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1. INTRODUCTION

The Steiner-Miquel theorem [1] is a famous result about concurrent circles in a
complete quadrilateral. Here, we will construct several circles in reference to a
complete quadrilateral and will show that they are concurrent.

2. RESULTS

Theorem 2.1. Let A, B, C, and D be the vertices of a given quadrilateral ar-
ranged counterclockwise.

Let line AD intersect line BC' at point E.

Let line AB intersect line CD at point F.

Let G be the midpoint of E and F.

Then circles ABC, AFG, and CEG are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).
D has coordinates (zp,yp).

E has coordinates ((zp *yo)/(—xc *yp + yp + Tp * yo), (Yo * yp)/(—xc * yp +
Yp +Tp *yc)).

F has coordinates ((zp * yo — z¢ *yp)/(yc — yp),0).

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
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G has coordinates (((zp*yc)/(—xc*xyp+yp+xp*yc)+ (rp*yc—xc*yp)/ (Yo —
Yp))/2, (yc *yp)/(2* (=xc * yp + yp + Tp * yc)))-

Circle ABC' is given by the equation

(= 1/2)* + (y — (W& + (xc — 1) x 2) /(2% ye))* — (1/2)° = (W& + (zc — 1) *
zc)/(2# yc))? = 0.

Circle AFG is given by the equation

(& = (@p* yo — o+ yp)/ (2% (yo —yp)))* + (y = ((v& * (ve —yp)* * yp — ((wp =
Yo —Tc*Yp)* (—rc*Yp +yp +Tp*yc) — Tp * Yo * (yc —yp)) * ((xp *yc — vc *
Yp) * (—zc *Yp +Yp +xp*yc) + Tp *yc * (yo —yn)))/(4* yo * (Yo — yp)* * yp *
(—zc*yp +yp +2p*yc))))® — ((xp *yo — e *yp)/(2* (yo —yp)))* — (42
(ye —yp)* *yp — (xp * yc — @c *yp) * (—Tc * yp + yp + Tp * Yc) — Tp * Yc *
(ye —yp)) * ((xp * Yo — xc * yp) * (—2c * Yyp + Yp + Tp * yo) + Tp * Yo * (Yo —
yp)))/ (4 *yc * (yo —yp)* *yp * (—xzc *yp + yp + xp *yc))))? = 0. Circle CEG
is given by the equation

(z+((2xzo—1) %y —xt+4*xd —5xxi+2%xx0) xyh — 2% yc* ((xp+2%xc—1) %
yi—(rc—1)**%(2%xc+1)xxp+2x(xc—1)*x20) *y3 +yé* ((d*xp+2%1r0— 1) * Y2 —
2% (xc—1)*xp*((3*xxc+2)*xp — 10 —2)+2% (w0 —1)**20) xyD — 25T p*yd * (Y& —
2xxpx(vox(xp+1)—2)+x%—1)xyp—(xp—1)*x2%* (xp+3)*ys)/(4* (yp —yc) *
(7o 1)y — (2~ 1) eyo) #(we— D) ey 20D+ (y— (00~ 1) (252 -
dxxo+3)xyi+(xe—1)2%2%)xyp — 2% (xo— 1) *yox (((B3xxc—4)*xp+2% — 2% 10+
3)xyd+(ro—1)*kxo*(xp+r0))*yDh+yz*((2xxp* (310 —4)*Tp+3%2% —8* T+
6)+3xxc—3)xyd+6%(xoc—1)**xo*xap)xyh —2%xxp*yd*x((xp*(rp+3*xrc—5)—
ro+2)xyi—(rc—1)*xxp*(xp—3*xc+1)— (xc—1)**20)*yp+2% (xp—1) x 2% *
ye—(zo—1)*(zp—1)*xhx(xp—2%xxc+1)*yh)/ (d*xycx(yp—yo)*((xc—1)*yp —
(xp—1)xyc)*((rc—1)*xyp—zp*yc)?))? — (zo+((2%xc —1) xy2 — 2t +4* 2l —5x
12+ 2xx0) %y —2xyc* ((xp+2xxc—1)xy2 — (xo—1)?% (2% xc+1) %2 p+2% (20—
1) 2sxc) sy +yz* ((dxxp+2xxc—1)*y2 —2x(xo— 1) *xp* ((3*xc+2)%Tp —TC —
2)+2x(xo—1)%xz0)*xys — 2% p*yd ok (y& — 25w px(xox(xp+1)—2)+2i —1)*yp —
(xp—1)xxhx(xp+3)*xy})/(4x(yp —yo)* ((xc—1)*yp— (xp—1)*yc) * ((xc —1) *
yp—2p*yc)?))? —(yo— (e —1)*((2x22 —dxxc+3) Y2+ (vc—1)* %2 ) *y], — 2%
(zo—1)xycx(((3xxc—4)xxp+as —2%xx0+3) Y2+ (xc—1)**xc* (Tp+x0)) *YyDH+
yix((2xxp*((3xxc—4)*xp+3+1L —8%xc+6)+3%xc—3)*y2 +6x (o —1)3 k20 *
zp)*xyh—2xxprysk((xpx(xp+3*r0—5)—xc+2)*y2 —(vc—1)**xp*(xp—3*TC+
1)—(zc—1)*xxc)*xyp+2x(xp—1)xxhxys — (xc—1)*(xp—1)*xh* (xp—2%xc+1)*
ye)/(4xyex(yp—ye)*((zc—1)*yp—(zp—1)*yc)*((xc—1)*yp—zp*yc)?))? = 0.
Consider the point H whose coordinates are given by

v = —((=2x2Lxycxyd+abxyh+4*ad xxprydxyd AT xyoxys — 2xxd* YT —
2k T2 Th kYD kY p — AR TER T R YE YL — Ok DL H T p*YZ YD — 2% TExyS kYD + 2% 1L kY2
Yl — 2% L kYo kY +x LRy L+ AR ok Th Ry xyp+ 2% T ok Th YLk yp AR TR T R YZ*
YHH AT KT pRYSFYH —ART ORI DRYSHYS + 25X OHT pRYEFY D+ 25T oRYSHY S — 2k T ok
YERYD —UDRYE— 2R RYEHYD 2D XYL HYD 2RI RYSHYD FTDRYG— 2RTD R Yk
Yp— 25T pRYLHYH+ 25T YLy Yy h — 2y sy +ydoeyh ) w(afxyh —Axadxrpr
YoryH —2xxdxylkyd +HAxrdxycrys —Axad xyh +0xrExrhk YLy + 2% T Lk T pRYS K
Yp —A* XL * T pRYE YD H K TLHT pRYCHY D H AR DL R YZKY D — S8Rk TEKYCHY D+ DR T LK Y —
AT TH YD YD — OXTORTHRYE YD — 2K To*T p*YS kY p+ARTo*T p*Y2*YH — AR T o*
TDHRYCHY D — 2R ToxY kY D+ AT HYS YD — 22X T o YZHY b — 2R T oxYEF YD+ AR T o* Yok
Y3 — 2% oky T+ T} YL+ 2%y xyp — 1D xyd 4+ 2% kY xyp+ 2% x p R YL kY — A%
TpRYSHYD+ 2T DRYEHYDHYLRYD = 25U Yb TYE*YD)) [ (G xyp —8xalxw piyo
yh—dxxlxyZoxyd +8xalkycxyh —8*xxlxyl +28% 18 x 1% xyZ xy S +20% 28 xx pxyd



