p* T *
YO*RYE— 2% T gL ¥ Yo*xYp— AT p*T ¥ YokYD+T ¥ T pkYc*Yp —To*T p*YE*Yp+Io*
T KYD*}YFF2%T pXT JxY p*Y p+3% L p*T g kYo kY 3% T ¥ T J %Yo kY p+2%T X ¥ Yo*
YETTFHT JRYCRYE— T F*T K RYoRYDHTORT K RYEFRYp —4% X DRI JRYE*Yp— 25T DRI K *
YD*RYF —2%Tp*T g ¥Yp*Yp —3¥ TRk TR+ Yok Yp+ 0T p T jxYp*Yp — TR TR *Yo*Yp+
4*1}D*.TK*yE*yF—|—4*1}E*.%‘J*yE*yF—l-Q*IE*Z‘K*yD*yF—G*l‘F*I'K*yD*yE—4*ZL’E*
TR XYY p AT oxT g *Yp*Y g —A%T p*T g *kYoxY g — AT o*T oY ¥y g HA%T p* T g xYo*
Yg— AT ok T kY Y g A% kT kYo Y g — 45T p* T *Y gy j+4% T T e x Y p ¥y +4%
T kT kY pFY g —ART T kY ¥y g +2%3Y 2502 xm pxyp — 2% 3V 2 a2k w pxy p— 243 2%
w2 xxperyp+3 2kl x pryp+ 253V 202k ok yp+ 3 2%k x pryo — 3Y 2kt ko *
yp—2%3'2x02 %z pryp— 3 2 x0t kg kyc+243 2522k pryp+ 253V 2xa Lk ¥y p —
253V 2522 51 oy p+- 243V 251 pry2kyp — 2% 3V 2k pryoryt — 2% 3Y 2k x prykyp — 2%
3V 25z iexy2xyp+3Y 25 x prycxy b3 2xa ey ky -+ 253V 2w ory oy L4243 2 ok
Y2 xyp—2%3Y 2z pryprys — 2x3Y 25z pry wyp — 3 2w pery oyt — 3V 2k ok ydxy o+
253251 pxy pryt+243Y 25w pory pry B 253 25w pory? wyp— 253V 2k x oy pry B+ 2%
3V 2%z oxaprx jxyp+3 25w ok pra pxyp —2%3Y 25w ok p* ok y p— 2% 3V 2w w0k T
2 yxyp+3Y xxcxr pra pryp — 3V xx pra pra pryc — 3V kx ok pra vy p — 3V ko
TE*T Y p+2%3 2% ok x pra gk yp+3 2 * ok x pra kY p— 3 kT ok T pra g kY p— 2%
325 pxap*x pryp+3Y 25 pra pra g ¥ Yo +3Y 25w g pra yxyc+3Y 2k z ok pRT ok
Yr—3Y 2 xxoxx pxa kY p+2%3Y 25 pra pra kY p+2%3Y 25z pra pra pryp — 3V 2k px
Tp*T g *yYc—2%3 2% pr & p*x o xyp+ 4% 3V 2k ok pra kY g —4x3V 2k w ok T R ¥
Y +4x3 25 okt pra ok g —Ax3Y 25 prx pra ok +-4% 3V 25 prx s goxy g4 231 2%
T yxyoxypxyp+3 25z prycrypryp— 2531 2 exyorypryp+ 3w pryory pryp —
3 2%z gorycxypryp+2+3Y 2k pryprypxyp — 3V 5w goryoxypryp — 253 5z oy pr
Yp*yp+4x3 2% x oxyoxypry s —4x3V 25 x oxycxypry s+ 4% 3Y 2w ok yory pry g — Ak
3125 ey prypry s +4x3 xa ryprypxyy) [ (2% (3xx — 2k ) % (yp—yp+yr— 3" x
xD+31/2*xE—31/2*xF+xc*yD—J;D*yc—xc*yE—i—xE*yC—xC*yF—i—xp*yC—xD*yp—i—
Tp*Yp+Tpryr —Tpxys+3 2 xxoxrp —3 2 xxoxxp+3 2 xxoxrp—3Y 2% prap+
325z pxap+3Y 2 xycxyp —3Y 2 xycxyp+3 2 xycxyr — 3 21y pryp+31 2xypryr))).
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FIGURE 1. Ilustration of theorem 2.1.
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FIGURE 2. Figure 1 zoomed in.
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FIGURE 3. Ilustration of theorem 2.2.
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FIGURE 5. Illustration of theorem 2.3.
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FIGURE 6. Figure 5 zoomed in.
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