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1. Introduction

In the year 2000, Floor Van Lamoen made a fantastic observation: that in a
given circle, the circumcenters of the six triangles partitioned by the medians are
concyclic [1]. This circle has come to be canonically known as the Van Lamoen
circle.
Here, we demonstrate the existence of another similar result: that in a given
triangle, the centroids of the six triangles partitioned by the medians all lie on
the same ellipse. Clark Kimberling and Peter Moses remark that this is a special
case of a more general class of ellipses known as permutation ellipses [2]. The
author expresses profound gratitude for their assistance in identifying this ellipse
in reference to their work.

2. Results

Theorem 2.1. In a given triangle, the centroids of the six triangles partitioned
by the medians all lie on the same ellipse.

Proof. Let A,B, and C be the vertices of a given triangle.
Let D be the midpoint of A and B.
Let E be the midpoint of A and C.
Let F be the midpoint of B and C.
Let G be the centroid of ∆ABC.
Let H be the midpoint of A and D.
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Let I be the midpoint of B and D.
Let J be the midpoint of B and F .
Let K be the midpoint of C and F .
Let L be the midpoint of C and E.
Let M be the midpoint of A and E.
Let N be the midpoint of A and G.
Let O be the midpoint of D and G.
Let P be the midpoint of B and G.
Let Q be the midpoint of F and G.
Let R be the midpoint of C and G.
Let S be the midpoint of E and G.
Let T be the centroid of ∆ADG.
Let U be the centroid of ∆BDG.
Let V be the centroid of ∆BFG.
Let W be the centroid of ∆CFG.
Let Z be the centroid of ∆CEG.
Let A1 be the centroid of ∆AEG.
Without loss of generality, we take the coordinates of A to be (0, 0).
The coordinates of B are given by (1, 0).
The coordinates of C are given by (xC , yC).
The coordinates of D are given by (1

2
, 0).

The coordinates of E are given by (1
2
xC ,

1
2
yC).

The coordinates of F are given by (1
2
(xC + 1), 1

2
yC).

The coordinates of G are given by (1
3
(xC + 1), 1

3
yC).

The coordinates of H are given by (1
4
, 0).

The coordinates of I are given by (3
4
, 0).

The coordinates of J are given by (1
4
(xC + 3), 1

4
yC).

The coordinates of K are given by (1
4
(3xC + 1), 3

4
yC).

The coordinates of L are given by (3
4
xC ,

3
4
yC).

The coordinates of M are given by (1
4
xC ,

1
4
yC).

The coordinates of N are given by (1
6
(xC + 1), 1

6
yC).

The coordinates of O are given by ( 1
12
(2xC + 5), 1

6
yC).

The coordinates of P are given by (1
6
(xC + 4), 1

6
yC).

The coordinates of Q are given by ( 5
12
(xC + 1), 5

12
yC).

The coordinates of R are given by (1
6
(4xC + 1), 2

3
yC).

The coordinates of S are given by ( 1
12
(5xC + 2), 5

12
yC).

The coordinates of T are given by ( 1
18
(2xC + 5), 1

9
yC).

The coordinates of U are given by ( 1
18
(2xC + 11), 1

9
yC).

The coordinates of V are given by ( 1
18
(5xC + 11), 5

18
yC).

The coordinates of W are given by ( 1
18
(11xC + 5), 11

18
yC).

The coordinates of Z are given by ( 1
18
(11xC + 2), 11

18
yC).

The coordinates of A1 are given by ( 1
18
(5xC + 2), 5

18
yC)

The equation for the ellipse through points T, U, V,W , and Z is given by the
equation
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det


x2 y2 xy x y 1
x2
T y2T xTyT xT yT 1

x2
U y2U xUyU xU yU 1

x2
V y2V xV yV xV yV 1

x2
W y2W xWyW xW yW 1
x2
Z y2Z xZyZ xZ yZ 1

 = 0

We then verify that A1 is a solution to this system via the calculation

det


x2
A1

y2A1
xA1yA1 xA1 yA1 1

x2
T y2T xTyT xT yT 1

x2
U y2U xUyU xU yU 1

x2
V y2V xV yV xV yV 1

x2
W y2W xWyW xW yW 1
x2
Z y2Z xZyZ xZ yZ 1



= det


( 1
18
(5xC + 2))2 ( 5

18
yC)

2 ( 1
18
(5xC + 2))( 5

18
yC)

1
18
(5xC + 2) 5

18
yC 1

( 1
18
(2xC + 5))2 (1

9
yC)

2 ( 1
18
(2xC + 5))(1

9
yC)

1
18
(2xC + 5) 1

9
yC 1

( 1
18
(2xC + 11))2 (1

9
yC)

2 ( 1
18
(2xC + 11))(1

9
yC)

1
18
(2xC + 11) 1

9
yC 1

( 1
18
(5xC + 11))2 ( 5

18
yC)

2 ( 1
18
(5xC + 11))( 5

18
yC)

1
18
(5xC + 11) 5

18
yC 1

( 1
18
(11xC + 5))2 (11

18
yC)

2 ( 1
18
(11xC + 5))(11

18
yC)

1
18
(11xC + 5) 11

18
yC 1

( 1
18
(11xC + 2))2 (11

18
yC)

2 ( 1
18
(11xC + 2))(11

18
yC)

1
18
(11xC + 2) 11

18
yC 1

 = 0

as desired, which can be verified in a variety of ways. □
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Figure 1. T, U, V,W,Z, and A1 lie on the same ellipse.
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