276
BENJAMIN LEE WARREN

5 4-40%x8 %
D~ 16xa gy vy +40%a¢,
T t+dxalxylxyl, c 1,4
2 406 LT pRYCKY D HARTY 5 o2 x5 +80*
Vg ADrafuapaiasyt et *f%-w%*w%*y%*%%—3420*9?02%’;%1116*
2 xy0 —48x 28 xycxyl, C 5 KYSHKYDHFI2XTL*TDHYS 5
Yc*Yp ¢ CHRTHRYLHYD —8*TEHT pRYLHYD oRybryS —16%
2wy xyh —124xxd kb xyd xyS, 5 *ycxyp—Ax g ryS*Y 5
I’C*Z'D*yc Yp 5 2*y6 _112*1‘0*1'[) Yo D 5 2 6+112*3§' *
g 3 5+168*$o*9€D*yC D 5 e kS —120* 2 *ya*xyh 40
TE*T D*Yes YpT 0% 64k kY2 k3 —Axad xy xy FEO R Sy
c*tID 3 5 w3 —80xxd xx Yo*Yp
ve*Up +8*x05*308*il)75;xé*§%*yé*yi*r 40*{5*?*%C*gD+134*x%*x%*yé*y%—
Kovghmatong *Z%H*xé*x%*y%*y%g16‘5xC?IxD*ZZ§ZZS +2ral el ey
1806y 5 CHTH*YERYH+205TC*TD go 70 4 KYSrYH—
236*xé*$%*gg*%’3;%2iixfmj fygfyg +20*xé*ID:yéij3;22§izg 1215) +y52*$é*
4()*x40*xp*yc*yD_ o « 7+8*xé*y(;*yp_ *Lo 5C 3D 601 %
EHFYD 12853 * T p*Yo*yh Lyt + 225t xydkyS+1 ¢
264*xé*1‘D*yC*yD A 4 g3 5y —96* T *yo*yp+ 03 4 e85y +40%
4 8 1O *yé*yD—6O>x<xc Yo*Yp 3 s syt —20% X *x T HRYS*YT, )
Yoryp+ 9 T Alsrh syt —D0% T * L) * Y D 3 e sy 51yt —
&xyh— 128w xycxyp+4lxxs D, G xyloyh+160% s x ) Yyl L
Yo*Yp ¢ Soxayrybxyn —80x 1 x kYR D, 5 kw2 ey +
eyl xyh —160% 28« ] *yl*y A St xyS oyt +80xad krh *yd L
To*Tp*Yo*Yp 3 522 kyS ky — Ak T pRYS*YD E I - B N
3 w3 x2/° —40*$C*xD Yc*Yp 3 2 g4 4—|—224*l’c*xD*yC Yp
200528« xy2 xy?, 3 sex? wyd S —128% 2w wydsyd) g 5 w5 —
2y D —A0%xd kT Y Sy 5 S xyh—152xxd % pryd*y?
165zt * 2 *ytxyh Y Lxyd +64xadxx pryl*yh s 3 T
2 .. 2 6_16*xC*ID*yC Yp 3 4 4_72*xC*ID*?JC*yD
148sxx3 x 1% *y2xyS, 3 &xyS +96x 1 %2 prydryT, 3 8wyt +88%
kYD + 176k 23 xx prylrys 3 sy — 20k 33 xySkyh
24*x%*xp*yc*yD 3 2xyS —T2x 1 xx prycxyh, 3.3, .5
Sxyn+184xx? kx pryZ xyS ) Soxyoryl +64xxd Yy xy?)
188*"5%”17*%*%3 EFYD = 16xat kYl yh + 136 %2 %y *yp 2 528 sS4
3.5 5_160*xc*yc*yD_ 030 7 9013 *ys F28* kT *YS YD
To*Yo*Yp 5 Sy kyS + 2% 28 xycxyl ¢rop i =ora 6 w12, —40%
—100% 2 *ye*y) & Th D20xx g x ] *YS kYT
Adxaxyzxyh—10 G G on 2 +88xaZ k) xydxy?, P —80x%
5 w7 —8*TLFTHFYCHYD G R re e — 42 *Tp*Yo*YD
A g x T *yL*Yp 2w b ryt oyl +40%2 %23 *yLxyS g I 5 k3 — 80 %
Zxapxydxyd +110% i x ] xydxy 2k y2 kYD 2452 %1 YL Ky
e b Stusinrh gt - Serbarbinbnh s20rk
TERUpRYERY ] BLRTEHT*YL

3

2 w2 w2 k3, 92
3 2 4 G*y _4*1;0*]}13 cTYD

xc*xD Yo D

2 s2 %8 128 %
2wy Hkyn+40% a2 %12 vy 1y
2w ybxyh — 60522 %22 %Y Y 5 w1% — 280
x?;*x%*yé*y%+14*x%*%*y%iz€ +288*§%*m*y?:*y%+8*$%2*xD*y03*fyD5 48
g Lxy —136xx2xx prylxyl, 5 Sy L +56%TL % T p*YS Y
TE*TD*¥Yo*Yp 9 &y b +100%z 2 xx pryd sy b 7 s+ 2Lk +
5 4. 6_32*;130*:L‘D*yc Yp 2 Bt — 16w *YoFYDH24%TE*Y ARy D
To*TD*Yc*Yp 5 sy D +-4xrd xySxyl [ 2 syd xS + Ak
5 2 4 6+16*xc*xp*yc Yp 5 veuB A2 *y4*yD+174*xC Yo*Yp
l’c*'ID*yC YD ) 5 7_96*$2 *yC*yD+ crIC 2 2* 6 —16x%
Sxyp—16%xd xydxyl, Crre 2xy2 oy + 245t xyd xyf)
2052 Ye*Y 2 8 O 162 kyeokyp +42% 27 % Y2 <y DRYEFYD—
Zxysxyt —140x a2 %y xyh — ¢"IC w2 kY xyh +dkroxad vyl 3
Teryeryp SICT KL RYCKYD — IO pRYCH; DRYERYDH—
2 D+ dsal«y? —8xwoxal xyl by xyh +40xxoxah xyLxys,
To*Yo*Yp ¢ kY ky —20x Tk} YSHYS 3 syl skyn+
5 ,,.6 2_32*xc*$D*yC Yp 3 sl x 3+4*$0*ID*yC Yo
8*To*TH* Yo kYD 4 Lad 4—56*xc*$D*yC Yp 3 D s —
20%xoxTp*Yo*Yp Dyl y? — 56T o* T RYSFY D 2 B 1
Drylocyh —16xroxat xyd oy 2 xyloxys — 1ddxroxad xySxyh
HN2xxe*xp*ye*yp 2Ry xyh +40xToxTH R YL * Y 2 sk xS 4
DrySxyh —dxroxrh xylxy?, DxySryd —T6xx ok h*ylxy?
Bk To*xTH*YSH*Yp 2 B D —16xzoxxh*ys*yy 8 sk — 48
2 xylxyh +184xxox a2 * Y2 Y, QxYD +32%To* T pHRYSHY D
dxTox XD *RYo*YD 2 KYB YD — 8K T KT pHRYLHYS 6 gyt — 8%
2 RYEHYH—8*kTox T * Y x Y, Sxyd +1125x0oxaprydxyl,
20xzoxTp*Yc*Yp 7 3+32*x0*$p*yc*yD 3wl —Ax
Ly —20%zox T p*YLxyS &xyS —64xx ok pryl oyl
TC*Tp*Yo*Yp 2 xy%H 42005z ok prYL*YY 5 w4+ 56%
2Ky — 228K T * T DRYSKY o Sxyl +16xzo*xyd*xyl,
To*Tp*Yo*Yp T 1)) — 24k L oK yL *Yp—12xxo*xys*xyp 2 s a8 %
Syl +16kxo*yl*yh— A )Yy —20%roxygxyd +
ToxYo*xyn+ 14y — 06k eyt *Y T T2xTo*Yn*Yp =Y Qb %
oFYp—Axroxyexyh—96xx0 < Syl xyh+asahxydryp D
To*Yc*Yp O xyB +4xxl xylxyp+4xal xyl, b 2 4oyl —28%
oA rhxyRyp— 2k Rygtxal, HaySoryh +1dsat xydryh+ahryd 3
Yot D Yo CHYD —Axahxylbxyp+8* T ¥yexyh 2 3 kydxyp 8% x
oY AT RyLRyH —Ax TRyl Coryh A hxySoryh —Axrhxylryp 2
YerYptTARTD 4 o7 sz’ xyeosyp+4xh *ye 2 xyL0%ys —16x 1% *
4 il s —Axx *Yo*kYp+ no7c 3 w2 x 5+4*$D*y0 Yo 6
TpH*Yo*Yp Droq 40% 2%, 548 *Yp+20%ThH * Y2 kYD 2 T Ak syl
S xy? + 16523 xylxys — D SC 2 xyLxyh —24xxd xylxy?, D¢
Yo*yp+ S 2x 2 xS *Yp—16+Tp*yc*yp 9 wq3 —16*xxp*ye*
QkyP +24x 1% x Y2 xyh + S prYcH] 22 *yé*y%+4*xp*yc*yD4 5
§§+66*x%*y%*y%—68*9”D*340*%D_+16*x§*y2*y%—40*@*1/2‘*%*4*“%
Yb+24xzpxylxyh+8*Tprylxy,



