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1. INTRODUCTION

Pick three points on the sides of a given triangle such that the orthogonal lines
through them are concurrent. Let the circle passing through these three points
intersect the sides at three other points. Here, we prove that the orthogonal lines
through these other three points are concurrent.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be a point on line AC.

Let E be a point on line BC.

Let the line passing through D which is orthogonal to AC intersect the line passing
through E which is orthogonal to BC' at point F.

Let G be the point on line AB which is orthogonal to AB and which passes through
F.

Let o be the circle passing through D, E, and G.

Let line AB intersect o at points G and H.

Let line AC' intersect a at points D and I.

Let line BC' intersect a at points E and J.

Then the line passing through H which is orthogonal to AB, the line passing
through I which is orthogonal to AC, and the line passing through J which is
orthogonal to BC' are concurrent at point K, which is the reflection of F' about
the center of a.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).
B has coordinates (1,0).
C' has coordinates (z¢, yo).
D has coordinates (zp :IJD * Yo /Tco).
E has coordinates (zg, ((xg — 1) *yco)/(xc — 1)).
F' has coordinates
(—((zoxxp — (¢ — 1) xxp —x20) * y2)/(xc — 1) * 20) — (vc — 1) * R + 20 *
zp, (22 *xxp — (xoc—1)?*xxp —22) *xyc)/((xrc — 1) *x20) + ((x¢ — 1) x 0 * TR —
(xe —1)*xxc*xxp)/yc).
G has coordinates
(—((ze*zp—(xoc—1)*xp—x0)*y2)/((rc — 1) *x0) — (xo — 1) *TE +TC * XD, 0).
a is given by the equation
(x—(—((:cc*:vE—xc*xD+xD—xc)3*y4C+(xc—1)*xo*(xc*xE—xc*:cD—l—a:D—xc)*
(Q*xc*xE Z*xc*xE 4*xc*a:D*xE+4*xC*xD*xE xD*:cE—Q*:cC*;I:E+2*xC*
Tp+2%rixx% —2%xxoxxs + 2%tk xp—1p) kYt (ro— 1) xadxrh — (v —1)3xad *
((3%zc—2)xxpt+rc—1)*1%+(vc—1)> %2 %2 p*((3*x0—1)*Tp+2%20 ) *T R — (TC—
13 xxt*rd —(ve—1)>3 *xc*(xc+1)*mD)/(2*(a:C Dxxox((zoxrp—xc*xp+rp—
o) xyi+(re—1)?*%xixa%—(vc—1)2 *xc*(Q*xD+1)>kxE+(mc 1) *TEx1h+(ro—
1) xa2*xp))))*+(y— (((ze*rp—rc*rp+rp—20)** (0é* T —T2%T p+2%TC*Tp—
rp—xc)*ys+(we—1)xxix(vp—xp)* (2522 0% —Ax 22 % T p*x T p+ A% TR T pRT E —
-TD*$E_2*$%*xE_$C*$E+2*$%*$%}_4*$C*x%+2*x%+2*xé*$D—$C*$D+$0)*
yi+(zo—1) ik, —3%(vo— 1) satxxprah+3x(vo— 1) KT KT KT — (a:c 1)