277 CERTAIN CONCURRENT CIRCLES IN A COMPLETE (QUADRILATERAL

Yp+ 725 pxylxyp —56xxp*yLHyH + 1651 p* Yl kY +Hyexyp — dxylHkyp +6xyex
YpHAxyloyp —Axylryn —16xygryp +yloxyh+ 24y sy — 165yl sy h+Axyt sy ),
and

yr = (dxadxydxy® — 65l xy2 vy b+ 2% xyoxyd — 1650 %1 p*rydxyd, +20% 02 %1 p*
Y xyS —Axalxx pryloayh+HAxadkybkyh — 225wy kY + 2651k yd xy, — 8k xdk
Yoxyh+24xx b xydxyt — 18xxdxahkybkyh —6xx g xah xydoxyS —12xx xw pryd
YH+66xxt %z pryt kYD —66xxExx prydxyS +12% 1k p YLy b+ AT b kYL xy S — 8%
Txysryh—12% b xyloxyd +Ax bk ydxys +42xrt xyd xy S — 425wl xyZ oy L+ 12528 *
Yoxyp —16xaxahxyloyh —8xadkuh kY kyp+ 24T AT HRY CHY H 125 R T RYE*
Y3 —64xxd xxh xyd xy b+ 3252 k1D xy s kYD + 2053 x 1%,y xyS — 16x 23k pry S x
Y2 +32% 2k x p*ySoxyS + 28 % kw p Ry kY H — 165 3Lk T p R YL YL — 925 TP kT pRYS*
YO+ T6xxekx pry oy — 1252 kw pry oy b+ xyl oy — 20k xd xydxy S +28x %
Yoy H+125xd kydorxyd, —12xxd xydkyS — 3dsad xyd xy % +30xad xydky L, —8xad xy ok
YO+ axalxa ] xylryh +225 0tk xhxySokyd — 26k r ik ahxyS oyt — Al xxd xyloryh +
16522 xxh xySxy? +40% a2 23 xyd vy — B2+ x2 k' wyboky D + 2452 x 1% *yLoxy hH—
48«2 k1 bk ySxyD — 2251 x 0% xyS wyd + 24k xZ kb kYR kyS +58x 1 x 1% xyd xy T, —
14xx2xxh xyt oy —22x 2 %1% * Y2 xyS — 12522 xx pxyLxy ], +60% 12 52 p*yS xyS) —
84xxZxx p*yd oy —20% 2% k1 pry kYT +36% T2 T p* YL Y H+50% 0L kT pRYLFY D —
34xxZxx prydryd +adxadxx prydayh —10%xi xS xyd +34x 0% kY2 xyS — 38xxZ kY *
yh—Axxlxydxyd +14x s xyd oy + 10522 xyd xy S —8x 22 xy2 vy b+ 2512 xyoxy$ —
125k *yLxyh +12% ok ahxylxyd +-6xro*xxhxybxy s — A2 xoxahxySxy + 36
ToxxhRySryh—16krokrhxySryd +32xxoxah xylxy ) +8xroxahxylxyd —16xr ok
oy ryd —8xwoxrhxylxyt —32xx ok xyR kY +32x ok h xydkyD + 125w o 0%
Yy —60xxoxah YLy, — 2% T ok T YLk Y H +84xr o kYL y D + 18k w okt kYL x
Y3 —36xxoxah YRy — 28% T ok T h x YLK Y HHARTox T *YLxy D + 8% xR Ty kY +
205 T *T pRYLFY H—O8FT T p*yS kYD +TO*To*T pry kY +4% T ok p*yd oy H —28%
TO*RTDHRYEHY L —8*To* T p* Yok YD +A*To*x T p* Yy — 25z oxylxyh + 145 xoxyd*
y5D—3O*xc*y%*y%+26*xc*yé*yg—S*xc*y%*y%+2*x% *y%*yD—Q*:EGD *yé*yZD—Q*
xSy p+ 105 xylxys — 8k rhkyS oy +dxa by xyh — 8k rh*yPky s — 2% 1] *yS *
yp+aAxrhrylxyh+12%rhxySxyd —10xx Dk y2 vy h — s xydky s +20% 13 *ySkys +
253 kY2 xyp—28% 1% xyLoxy ) — 105} xylxyd +12xxh ky Sy + 12523k y oy — 4k
rhxyloayd — 1053 xySkyh + 34 rh xyLxyh+ 25 % kyloxyh — 38% 1% xy ok yh — 8x % *
ySryd 4+ 14xrh xy2 xy S + 10529 xy2 kY h — dxxh ky bk yD + 2% pryS oy — 145z pry Lok
yh+30%z p*yl oyl —26xx pxydxy S +8xx prytxy b+ 25yl kyH — 8% ySxyd +12xy 2k
Y% —8xydxyh+ 2%y xy5) /(28 xyS —8*xlxx pryckyh —dxxlxydxyS +8xxl kyc*
yh —8xxlxy® + 28l xxh xyl xyS +20x28 w1 pryd xy — 40%xl kx prydoxy S +48% 28 x
TprycryhHART YLy h— 165yl myp +A0k e wyg oy —ABxa gy ooy + 2653
Y, —B06xxdkrh kS ky? —40%xd x T h * YLk y H+80% T2k D xyS ky D — 1245w, % 1% Ky, *
Y =8k xx pryd kY +32x L xx prysky s — 116xxL %2 pryxy D +168x 1l xx pryd*
YO — 1122 kx prycky b —Axxdxytkys — 1652k yd oyt +8xxlxyd vy b +64xxd xy2
Y2 — Akl xydxy? —120xad k2 1yl + 112522 kyoxyh —4dxxd xy +T0xxd x 2] * Yok
Yp+40xxg k) xylowyh —80xag xah wylxyp + 180xa k) xyl oy +dwagxah wylox
yh —16xxlxxhxydxys + 1345zt x 1% %yl yh — 236 %1 x 0% x Yy 1y +204x xl k1% *
Y&y +20% 2 xx p Y2y +24xx bk x p Ry kys — A0 TE x T p*YSxyS — 96 x 1l kT p*
Yoy +20% b x 1 pryd xy 4+ 228 % x k1 pryd YD — 264 x 1k x pxyZ Yy + 128 x 1k *
Tp*Yoxy h+8x b xyS oyt —32xx b kYL xy D +62x T Exy by + 245wk y by h —60% T *
Yy D — 965wy xy D + 2251wy xyS +160x k2 xyS — 128« x bk ycxyh+41xwl*
yS —56xxd xxhxyl xyd —20x w3 x bk ySxyd + A0k x b kY2 ky D — 16053 % 1Ty bk

yh—80xxdxxh kyd oy + 160k xa xydxyt — 20052 k1% xyd xyd —40x 2k h xy S x



BENJAMIN LEE WARREN 278

yp—dxadrrhrylryp +80xadkrhrylryp 1651tk rhryl oy —40xrd kT Ry Ky —
1282, %22 xyl sy b +224% xd x b w yd xyS) — 148x 18, x 1% % y2 xS — 16 % 23, x 1 p Yy L *
Y +64x 3 xx pryloxyt — 15233 xx pryl xyd — 24xxd w1 pryl oy + 176513 %1 p*yd*
Y% +96% 22 kx pryl kY h—T2xxd % x Ryl xy L — 1885wk x p Yy kYD +184% 12 xx pryZ *
Y9 —T2xad xx prycxyh —20xxd xyS xy ], +88% 1 kydkyh — 16023 vy xyS — 165 *
Yoy h+136xxdky oy D +64xxd xydxyd —4dxxd xydxyd — 100k xyZ xyS + 72528 *
Yoy n—20%xzd xy® + 2852 %28 xy Syt +Axad xxd xyloky p —8xaxd k) xy Sy +88x%
2 xxhxydrys +20x sk 1D xyS xyh — 40k r i xx b xyd ok yD + 110522 x 2] *y oy H+40%
rZxxdxyloxyd —dxaZxxdxylxyp —80xrixrd vyl oy +16x 0203 xy xy? +40%x 2 *
Ty ky D+ 2452 k13 YRk y S —80x T Lk D Ky doky b+ 84k T kT xS kYD + 8% 1Lk 0% %
yS Yyt —32x a2 xx xyLrys +132x a2 x 0% xyS oyt — Ak xl xxd xyl xyd —200% 1 x 1% *
YoxyDH+ 165 1E x1h *y2 kY +92x 2 x 1%k y Lk y S + 14xxs v 0% xyl ok y T — 60x T2 % 1% *
YYD +40x a2 k13 xyZ kY + 28502 %1 pry Ly —136x a2 % prylxyf +288xxi xx pk
Y2 HkYH+8x Lk pryd oyt —280% %k x prytoxy — 32 i xx prylryH+ 100k 1 p*
Yy b +56xx ik pryd oy —A8%xZxx pryd oy +16xr ik prycry -+ AL xySkyH—
16x 22 xylxyn+24xx 2 xylrys +20% 22 xyS vy, — 16522 xy2 vy, — 965 22 5y 2wy D)+ 4%
r2xydxyS 1745 xtxybxyS + s a xybxyh — 140502 kY2 xy b — 16x 02 y2 1y +42%
r2xyiryS +24x a2 xy2xyS — 16502k yoxy b +4xri xS —8xxoxahxylxyp —28% 1ok
x%*yg*y%+4*xc*x%*yg*ylj—S*xc*x%*yg*y%—32*:)30*:135’D*yg*y3D—QO*xC*m‘b*
Yyt +40%zox 't xyLxyd — 20xw ok ah xylkyh — 20k wox T H*Yd Y — 56x TR Th *
Yoxyh+dxroxrdhxylxyp+112xxox ) xySxyt — 16xxox s *yS kY% —H6x T o * T3 *
Y2 HYH+16xzoxxh*yd kYD —8x ok xydxyh —dxwokrhxyP oyt +40xx ok T * YLk
ye — 1ddsxoxa byl oryh +dxwoxahxyS xys +184xx o 1% vy yh — 165z ok 1% % Y2 *
Yo — 16Tk T 0 %YL xyS + 205w 1D kY Sy — 8k TR T2 K Y xY D —8*T kT pHYLFYS +
32%xo*Tp*YL Y H—A8x Tk pRYLFYD —20% o * T pFRYL YD +32x xR pRYSFYS +
1125z oz p*yS oy —8xxoxx pryd sy h — 228w oxx p*yd sy + 2005z ok p*ydkys —
64%xo*T pxye*yH— Ak Tokysxyh +16xzoxylxyd —24xwoxySxys —12xroxylxyl,+
16*xc*y%*y£+56*xc*yg*y%—4*xc*yé*y8D—96*xc*yé*y%+72*xo*yg*yg—20*
gnc*yg*y%+x%*yg—{—él*xg*yé*y[)—Q*x%*y%—l—él*x%*yé*y[)—l—él*x%*yg*y%—l—él*x%*
Y& xyp —8x T kY kyh +Axx) ) ylkyd — Ak xh xyLxyp +8xxh kYl xyh + 14kt x yS *
yh+ahxyl —28xx ] xylxyh —dxah xylxyp+14xxhxylxyh +Axrhxylxyh —dxxd
Y& *xyp+8*xh xSyt +16xxh xylxyd —A40xz xySoky h+20% % kyd vy D +4xad xyl 0%
Yb— 16xx ey oy, + 245y wybosyp + 2+ hxyc oy — 16xah sy lonyy —24xa ]y ky Loy +
4zt xyS oyl 466522 xyS xyt —68x D xyd xy 2 + 24k xh xydkyS +-dxx prydkyD —16%
Tp*yYsxy L +24xx prylxy +8kx pryLxys —16xx prylxys — 40k pryS oy +dxx px
Y2 FYH+T2%x p*y2xyD —56xx prytxyS + 165z pryd sy b +ySayh — Axylxyd +6xySx
Yp+Axyloyn —Axyloyh— 165y sy g sy + 245y oy — 16xyeoy h+Asyt oy ).
One can then verify that H lies on all three circles since we substitute the above
values and calculate that

(@ = 1/2)* + (yn — (& + (xc — 1) x20) /(2% yc))? — (1/2)* = (2 + (wc — 1) *
zc)/(2*yc))? =0,

(@1 — (wp *ye —zc*yp)/ (2% (yo —yp)))* + (yr — (e * (Yo —yp)* *yh — ((wp *
Yo —xc*Yp) * (—To *Yp +Yp +Tp*yc) — Tp * Yo * (Yo — yp)) * ((xp * yc — o *
Yp) * (—xc *yp +yp +xp *yc) +Tp *yo * (Yo —yp)))/ (4 *yo * (Yo — yp)* * yp *
(—zc*yp +yp +2p *yc))))® — ((xp *yo — xc *yp) /(2 * (yo — yn)))* — (¥ *
(Yo —yp)* * yp — ((xp * Yo — To * yp) * (—xc * yp + yp + Tp * Yo) — Tp * Yo *
(ye —yp)) * ((xp * yo — xc * yp) * (—xc *yp + yp + Tp * yc) + Tp * Yo * (Yo —
yp)))/ (4 *yc * (yo — yp)? * yp * (—xc * yp +yp +2p * yc))))* = 0,