xc*xD)/(2*(xc xxoxyo*((vexrp—xc*rp+rp—20)? *yc+($c 1)2szixx?—
(xc—1)**x 22 % (2*mD+1)*xE+(xc 1)2 %22 %22+ (vc—1)**23*2p))))? — (xp—
(—((zoxxp—zc*rp+ap—r0)**ybt(vc—1)*T0* (To*TR—TOo*xTp+Tp—T0)* (2%
x%*xE Z*IC*:EE—4*xc*xD*mE+4*xc*xD*xE Ip*TEp— Q*xc*xE—f—Z*xC*mE—i—
2x 2% 1% —2xxox 9+ 2515 xxp—xp) xyi+ (vo— 1) xxdxad — (o — 1) xad + (3%
ro—2)xxptro—1)*ri+(vo—1)3 %2t xxpx((3xx0—1)*Tp+2%70)* 15— (T0—1)3*
rhxry—(vo— 1) *xc*(:vc—i-l)*a:D)/@*(xc xxo*((re*xp—To*xxp+rp—o0)?*
Vit (zo—1)2 %t xad—(ro—1)* %2l x(2xxp+1)xxp+(vo—1)? %2t x 2% +(xc—1)%*
r2xxp))))?+(zp*yc/ro—(((xo*rp—ro*xp+rp—20)** (0230 — L% T p+2% T %
rp—rp—xc)*ys+(ro—1)*xai*(vp—ap)*(2xri*xx% —4xrixxp*xrp+A*T ORI p*
xE—xD*xE—Q*x%*xE—xc*xE—l—Z*xQC*x%—4*xc*x%+2*x%+2*x%*xp—xc*xD+
ro)xyz+(re—1)*rixrd —3x(vo—1)*axtxx prad+3x(vo—1) 1 axtx a2 xrp— (xc—
1)4*x‘é*mD)/(2*(xc ) *zo*xyc*((zo*xrp—roxxp+rp—20)> *yC+(x(; 1)%xa?*
12— (vo—1)*x2i % (2*xxp+1)xxp+(vo—1) 22l x2h+ (xo—1)*x2ix2p))))?) = 0.
H has coordinates
(—((zc — 1) xap* ((xe xxp — (¢ — 1) xxp — x0) * Y& + (e — 1) x 2% x 2 —
(e —1)xai*xp))/((xc x2p —xc*xp+2p —x0)* * Y2 + (v0 — 1)? * 2h * 2% —
(e —1)? %22 % (2*xxp+1)*xp+ (ve — 1)* x 22 x 2% + (¢ — 1)* x 22 * xp), 0).
I has coordinates
(zo*x((woxxp— (e —1)xxp —x0) * Y2+ (0 —1)* )20 *1E — (X0 — 1) % 2L % D) *
((xc*xE—(xc—l)*xD—fEC)*chr(xc 1)*1’0*% (xc 1)*$%*$D))/((yc+$c)
(xgxxp—zc*Tp+Tp—2C)? *yc+(azc 1522 xxt— (vo—1)?xxi* (2xxp+1)*
rpt+(ro—1)* %2t *x1h+ (v —1)* %22 *2p)), (yox((zoxxp—(vo—1)xxp—x0)* Y2+
(rc—1)?xzo*xxp—(vo—1)*xxi*xp)*(vo*xxp— (v —1)*xp —x0)* Y2+ (0 —1)*
2 S 2 2 | 2 _ N2 a2 _
roxrp—(vo—1)*xxg*xxp)) /(v +xs)*((xo*xp—roxxp+ap—xo)**yé+ (o
1)?xxixa%—(ve—1)?xaix(2xxp+1)xxp+(vo—1) 252t xah+(xc—1)? %2t *1p))).
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J has coordinates
((mc*(xc*xE—xC*xD+xD—xC)Q*yé+(mc—1)2*(2*x%*x%—4*x%*x[)*x,@+
TLHTp*TE— 2*$C*ZL'E+2*$C*ZL'D—ZL'%*l’%—$0*$2D+$2D+2*[L'%*9§'D+$%*IL'D—
ro*xxp)*xys+(re—1)4 *xc*a:E (re—1)* a2 (2xzc+1)xxprrp+(vo—1) xxi*
(ze+1)x2%) /(Y2 + (xo—1)?) * (22 x 2% % Y2 — 2% T2 % T px T p* Y& + 2% To* T p kT *
yé—Q*x%*xE*yé—l—xé*x%*y%—2*:60*:1:%*y%—i—x%*y%+2*:c%*:cl)*y%—2*:cc*
xD*yC+xC*yC+xC*xE Q*xc*xE—l—xC*xE 2*xc*xD*a:E+4*xC*xD*xE 2%
TLHRTpHTp—TH*xTp+2% T % g — 2l x T p+ab*ah — 2%l x 1D+l kD + b kT —