and
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(zg+(((2xzc—1)*yd —xh +4xxd, —5xa% + 2% xc) %yl — 2% yc* ((xp+2% 1o —1)
yE—(voc—1)**(2xxc+1)*xp+2%(xo—1)*xx0) *yD +y2* (d*xp+2% 10— 1) *y2 —
2% (zo—1)*xp*((3*xc+2)*xp—x0—2)+2% (20 —1)**20) * Y% — 2% T p* Y2 * (Y2 —
2xxpx(xex(xp+1)—2)+xi—1)xyp—(xp—1)*x%h*(xp+3)*ys)/(4* (yp —yc) *
(70 ey — (201 ey (1) ey — e )+ (gar— (1) (2o
dxxo+3)xyd+(vo—1)?x22)xyh,— 2% (xo— 1) *xyc* (((3xxc—4) xxp+2% —2% 10+
3)xyz+(vo—1)*)xox(xptxc)) xy +yé*((2xxpx ((3*xc—4)* T p+ 3% 2% —8* w0+
6)+3xxc—3)*yd +6%(xoc—1)>*xc*xxp)xyh —2*xxp*yd*x ((xp*(xp+3*xc—5)—
ro+2)xyd — (o —1)*sxp*(vp—3xx0+1)— (vc—1)?x20)*yp+2% (xp —1) %1% *
ye—(ro—1)*(xzp—1)*1%x(xp—2%xxc+1)*yh)/ (4*ycx(yp—yo ) ((xc—1)*yp —
(xp—1)xyc)*((rc—1)*yp—zp*yc)?))? — (wo+ ((2%xc — 1) xy2 — 28 +4* 1 —H*
22 42%xc)*yh—2%yox ((xp+2xx0—1)*y2 — (xc—1)** (25 xc+ 1) xxp+2% (v —
1)?xxo)xyd+yd*((dxzp+2xxc—1)xy2 — 2% (xc—1)*xp* ((3xxc+2)xxp—T0—
2)+2x%(xc—1)?xx0)*yh —2xxpryd* (Y2 —2%xp* (vo*x (xp+1)—2)+a% —1)*xyp —
(xp—1)xap*(zp+3)xyc) /(4% (yp —ye) +((we —1)*yp — (zp —1)xyc) ((zc — 1) *
e ) (v (re—1)» (20~ Axrc-+3) eyt (s 1)Pwa) vy 2o
(xo—1)xyox(((3*xc—4)xxp+a% —2%20+3)*y2+ (v0—1)?*xc* (Tp+T0)) *YDH+
yix((25xp*((3xxe—4)xxp+3%2% —8%xx0+6)+3xx0—3)*y2+ 6% (xc—1)>xz0%
zp)*yh—2xxpxysk((xp*(xp+3*xrc—5)—rc+2) %yt —(vc—1)**)xp*(xp—3*xxC0+
1)—(zc—1)*xxc)*yp+2%(xp—1) 2% xys — (v —1)x(xp—1)*xh*(xp— 2%z +1)*
Y& )/ (Axyex(yp—ye)*(xe—1)*yp—(xzp—1)*xyc)*((xc—1)xyp —xp*yc)?))* = 0
as desired. O

Theorem 2.2. Let A, B, C, and D be the vertices of a given quadrilateral ar-
ranged counterclockwise.

Let line AD intersect line BC' at point E.

Let line AB intersect line C'D at point F.

Let G be the midpoint of A and C.

Then circles BEF, AFG, and CEG are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
D has coordinates (zp, yD)

E has coordinates ((zp *yc)/(—xc *yp +yp + Tp *yc), (Yo * yp)/(—xc * yp +
Yp +Tp * yc)).

F has coordinates ((zp * yo¢ — x¢ *yp)/(yc — yp),0).

G has coordinates (z¢/2,yc/2).

Circle BEF' is given by the equation

(z = ((@p *yo —xc*yp)/(yc —yp) +1)/2)* + (y + (¥& + (zc — 1)* x xc) * v, —
yox (Y& +2% (xc—1)**xp)*xyp+ (xc — 1) * (xp — 1) xxp *xy2) /(2 *x yo * (yp —
yo)* ((zc — 1) *yp —zp*yc)))* — (L — ((xp *ye —zc *yp)/(Yc —yp) +1)/2)* —
(W& + (zc = 1)**20) * yh —yo * (Y& + 2+ (xc — 1)* x2p) * yp + (vc — 1) * (zp —
1) xxp*y2)/(2%ye * (yp — ye) * ((zc — 1) * yp — xp * yc)))? = 0.

Circle AFG is given by the equation (z — (zp *yc —xc *yp)/(2* (yo —yp)))* +
(v — (o)A — (ve * (50 * yo — 7c * yp) /2 * (g0 — yp)) — 70/D) /50)* — ((#p *
yo —xc *yp)/(2* (yo —yp)))? — (Yo /4 — (zc * ((Tp * yo — xc * yp)/ (2 * (Yo —
y)) — 7 /4)/yc)? = 0.

Circle CEG is given by the equation (z — (((z¢ + 1) * y& + 22 + 24 — 2 % x¢) *
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U — o <+ (—2% — 2) x 2wy /(A (e — 1) yp — 2 ge)))+ (g + (o —
2% 20+ 3) xyi +at — 2% xd +13) xyp — (xo — 3) x xp * yp — (vo — 2) * (wc —
Vxzexxp*yc)/(dxye* (xc—1)*xyp —xp xyc)))? — (vc — (((xc + 1) xy& +
xd+a% —2xxc)*xyp —xp*ys + (—25 —2)xwp*yc)/(4* ((xc — 1) xyp — xp *
ye)))? — (yo + (2% — 2% xo + 3) * y + b — 2x a2} + 22) *yp — (xc — 3) * xp *
v — (xc —2)* (xc — 1) *xo*xp *yc)/(4*yo* (xc — 1) *yp —xp *yc)))* = 0.
Consider the point H whose coordinates are given by
vy = (2 —1)xyd+ (2% xc — 2522 ) *yd — & +dxxd —5x b + 252 ) xy ], + ((—2%
To*rp—2%T5+2)kyp+ (2% 23, — 2% 2%+ 2% w0 ) xxp — 2% X+ 2% T2, + 2% 0L — 2% 10 ) *
v+ ((4xad —18xx}+22%xd, — 8*xc)*xp+2*xc dx s +2x 28 ) xyo) *ye + (2% +
dxxoxap+ri—1)xyd+((—4dxad +4xre—2)x x4 (2xxd — 2xad+ 2% x0 —2) * T p+
25wl —2%xx8) xyb+ ((—=h*al +28%x, — 30k 22 +8x 10 ) %1% + (—2% 1% — 2% Tf + 6 %
—2x2%)xxp+al — 2522+ 1t )k yd ) xyD + (—2x2% —2xxc*xp ) * Y&+ (2% 20 —
2)*x?’D+(2*a:QC—2*Q;C)*x%+(—4*x%+4*x%—4*xc+2)*xD)*yg—i—((Z*a:%—18*
T2+ 125 x0) * ) + (dxxd — 2% xd +4xxl —dxxe) kxh + (= 2%l +4xwl —Adxxd, +
Q*xc)*JCD)*yC)*yD—i—ID*yC—i-((Q 2xx0) kx4 (2% 2L — 2% w0 +2) * 2% ) *yS 4 (4%
roxxh+(—2%xd + 2% 2k — 4*xc)*xD+(xC 253+ 2522 ) x 2% xyl) /(25 42 %
ro+1)*yd+ (25wt —4xad 4+ 2% % — 4*xc+4)*yc+xc 6+ + 13%xd —12% 23, +
4*xc)*yD—|—((( 2xx0—2)xxp—2%x% —4xx0—2)*yS+ ((—4*xxd+16% 1% —8xx () *
xD—4>|<:BC—|—4>|<xC 4*xc+12*$(; 8) kY + ((—2%xd + 18xwt — A8* x}, +48% w2 —
16%xc)*xp —2%28 4+ 8% 1y — 10*xc+4*xc)*yc)*y%—|—((:17%+(4*.:E0+4)*:BD+$2C+
2xx0+1)*xyS+ (2% 2% — 16520 +8) * 1% + (8%, — 20x 2%, + 16520 — 4)*35D+2*a:c+
2x2% —8*xwo+4)*yh+ (v —16%xd +56 %% — 56k x0+16)* 2% + (d* 0y — 24528+
4O*x%—28*x20+8*xc)*xD+xGC—2*x%+xc)*yc)*yD—i—((( 2410 —2)*Tp — 2%
3 xyl+ (dxad + (—4* 22 +20% 20 — 16)*xD+( 4*xc+4*xc 8*xxc+4)*xp)*
Y2+ ((4xx% — 2410+ 16) % + (=252 +20% 28, —40% 22 +40x 20— 16) * 2% + (—2%
T2 4+6xx} — 8w +4x2% ) xxp )}y ) *yp+rh*ys+ (2% 2L —dx w0 +8) 1%, —dx ) ) *
Yo+ (dxah + (—dxxs +8xwc —8) 1% + (v — 4x 1l + 8% 2% —8xwc+4) x 1% xyk)
and
Uit = —(2eyo(h—ah+r0— L) kg brh—Brbot B ) sy + (B4 2x
ro—1)xxp—ad 2%t —3xxo+2)xyd+((—3xxb+10xxd, — 1152l + 4%z o) xxp—2d+
2kt — ) kyc ) xyd +((3xxo—1) 2%+ (3xas —dxxo+3)*xp— 2%+ 2xx0— 1) %yl +
((Bxad —13xai +14xwc—4)xxh+(3xal —dxad + 2l ) xwp —xd +2xad — a2 *y2 )
yh+((—2h+(2=3xx0)*1h+ (2520 —2) 2 p ) *yd+ ((— 12 +8% 20— 6 ) * %)+ (— 3%, +
2512, — 25w+ 2)k1h + (2% d, — 2xx% )k p ) xyd ) xyp+ (23 —1h )y 4 (= 2xxh + (22 +
2)xx%, — w2 xx9))xyl)) (22 42xx0+1)*yd+ (250l —dxxd +- 25202 —dxx o +4) *y2 +
28 —6x2% + 1352 — 12528 +4x22 ) sy L+ (= 2x200 —2) %2 p— 2% 0% —dx w0 —2) %Y+
(4l +16x2L —8*x o )*x p—d*rd+4xad —dxat+12xx0—8)*xyd +((—2xx +18x
—48xx},+48% 1L —16xxc) *xp— 2% 2% +8x 12, — 10k xlt +4* a2l ) xyc) *yh + (2% +
(dxxc+4)xxp+ai+2xxc+1)xyS+((2x22 — 16520 +8) x5 + (8% 1L — 20 %22 + 16 %
To—4)*Tp+2% T+ 2518 —8xxo+4)*yd+ (2 — 16522, +56 %1% — 5651+ 16) %1%+
(4l — 245} 4+-40% 23, — 28512 +8* 10 ) kT p+a8 — 2% 22 +x k) xyd ) *y b+ (((—2xx0—
2)xx p—2%1% ) kYL (4x ) + (—dx a2+ 20%10—16) k0% + (—d*ad+-dx 12 —8* w0 +4)*
rp)*yd+((4xxs —24xxc+16) %23+ (=251t + 20523, —40x 2%, +40%r 0 — 16) x 2%, +
(—2%x2 6%z — 8%zl +4xxl ) xxp )%yl ) *yp + 1% xy2 + (2% 22 — dsx o +8) %) — 4
o3 )5k yS + (dxah + (—4Axxd +8% 10 —8) ) +(xl —dxxd+-8x 2% —8xxc+4)*1h ) *xyd).
We verify that H lies on all three circles since we calculate
(((xZ—1)xyt+ (2% x0—2%2L ) *yd —a +4xad — 5xal 4+ 2x 2l ) vy b+ ((— 2%z ok wp—
2% 224 2) xyd+ (252}, — 2% 2242520 ) % p — 2%+ 25 T+ 2% xE — 2% 1.0 ) ke 4 ( (4%
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12— 18%x +22+ 1, — 8% a2 ) xx p+ 2% 12 — Ak xt + 2523 ) xyc ) ¥y + (2% +dxxo*r p+
22— 1)xyS 4 ((—4*xi+dxw0—2) %02 + (2% 13, — 2% 02+ 2% 10— 2) %1 p+ 2% T — 251, ) *
Yo+ ((—5%zt +28xxd, —30% 2% +8% 10 ) %1% + (—2% 22 — 2% 2+ 6% 28, — 2% 1% ) x 2 p+
28 —2xxd+ah ) xy2 ) xyh+ ((—2x2% —2xxo*xp ) xy&+ (2% w0 —2) % %) + (2% 25 — 2%
ro)*rh+(—4xad 4k rl —4xxo+2) %1 p ) xyd+ (2% 2 — 18% 22 + 1252 0) x5 + (4%
Th =242 A Ak aE —dxx o) *xh 4+ (=252 H Ak wt — Axxd 4251 ) kx p ) kYL ) kyp + 1 *
Yo+ ((2—2%x0)*xh + (2522 — 2% w0 +2) %1% ) x Yy + (4w ox ]y + (— 2%l + 2% 12 — 4%
wo)*xh+(xg =238 +2xaf ) x2h ) xye) [ ((ag+25x0+ 1) *yl+ (2520 —drag +2+
12 —dxxo+4)*y2+al —6%rd+13xxh — 12x 23 + 4% ) xy b+ (((—2%x0—2) %2 p— 2%
12 —4xro—2)xyd+((—4*xd +16%1% — 8% w0 ) *xp —dxxl+ 4% xd — A% 1l +12% 10—
8) s+ ((—2xxd +18%xl —48%xd, +48% 1% — 16% w0 ) * 1 p — 2% 28, +8x 22, — 10x 28 +
dx23 ) xyc)xyd + (% + (dxzo+4) s p+ad+2xx0+ 1) *yS + (2% 2% — 1610+ 8) *
4+ (8xxd, —20%2%+16xx0—4) xx p+ 2% 1 +2x2% —8xxo+4) *yd+ (v — 16x 2+
5622 —56%rc+16)* 2% + (4% xd — 24 %28 +40% 1, — 28 %22 + 8% ) *xp+ 2l — 2%
rl4xd) xyd ) xyh+(((—2xx0—2)kxp — 2% 2% ) *y L+ (453 + (—4x 2%+ 20x 00— 16) *
oh+(— 4kl +4xxl —8xxo+4)*xp) *yd+((4x1h —24x 10 +16)x 23+ (— 2% +20%
13— 405 2L +40% 20— 16) x 2% + (—2% 22+ 6538 — 8x 8 +4x 2L ) x 1 p ) %y ) xyp +1% *
Y+ ((2%x2 —4xxo+8)x a3 —4xwd ) xyS + (dxah +(—4*xxh +8xw o —8) kx4 (1 — 4
wt+8x 18 —8xxo+4)xxh) *yl) — ((xp*yc —xc*yp) /(Yo —yp)+1)/2)*+(—(2xyc*
(((zd — 2% +xe—1)xy2 +a—3%xh+3xxd, —ad)*yh+ ((—3*r2 +2%xx0—1)*2p —
42522 —3xxo+2)xyd+ ((—3*xb + 1052y, — 1% 2% +4d*xo) % Tp — T2+ 2% T —
) xyc)xyh+(((3xxe—1)*a% + (3xxs —dxxc+3)xxp— i +2x 10— 1)yt +((3%
rd—13%2i+14xxc—4)x 1%+ (3xxlh —dxad+ a2 ) xxp —wh+ 2528, — 22 ) xy2 ) xyh +
(=254 (2=3xxc)*x2%+(2xxc—2)*xp ) *ye+ ((—22+ 8% 10— 6) %1% + (= 3% 2L, +2%