2xxdxxptai*xap)), (Yyox((zoxxp—(xe—1)xxp—20)*yb+ (xo—1)**xx0* TR —
(re—1)*xxc*xxp)*((rexxp—(vo—1)*xp—x0)*yi+ (vc—1)**x0* TR — (T0—1)*
rixxp+as—10))/ (Vi +(xe—1))x((ze*xrp—xc*rp+ap—20)** Y2+ (v0—1)**
rix0% —(vo—1)* %2l x(2xxp+ 1) *xp+ (vo—1)?*x 22 0% + (xo—1)? 22 x2p))).
The line passing through H which is orthogonal to AB is given by the equation
r=—((wc—1)*xp*((zc*xp— (xc—1)*xxp —20)x Y2 + (xc — 1) x 2t xxp —
(e —1)xaxi*xxp))/((xc xxp —xc*xp+2p —x0)* * Y2 + (v0 — 1)? * 28 * 2% —
(e —1)? %22 %« 2xzp+ 1) *zp+ (vc — 1)? x 22 x 2% + (v — 1)? x 2% * 2p).
The line passing through I which is orthogonal to AC' is given by the equation
y= (yox((zexxp—(rc—1)*xp—x0)*y2+(xc—1)**xo*xp+ (1 —20) * T2 % T D) *
(zoxzp—(rc—1)*xp—20)*y2+(vo—1)*xxixxp+(1—z0)*ad*xp)) /(Yo +x2)*
(zoxxp—ro*rptrp—u0)**yt—+(vo—1)* )2t *x0% —(vo—1)* 522 (2% xp+1)*T 5+
(re—1)*xxixxh+(vc—1)?*x2ix2p))— (vox(v—(vo*((vo*xrp—(xo—1)*Tp—20)*
vi+(xo—1)*sxcxrp+(1—xo)*xi*xp)x((roxrp—(xo—1)*xp—20)*y2+(vo—1)*
rixrp+(1—xc)xxi*xp))/((v&+a)x((ve*xxp—roxrp+ap—20)**y2+ (w0 —1)%*
rixa—(ve—1)2%2ix (2% p+1)*rp+(ve—1)? %2t x2h+(xc—1)?*x2i*xp)))) /Y-
The line passing through J which is orthogonal to BC' is given by the equation
y= (yox((ze*zp— (vc —1)*xxp—xc) x Y2+ (vc —1)*xxc* 2R — (v0 — 1)? * 20 *
zp)x((zexxp—(rc—1)xxp—xc)*yé+ (voc—1)**xo*rp+(1— xc)*mc*xp—i—x%—
20))/ (Y2 +(zc—1)")*((zcxzp—rc*xp+rp—30) 5y + (20— 1) *a* 0% — (X0 —
1222 *(25xxp+1)xzp+(vo—1)* %2t xx%+(xvc—1)**2%xxp)) — ((xo—1)*(x—(To*
(rexxp—xo*xp+rp—0)**ys+ (v0—1)2 % (2% xd * 2% — A%l *xp* T p+TE*Tp*
Tp— Q*xc*xE+2*xC*xD—xQC*x%—xc*x%+x%+2*x%*xD+xQC*xD—xc*xD)*
yc—l—(:vc 1) *:cc*:cE (re—1)*s2ix(2xxc+1)*xpxxp+(vo—1) *xi*(zo+1)*
3/ ((VE+ (xc—1)?) * (22 % 2% %yt — 2% 22 % T px T pk Y+ 2% Xo* T p*x T pkyE — 2% 0% %
xE*y%—i—x%*x%*y%—2*xc*x%*y%+x%*y%—1—2*1%*xD*y%—2*xC*xD*y%+x%*y%—|—
TEx =2k T KDL+ TR Th — 2K TR T DT+ AR T AT p*T g — 2% T KT X T p—TE* T+
kT HT p—TL* T p+Texth— 2% %0+ 1l %0+ Tt *T p—2%Tex T p+ai*2p)))) /Yo
Consider the point K whose coordinates are given by
(—((x¢ =) *xp*((rcxxp—(xc—1)*xp —20)* Y2+ (10 — 1) *0i %05 — (To— 1) *
wixxp))/((wo*xrp—rxo*xp+rp—rc)**yi+(vo—1)? a2 xa% — (xo—1)?xxd* (2%
rp+1)xrp+(vc—1) i xa%+ (v —1)*xxtxxp), (zo*xrp—(vc—1)*xp—20)*
y%—l—(xc—1)2*xc*xE—(a:c—1)2*xc*xD)*((a:C*xE—(xc—1)*xD—xC)*yé+(:cC—