1L —2xx0+2)xah + (2% 28, — 2% 3L ) xxp ) *yS ) *yp+ (% — 2% ) xyS+ (=252 h + (25 +
2)xx%, — w2 xx9))xyl)) (22 42xxo+1)*yd+ (250l —dxxd 425202 —dxxo+4) *y2 +
28 —6x2% +13x 2 — 125 2] + 4522 xy b+ (((—2% w0 —2) xxp — 2% 2L —dx w0 —2) *
Yo+ ((—4*xd +16xx2 —8*xc)*xp —4x Tl +4*xd, — 4% 12 +12% 10— 8) *yd, + ((—2%
T3+ 18xxl —48%xd, +48%x: —16xxc) *x p— 2428 +8%xd — 10xx} +4x 22 ) %y ) xyDH +
(25 + (dxzo+4)*xp+a2+2%xxc+1) %y + (2% 25 — 16520 +8) x 1% + (8%, — 20%
T2 4+16%x0—4) %z p+ 2505+ 250 —8xxo+4) *yd+ (v — 16x2d, 45612 —56xxc+
16) %2+ (4xxd — 24% 28, +40% 2, — 28512 +8xx0) % p+ 1l — 2% 22+ 18 ) *yZ ) * Y5+
((—2xx0—2)*xp—2%2% ) *yl+ (45 xh + (— 4522 +20% 00— 16) %1% + (—4* TP +4%
12 —8xxc+4)*xxp ) ¥y +((4x1s —24x 20+ 16) %1% + (—2% 2 +20% 23, — 40% 2% +40%
To—16)xx% 4+ (—2% 2% +6% 2t — 8% xd +- 4% 12 ) xxp ) %y ) *yp + 2% * Yy + (2% 2% — 4%
To+8)xx% —Ax ) xyS + (dxxh + (—4x 2% + 8% w0 —8) x a3+ (wh —Ad* a3, +8x % — 8%
ro+4)x2h)xys)+ (Y& +(xe—1)*xx0)*y% —yox (Y2 +2x(xc—1)**xp)*yp+ (vc —
D*(zp—1)xzp*y2)/(2*xycx(yp—yc)* ((xc—1)*yp—xp*yc)))*— (1—((xp*yc —
zo*yn)/(Yo—yp)+1)/2)* = (v +(xc—1)**x0) xyh —yo* (Yo +2x(xo—1)**xp) *
Yp+(ro—1)x(xp—1)*xp*ys)/(2*yo* (yp —yc)*(vc—1)*yp —rp*yc)))* = 0,
(22 =1)*yt+ 2%z 0 — 2522 ) *yd — 2l +-dxad —Bxap+ 2528 ) xyh+ ((—2xxc* T p—
2% 32 +2) %y + (2% 28 — 2% 22 4+ 2% 00 ) % xp — 2% TE + 2% 23+ 2% L — 2x w0 ) Y+ (4%
12 —18%x +22% 2, — 8% a2 ) xx p+ 2% 1 — Ak xt + 2513 ) xyc ) xyd + (2% +dxxo*r p+
12— 1)xyS 4 ((—4*ri+dxwc—2) %02+ (2% 23, — 2502+ 2% 10— 2) %1 p+ 2% T — 251, ) *
Yo+ ((—5%zt +28xxd, —30% 2%+ 8% 10 ) %1% + (— 2% 22 — 2% 2+ 6% 28, — 2% 1% ) x 2 p+
28— 2%l +xd ) xy2 ) xyh + ((—2x2% —2xxoxxp ) *yL+ (2% w0 —2) * 2% + (2% 0%, — 2%
ro)*rh+ (—dxrd +dxxl —dxxro+2)*wp)*yg+ (2% 2] — 18% 2L + 125z 0 ) x 23 + (4%
Th—2%xp A Ak rE —dxx o) xxh 4+ (=252 H Ak wt —Adxxd 252 ) kx p ) %YL ) xyp + 1 *
Yo+ ((2—2%x0)*xh+ (2522 — 2% w0 +2) %1% ) x Yy + (4w ox ]y + (—2xad + 2512 — 4%
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o) *rh+(xh — 2523+ 2% 2% ) x 1% ) 2yl ) [ (22 + 2520+ 1) xyd + (252 — d* x4+ 2%
12 —dxxo+4)*y2+al — 6%+ 13xxh — 1223 + 4% ) xy b+ (((—2%x0—2) %2 p — 2%
rd—4dxxo—2)xyp+ ((—4xxd +16%x2% —8xx o)k xp — Ak wl +4*wd, — 4xxd +12% 10 —
8)kye + ((— 2%+ 18wl —48xxd, +48% 1% — 16xx¢) %1 p— 2% 2% +8x 1y, — 10% T +4 %
xc)*yc)*yD—i—((xD+(4*xC+4)*xD+xC+2*xo+1)*yg+((2*x20—16*xc+8)*x2D+
(8*:50 20522+ 16xx0— 4)*:@4—2*:60—1—2*950 8*x0+4)*yc+((xc—16*1:0—1—56*
2, —56%10+16)xx% + (dxxd —24%xt +40% 23, — 28*xc+8*xc)*$D+xC 2xxd+
x4c)*y%)*y%+(((—2*xc—2)*x[) 252 )k YL+ (4% + (— 4*xc+20*xc 16)*mD+
(—4*x%+4*x20—8*xc—|—4)*J;D)*yc—i—((4*xc—24>x<xc—|—16)>ka:D+( 25w +20% 13, —
40% 22 +40% 20 —16) %1%+ (—2% 2%+ 6% 28 — 8*xc+4*mc)*m[))*yc)*yD+xD*yC—|—
((2x22 —dxzo+8) %1% —dxxd ) vyl + (4 rh+(—4xxi +8xx o —8)*xh + (v —dxxd +
w2~ 8520 +4)£2%) 1yb) — (£peyo — seryp)/ (2 (g — )+ (ryers (b —
rhtzo—1)xyi+ad —3xxt+3xxd —2l)xyh+ (((—3x22+2xx0— 1)k p — 2k +2%
—3*950—1—2)*y?’c+((—3*w4c+10*x30—11*3:2C+4*xc)*:L'D—x%—i—Q*x‘é—x%)*yc)*
v+ ((3xzo—1)xah+(3xxt —4%xc+3)*wp— xc—i—Q*xc 1)xyt+((3xad, —13xxi+
14sxzo—4)xx%+ 3%z — 4*xc+xc)*xD re 253 — 1) *y2 ) xyd + ((—ah 4+ (2—
3xxc)*1h+ (2%x0—2) %2 p ) xyS+ (=1L +8% 10 —6) %1% + (=3x8, + 2% 2% — 2% 10+
2)kxh+(2xxd, — 2% 2L ) xxp )y ) kyp+ (23 — %) )k yS+ (—2%xh + (2% +2) x 13, — 1% *
22)5xyd)) /(22 +2x 2o+ 1) %yl + (2% 2 —4xxd +2x 22 — dxxo+4) *y2 + 28 — 6% +
1Beah1250d - Awawybyt (Do 2)wip— Dty dsnc—2) syt (it
16%2% —8xxc)*xp— A%y +4xad —4xxt +12xx0 —8) Y2 + ((— 2% 2l +18xx}, —48%
Th4+48xxL —16%x0) xx p—2x2% + 8% a3 — 10k xE+Axad, ) xyc ) xyh + (a9 + (dkzo+4)
Tp+at42xxo+1)*yS+((2x22 — 16510 +8) 1% + (8% 18, —20% 22+ 16%x 20 —4 ) * T p+
252t + 242t —8xxo+4)*ys+ (4 —16% 2L +56%0f —56%xc+16) %2 + (4l —24%
x4c+40*1%—28*x20+8*xc)*ID+x%—2*x%+x‘é)*yé)*y%+(((—2*xc—2)*x[)—2*
x%)*yg+(4*x%+(—4*x%+20*xc 16)*:10D+( 4*IC—|—4*ZEC 8xxo+4)*xxp)*xyd+
(422 —24%20+16) %25+ (—2% 2, +20% 23, —40% 22 +40% 20— 16) %1% + (—2% 2%+
6k 1l —8*xd +4xx2)xxp )%y ) *yp+rh*ys 4+ (2% 22 —dxxc+8)x 1% —d*ad ) xyS +
(dxxh+(—4sri+8*xxc—8)*xah+ (v¢ —dxrd +8xxl —8xxo+4)xx%h ) xyt) — (yo /4—
(e ((xp*yc —xc*yp)/(2* (Yo —yp)) —xc/4))/yc))* — (xp*yc —wc*yp) /(2%
(Z/%—ZJD)))Z—((3/0/4—(900*((xD*yc—%*yD)/(?*(yc—yD))—560/4))/340))2 =0,
an
(22 =1)*yl+ 2%z — 2522 ) *yd — 2l +4xad —5xa b+ 252 ) *y b+ ((—2xxc* T p—
2% 2 42) xyd+ (2% 2}, — 2% 0242520 )k p — 2% T+ 2% Th + 2% E — 2% 10 ) kY + ( (4
12 —18%x +22% 1, —8%x% ) xx p+ 2% 1 — Ak xd + 2523 ) xyc ) xyh + (2% +dxxo* T p+
—1)syS+((—dxai+4xwc—2) %% + (2523 — 2% 2%+ 2% 10 —2) ¥ p+ 2% TE — 2% T, ) %
Yo+ ((—5%zt +28xxd, —30% 2%+ 8% 10 ) %1% + (—2% 22 — 2% x5+ 6% 28, — 2% 1% ) x 2 p+
=22+ T8 ) xy2 ) xyDH+((—2%2% — 2% xo*kxp ) kYot (2% 20 —2) % 2h + (2% % — 2%
To)krh+(—dxad 4k rl —4xxo+2) %1 p ) xyd+ (2% 2, — 18% 22 + 1252 0) x5 + (4%
x4c—2*x?’c+4*x2c—4*xc)*x%jt(—2*91;50—1—4*:(;40—4*3;3C+2*x20)*w,3)*yg)*yD—i—x%*
Yo+ ((2—2%x0)xxh+ (2522 — 2% 10 +2) %1% ) xS + (dxwox ]+ (— 2*x0+2*xc—4*
xc)*ID_'_(IC 2*I0+2*$C)*ID>*yC>/<<<IC+2*xC+1)*yC+(2*IC A +2+
12 —dxxo+4)*y2+al —6xrd+13xxh — 12xxd + 4%l ) xyh+ (((—2%x0—2) %2 p — 2%
12 —dxro—2)xyd+((—4*xd +16%1% — 8% w0 ) *xp —dxxl+ 4% wd —dxxl +12% 10—
8)kyd+ ((—2% 22 +18%xf — 48+ xd, +48x 2% — 16x 10 ) x v p — 2% 2%, + 8% w2, — 10% 3¢, +4%
2 *xyc)xys+ (254 (dxxo+4) xxp+ad+2%xxo+1)xyS+ (2% 22 — 16520+ 8) %15+
(8+x2,—20%22 +16% 10 —4)*xp+2%x}+2x 2% — 8% 1o +4) xyd+ ((xh — 16523, 456 %
T2 —56xxc+16)*%x%) +(dkrd —24xrE+40%x2E, — 28512+ 810 ) *x p+al, — 2% 2241 ) *
y& ) xyh+(((—2%x0—2) %2 p—2%2% ) syl 4 (45 a3+ (— 4522+ 20% 10— 16 ) k2% + (—4*



283 CERTAIN CONCURRENT CIRCLES IN A COMPLETE (QUADRILATERAL

rh 4 dxxl —8*xxo+4)xxp ) *xyd+ (4% 1 —24xx0+16) %23+ (—2% 2 +20% 2, — 40%
2440520 —16)k0h 4 (=25 2d +-6x 20, —8xxd, +-4xad ) xxp ) ¥y ) *yp+a% xyS+ (2%
12 —dxxo+8)xxh — 4k ) vy + (dxah + (—4xxh +8xxc —8) xah + (vl —4dxxd, +8%
v —=8xxc+4)xwh)ye) = ((we+1)xyb+ae+rg —2580) *yp —Tp*ys+(—r6—2)
rp*yc)/(4x((xc—1)*yp—xp*yc)))?+(—2xyc* (23— vt +x0—1) %yt + 28 — 3%
rh+3xxd—1i)xyh+((—3%x2+2%x0—1)kwp — 28 +2x 2% — 3xx0+2) * Y2+ ((—3*
¢ H10%28, — 11522 +dxx0) *xp — 22+ 2% 3t — 13 ) *yc ) vy + (3% zo— 1) %1% + (3%
1L —4xxo+3)*xp—22+2x10— 1) *yd+((3xad — 13522+ 14510 —4) %1% + (3, — 4%
rh 42l ) xwp—xh+2xxd — 2% xy2 ) xyh+((—23 4+ (2—3%x0) *x1h + (2500 —2) *Tp ) *
Yo+ ((—2248%xc—6) %1+ (=351, + 2515 — 2% w0+ 2) % xhH + (2% 2, — 2% 22 ) x 1 p ) *
ye)xyp+(xh—ah)xye+(—2xap+(2g +2)xah —agxah)xye)) /(g +2% 20 +1)
Yot (25xh —4xxd 42522 —dxwo+4) xyi +al —6xad + 135 — 12523 + 422 ) xyH+
((=2x20—2)*xp—2%1% — 45w —2) %y + ((—4* 23+ 16 %1% —8*10) *Tp—d*TE +
dxxd, —AxaZ +12xx 0 —8)xyd + ((— 2% 2 +18% ¢, —48%xd, + 48+ 2%, — 16xxc ) x 1 p — 2%
284822 — 10xxE+4x22 ) xyc ) xyh+ (254 (dxxc+4) % T p+ a2 +2%x 0+ 1) xy S +( (2%
12 —16%x0+8) %1%+ (8523, —20% 12 +16xx0 —4) % T p+ 2% T+ 2515 — 8k xo+4) xy b+
(28 —16%23+56%1% —56xx0+16) 2%, + (4% 2l — 24% 0l +40% 08, — 28% 12 +8* 10 ) *
P St O S e S S T A
20xxc—16) %1%+ (—4xxd+4xad —8xxo+4)*xp)*yp+((4xxs —24xx0+16)* 1%+
(—2xx}+20% 28, —40% 22 +40% 20— 16) %1% + (— 2% 22, + 6% 18, — 8% xd, +- 4% w2 ) x 1 p ) *
Ye)¥yp+aphrygt((20at —Axwc+8)xa], —dxa] ) xye+(dxap+(— st +8xxc—8)x
h+ (v — 4%l +8xa% —8xxo+4) x % ) xylt) + (22 — 2% 2o+ 3) *y2 +x b — 2% 23, +
r2)xyp—(vo—3)xxp*yd—(vc—2)x(xc—1)*xc*rp*yc) /(dxyc*((xo—1)*xyp—xp*
YoV — (20— ((20-+ L)yt b 22—z sy s (2 o) (4
((ze—1)*yp—zp*yc)))’— (Yo + (a2 —2xzc+3)*ye +a¢ — 252 +ad ) xyp—(zc—
3)xxp*ys—(vc—2)x(xc—1)*xxoxxp*yc)/(4xyc*((xc —1)xyp—xp*yc)))?* = 0
as desired. g
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FIGURE 1. Ilustration of theorem 2.1.

D

€

A B , F

FIGURE 2. [Ilustration of theorem 2.2.
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