1)*1%*IE—(J;C—1)*xc*xD))/(yC*((xc*xE Te*rp+rp—rc)? *yc+(xc—1)2*
r2x1h—(zo—1) 222 x 2xxp+ 1) xxp+ (vo—1)?x 2l x 2%+ (vo — 1)?**x 22 x2p))).
We verify that K lies on each of these lines since we calculate that
(yox((zoxrp—(re—1)*xp—20)*Y2+ (v —1)**20* T+ (1—20)* e * 2D ) * (T *
$E—(ﬂfc—1)*[BD—$C)*y%«+($c—1)*[17%«*1‘5;4—(1—xc)*$%*$p))/((y%+$%)*((1‘0*
rp—rc*Tp+rp—rc)ixyi+(re—1)?xrixa%—(vo—1)*x2i*(2xxp+1)*xp+(v0—
1)2xa2 x4+ (e —1)*%xi*xp)) — (vox(—((xo—1)*xpx((zo*xrp—(xe—1)*axp—
ro)xyi+(vo—1)xxtixxp—(vo—1)x2t*xp))/((xexrp—ro*xTp+rp—T0) * Y2+
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(re—1)* szl xa%—(vo—1)*xa2x(2xxp+1)xxp+(vc—1)* %22 %1%+ (ve—1)?*2d *
zp)—(zo*x((zrexrp—(xo—1)xxp—x0)*y2+(vo—1)*)x0xxp+(1—20)*TE %1 D) *
(ro*—(ro—1)wp— o) syt (ro— ) sadoz s+ (1~ )l rap)) (vt 22 )
(zo*xxp—zo*xp+rp—20)?*y2+(vo—1)? s 2t %% — (vo— 1) % 2% x (2xxp+1)*
rp+(ze—1) 22t x4+ (v —1)*x2txxp)))) Jyc— (((zo*xrp— (xc—1)*2p—20)*
yé—l—(mc—1)2*xc*xE—(xc—l)Q*xc*xD)*((xC*:cE—(a:c—l)*:cp—az'c)*yé—l—(xc—
Vxzixrp—(voc—1)*xi*2p))/(yox(zcxxp—rc*Tp+Tp—20)° *yc+(:cc—1)2*
r2x1%—(vo—1)* 52t x(2xxp+1)xxp+(vc—1) x2txxh +(vc—1)*xad*xp))) = 0
and
(yox((zoxxp—(ro—1)*xp—20)*yi+(rc—1)**10%TR— (x0—1)**Tc*Tp ) * (T *
rp—(ro—1)*xxp—xc)xyi+(vc—1)*sxc*xrp+(1—xc)*xé*rp+rs—xc))/(ye+
(re—1))x((ze*xrp—ro*xp+rp—20)**Y2+ (0 —1)**0i % 0% — (10— 1) * 522 % (2%
rp+1)*xxp+(vo—1)?*xai*ah+ (v —1)?xatxxp)) — (e —1)x(—((xc— 1) xxp*
((xc*xE—(:Uc—1)*:(;D—xc)*y%—i—(xc—l)*x%*x,g—(xo—1)*x20*xD))/((xc*xE—
TexTp+Tp—r0)? *yc—l—(:cc—1)2*1%*3:2}3—(a:c—1)2*5520*(2*3:D+1)*a:E+(xc—
1)?xa2*ah+(ve—1)*xat*xp)—(ro*(voxrp—ro*rp+rp—r0c)**ys+(vo—1)**
(Q*xc*mE 4*xc*xD*xE+xQC*xD*xE 2*xc*xE+2*x%*x%—x%*x% To*ThH+
xD—i—Q*xC*xD—i—xC*xD roxxp)xys+(re— 1) *adx 2% — (vo—1) s xd* (Q*xC—I—
Dxxp*xzp+(re—1)*2ix(zo+1)x2%) /((vE+(rc—1))* (22 xa%xyd —2x a2 x 1 p*
TpRYS+2KTOHRT DRT pFRYS — 2RTEHRT pHYE+TEHF TR YZ — 2K TR T K Y2+ * Y+ 2%
TLRTD*YZ — 2Kk TR T DFYE+TEHYE+TEHTEL — 2k k0 + T2 0% — 25T+ T p*Tp+
4;kx30:xD>ZxE—Z*x%*xD*xE—x‘é*xE+2*w%>kxE—x%*xE—i—w‘lc*xQD—Q*x%*x%jt
apxap+agrrp—2xxi*xrp+ag*rp))))/yo—((zo*xzp— (o —1)*xp —2C0)* Y2 +
(re—1)*xxcxxp—(vc—1)**xc*xp)*x((ro*rE—(To—1)*Tp— xc)*yc—i-(xc 1)
xzc*xE—(xg—1)*xc*xD))/(yc*((xc*xE To*Tp+rp—r0)? *yc—l—(xc 1)?x a2 *
% —(vc—1)?**2% % (2xxp+1)*xxp+ (vo—1)?xaix 25+ (vc —1)? %22 x2p))) = 0
as desired.

Finally, we verify that the center of « is the midpoint of F' and K since we calculate
that

(1/2)x(—((zc—1)*xp*((zc*xp—(xc—1)*xp— xc)*yc—i-(:zrc—l)*x%*x];—(mc—
)xzZxxp))/((xe*xp—ro*Tp+ap—20)> *yc+(a:c 1)2xaxx%—(vo—1)* %z *
(2xzp+1)xzp+(vc—1)* %2t xx%+ (ve—1)?xxi*xp) — ((q:c*:z:E—(:z:C—l)*:cD—
re)xyd)/(zc—1)*zc)— (xc—1)*xp+rc*rp)— (—((zo*xxp—To*Tp+Tp—20 ) *
yo+(ro—1)xxox(vo*rp—Tco*xTp+Tp—TC0)* (2*xc*xE 2*xc*xE 4*xc*xp*
TE+4%To*xTp*Tp—Tp*TEp— Q*xc*xE+2*xc*xE+2*xc*xD 2*I0*$D+2*ZL’C
Tp— mD)*yC—i—(:pc D4sad xxd — (v — 122l * ((3xxc—2)*xp+30 — 1)>|<$E—|—
(re—1)3*xadxxp*((3*xc—1)xxp+2%xx0)*TR— (T —1)3 *xc*mB’D (xe—1)3 *xc
(re+1)*2%) /(2% (xc — 1) *xo* ((vo*xrp —x0*Tp+Tp —TC)* *yc+(:Ec 1)% %22
% —(ze—1)?*22 % (2xxp+1)xzp+ (vo—1)?xaixxh+ (xc —1)?*x2i xxp))) =0
and
(1/2)x(((zexzp—(xe—1)*xp—a0)*yi+(xc—1)**)x0*x0p— (v — 1) )20 %X ) *
((xc*xE—(xc—1)*ID—xC)*y%+(xc—1)*x%*xE—(xg—l)*xc*a:D))/(yc*
(zo*xp—zo*xrp+ap —20)** Y2+ (10— 1)* % 2L % 2% — (10— 1)? *xc x (2% xp—+
Dxzp+(xe—1)2xzixxh+ (xo—1)*xaixxp))+ (22 xxp — (v —1)*xxp —22) *
yo)/((ze—Dxxc)+((xc—1)*xxoxxp— (o — 1) *zc*xxp)/yc) — (xo*xp — 20 *
Tp+ap—uc)?* (@b *rp —rExTp+2%To*Tp —Tp —To) *kYs+ (xo —1)Fxald *
(rp—xp)* (2% a2 %% — 4% 22 % Tp*Tp + 4% To*Tp*Tp — Tp*Tp — 2% T+ Tp —
To*Tp+ 2428 %0 —Adxxo*rh 4+ 2% 1% + 2% 2%k xp — To*Tp+x0) *yh+ (To —
Dtsag «xd, —3x (xo— D) ,ag xxpxah+ 3% (xe — ) 2l xahxxp — (o — 1) *
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whxa3) /(2% (e — 1) *xoxycx ((rexxp—ro*xp+rp —20)? * Y2 + (w0 — 1)? x 2% *
34— (vo—1)?*x2*(2xxp+1)xxp+ (v —1)?x 2t x 0%+ (vo —1)**2i x2p))) = 0
as desired. O

The point K becomes the orthocenter when D, E, and G are chosen to be the
midpoints of A, B, and C.

FIGUurg 1. Ilustration.
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